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Stability of quasiminimizers of the p-Dirichlet integral
with varying p on metric spaces

Outi Elina Maasalo and Anna Zatorska—Goldstein

ABSTRACT

We prove a stability result, with respect to the varying exponent p, for a family of quasiminimizers
of the p-Dirichlet energy functional on a doubling metric measure space. In addition, we prove
global higher integrability for upper gradients of quasiminimizers with fixed boundary data,
provided that the boundary data belong to a slightly better Newtonian space.

1. Introduction

One of the most important elliptic variational problems studied in Euclidean spaces is to
minimize the p-energy functional. This is equivalent to solving the p-harmonic equation. In a
general metric measure space it is not clear what the counterpart to the p-harmonic equation
is. However, in such a space, the variational approach to p-harmonic functions is available; it
is possible to define p-harmonic functions as minimizers of the Dirichlet integral. The basic
reason is that the Sobolev spaces on a metric measure space can be defined without the notion
of partial derivatives; see, for example, [8, 23]. Direct methods in the calculus of variations are
also available and one can prove existence results for the Dirichlet problem; see, for example,
2, 24].

A class of functions closely related to p-harmonic functions are quasiminimizers. A function
u is called a quasiminimizer if it minimizes the Dirichlet functional up to some multiplicative
constant K; that is,

J|Du|p dx < KJ | Dv|? dx

among all functions v that have the same boundary values. The notion of quasiminimizers
was introduced by Giaquinta and Giusti in [7] as a tool for unified treatment of variational
integrals, elliptic equations and systems, obstacle problems and quasiregular mappings. In the
setting of metric spaces, the approach via quasiminimizers is particularly useful, as the Euler
equation for the p-Dirichlet energy integral does not need to exist.

In recent years several papers have been published considering quasiminimizers in the
setting of doubling metric measure spaces supporting a Poincaré inequality; see, for example,
[4, 3, 15, 16]. All notions of metric measure spaces that appear here are explained in Section
2 below. (Local) Hélder continuity for quasiminimizers has been proved by Kinnunen and
Shanmugalingam [16]. In [15], Kinnunen and Martio studied non-linear potential theory for
quasiminimizers. Boundary continuity for quasiminimizers on a bounded set ) with fixed
boundary data was examined by Bjorn [4].

Received 24 April 2006; revised 3 September 2007; published online 30 April 2008.
2000 Mathematics Subject Classification 49Q20 (primary), 31C45, 49N60 (secondary).

The second author is partially supported by MNiSW grant no 1PO3A 005 29 and by the Alexander von
Humboldt Foundation.



772 OUTI ELINA MAASALO AND ANNA ZATORSKA-GOLDSTEIN

Assume (X, p, d) to be a complete, locally linearly connected (LLC), doubling metric measure
space that supports a weak (1, p)-Poincaré inequality for some p > 1. Our main result is the
following.

THEOREM 1.1. Let Q be an open and bounded subset of X such that X \ Q is of positive
p-capacity and uniformly p-fat. Let w € N1#(Q) for some s > p. Assume that p = lim; . p;,
and let (u;)$2, be a sequence of K-quasiminimizers of the p;-energy in Q with boundary data
w. If

u; — u p-a.e. in

then u is a K-quasiminimizer of the p-energy integral in Q) with boundary data w.

Note that since quasiminimizers do not provide unique solutions to the Dirichlet problem, in
general, even if p does not vary, they may not converge. It was shown by Kinnunen and Martio
that the class of (local) quasiminimizers, for p fixed, is closed under monotone convergence,
provided that the limit function is bounded.

Formulated for quasiminimizers, our result is new also in the Euclidean setting. However,
Li and Martio examined a quasilinear elliptic operator and proved in [18] a corresponding
convergence result for solutions of an obstacle problem in a bounded subset 2 of R™. Later
they proved a similar result for a double obstacle problem; see [19]. Both cases require a measure
or a capacity thickness condition on the complement of 2. Lindqvist considered stability of
solutions to div(|Vu|P~2Vu) = f, that is, minimizers to the corresponding variational problem
with varying p. The problem is solved for a bounded subset of R™ in [20]. In [21] Lindqvist
studies stability with respect to p of the p-harmonic eigenvalue problem. Here a question on
regularity of the set {2 arises.

Roughly speaking, proofs of stability results can often be divided into two parts. First, with
a higher integrability tool, such as the Gehring lemma, it is shown that the functions are
better integrable than a priori assumed. Then it remains to prove the stability by using this
information. The techniques that are needed in the second part vary. For instance, Li and
Martio are dealing with an equation and thus they are able to exploit the monotonicity of the
operator, whereas we have only the properties of quasiminimizers to hand.

We start by proving the global higher integrability of upper gradients of quasiminimizers in
the setting of Theorem 1.1.

THEOREM 1.2. Let 2 be an open and bounded subset of X such that X \ Q is of positive
p-capacity and uniformly p-fat. Let w € N%$(Q) for some s > p.

Ifu € NYP(Q) is a quasiminimizer of the p-energy integral in Q with boundary data w, then
there exists a 0y = 6o(p) < s —p (6o > 0) such that g, € LPT9(Q) for all § < &y (5 > 0) and

1/(p+9) 1/p 1/(p+9)
<J gﬁ”du) <e (J gidu) + <J gﬁ*‘sdu) :
Q Q Q

where ¢ depends only on p and on the constants related to the space and to the domain ().

One standard, yet non-trivial, assumption in the metric setting is that the space satisfies
a weak (1, ¢)-Poincaré inequality for some ¢ < p, where p is the natural exponent associated
with the problem studied. However, as shown by Keith and Zhong [12], the Poincaré inequality
is a self-improving property. In quite general spaces a weak (1,p)-Poincaré implies a weak
(1, g)-Poincaré for some g < p. The same holds also for a p-fatness condition, that is, a capacity
thickness property of a set. We refer the reader to Paragraphs 2.1.2 and 2.1.7, respectively.
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The paper is organized as follows. In Section 2 we fix the general setup and we present basic
facts about analytic tools used in a metric setting. Most of the results are stated without proofs;
in some cases we add the proof for the reader’s convenience. Since no single sufficient reference
exists, we decided to collect all the definitions needed, in Subsection 2.1. For more detail we
refer to [4, 2, 5, 8,9, 11, 13, 15, 16, 23, 24]. The reader familiar with metric measure spaces
may omit this part. Section 3 contains the proof of Theorem 1.2, and Section 4 the proof of
the stability result.

2. Preliminaries

We remind the reader that throughout the paper p is a real number such that 1 < p < co.
Our notation is standard. We assume that a ball comes always with a centre and a radius;
that is, B = B(z,r) = {y € X: d(z,y) < r} with 0 < r < co. We denote

1
up =+ udy = ——— J wdy,
b J:B w(B) Jp

and when there is no possibility of confusion, we denote by AB a ball with the same centre as
B but A times its radius.

Throughout the paper we assume (X, 1, d) to be a complete metric space equipped with a
Borel regular measure p satisfying 0 < u(B) < oo for all balls B of X. We will assume that the
measure is doubling; that is, there exists a constant c¢g > 0 such that for every ball B in X

1(2B) < cap(B).

We refer to this property by calling (X, d, i), or briefly X, a doubling metric measure space.
A doubling metric measure space that is complete is always proper; that is, its closed and
bounded subsets are compact. In addition, we will assume that X is an LLC space.

Unless otherwise mentioned, all constants depend only on the constants of the space X, that
is, the doubling constant and the constant of the Poincaré inequality. We allow dependence on
the domain €2 and on its characteristic constants,which are clear in each context. Constants
may also depend on the quasiminimality constant K.

2.1. Basic definitions

2.1.1. Upper gradients. Let u be a real-valued function on X. A non-negative Borel
measurable function g on X is said to be an upper gradient of w if for all rectifiable paths
v joining points z and y in X we have

(o)~ uly) < | g (2.1)
¥
If the above property fails only for a set of paths that is of zero p-modulus (see, for example,
[11, Section 2.3] for the definition of the p-modulus of a family of paths), then ¢ is said to
be a p-weak upper gradient of u. We recall that if 1 < p < oo, every function u that has
a p-integrable p-weak upper gradient has a minimal p-integrable p-weak upper gradient
denoted by g,,.

It is important to notice that for every ¢ € R the minimal p-weak upper gradient satisfies
gu = 0 p-almost everywhere on the set {x € X : u(z) = c}.

2.1.2. Poincaré inequality. 'We say that the space supports a weak (1, ¢)-Poincaré inequality
if there exist ¢ > 0 and 7 > 1 such that

1/q
f |lu —upldu < CT(J: quu>
B B
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for all balls B(z,r) in X and all pairs {u, g}, where u is a locally integrable function on X
and g is a g-weak upper gradient of u. A result of [9] shows that in a doubling measure space
a weak (1,q)-Poincaré inequality implies a weak (t,¢)-Poincaré inequality for some ¢ > ¢ and
possibly a new 7; that is, there exist ¢’ > 0 and 7" > 1 such that

1/t 1/q
(J[ lu — upl|* d,u) <cdr <J: g? du) , (2.2)
B B

1<t<Qq/(Q—q) ifg<Q,
1<t ifqg > Q,

where

for all balls B in X, and @ = log, cq4.

We assume that X supports a weak (1, p)-Poincaré inequality. In a complete doubling metric
measure space supporting a weak (1, p)-Poincaré inequality, there exists a ¢ < p (¢ > 1) such
that the space supports a weak (1,q)-Poincaré inequality by a result in [12]. Increasing g if
necessary, we may additionally assume that p € (g, ¢*), where ¢* = ¢Q/(Q — q) < .

2.1.3. Newtonian spaces. We define the space Kfl’p(X) to be the collection of all
p-integrable functions v on X that have a p-integrable p-weak upper gradient g on X. This
space is equipped with the seminorm

”UHﬁl,p(X) = HU”LP(X) + inf HgHLP(X)a
where the infimum is taken over all p-weak upper gradients of u. We define the equivalence
relation in N1?(X) by saying that u ~ v if
l|u— U”Nl,p(x) =0.
The Newtonian space N'P(X) is then defined to be the space N'?(X)/ ~ with the norm

lullvn ) = Tl -

2.1.4. Capacity. The p-capacity of a set £ C X is defined by
Cp(E) = iﬁf ||u||I]3V17P(X)’

where the infimum is taken over all u € N1P(X) such that v > 1 on E. We say that a property
holds p-quasi everywhere (p-q.e.) if the set of points for which the property fails is of zero
p-capacity.

Let Q be a bounded subset of X and let E CC €2; that is, F is compactly contained in ).
We define the relative p-capacity of E with respect to € by

cap,(E,Q) = ir&f Lz gb du,

where the infimum is taken over all u € NP(2) such that u>1 on E and v =0 on X \ Q
p-quasi everywhere. Lemma 2.2 in Subsection 2.2 shows that in a doubling metric measure
space supporting a weak Poincaré inequality, the measure and the capacities are comparable.

2.1.5. Newtonian spaces with zero boundary values. Let 2 be an arbitrary subset of X.
We define N&’p(Q) to be the set of functions u € NYP(X) that are zero on X \ Q p-quasi
everywhere. The space NO1 P(Q) is equipped with the norm

||U||N5=P(Q) = ||lullnrr(o)-

There are several approaches to defining Newtonian spaces with zero boundary values. In
general these approaches imply different spaces, but it can be shown that for a wide class of
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metric spaces the definitions agree. Let us present two other definitions based on Lipschitz
functions.

Define Lip(l)’p (Q? to be the collection of all Lipschitz functions in N1?(X) that vanish on
X\ Q and let Lipc’j%(Q) be the collection of functions in Lipé’p (©2) that have compact support
in Q. Let Hy”(Q) be the closure of Lipy? () in the norm of N?(X), and let Hé%(Q) be the

closure of Lipé:% (€2) in the norm of N1P(X). If X is a proper, doubling metric measure space
supporting a (1, p)-Poincaré inequality and €2 is an open subset of X, then

Helh () = Hy™(9) = Ny ().
The subject is discussed and the equality is proved in [24)].

2.1.6. Quasiminimizers. Let Q be an open subset of X. Let w € N'P(Q)). We say that
u € NYP(Q) is a quasiminimizer of the p-energy integral in 2 with boundary data w, if u — w €
N, ?(Q) and there exists a constant K > 0 such that for all open ' cC Q and all ¢ € N, ?(Q')
we have

Jwgi dp < KJWQZMCW (2.3)

Quasiminimizers can be defined in several equivalent ways. For example, the integral can
be taken just over € instead of its closure. Also, requiring ' to be compactly contained in
Q) is not necessary. As for test functions, it is possible to use compactly supported Lipschitz
functions or ¢ € N1?(Q) such that supp ¢ CC € instead of Ng’p(Q)—functions. Also, in these
cases the integral in (2.3) can be taken over the support of ¢ or the set {¢ # 0}. For further
discussion and the equivalence proof, see [1].

2.1.7. LLC-property and p-fatness. The local linear connectivity, that is, the LLC-property
of X, means that there exist constants C' > 1 and r¢ > 0 such that for all balls B in X with
radius at most rq, every pair of points in the annulus 2B \ B can be connected by a curve lying
in the annulus 2C B \ C~!'B. Notice that the definition of LLC that we assume here is the same
as in [5], and is stronger than the definition in [11]. It can be shown that, for example, Ahlfors
s-regular Loewner spaces supporting a weak (1, s)-Poincaré inequality satisfy both versions of
LLC; see [11].

In general, the Poincaré inequality does not imply LLC (not even the weak version). However,
besides the Loewner case above, this is known to be true, for example, in complete spaces with
a doubling measure that satisfies

p(B(z,r)) < 0(1)5
n(B(z, R)) R
for all z € X and 0 < r < R. With these assumptions a (1, p)-Poincaré inequality implies LLC
for all p < s; see [17, Theorem 3.3] and [9, Proposition 4.5].

We say that the set £/ C X is uniformly p-fat if there exist constants cy > 0 and rg > 0 such

that for all z € E and 0 < r < rgy, we have

cap,(E N B(x,r); B(x,2r)) > ¢f cap,(B(z,7); B(z,2r)).

If X is a proper, LLC, doubling metric measure space supporting a (1, g)-Poincaré inequality
for some 1 < ¢ < p, and € is an open and bounded subset of X such that cap, (X \ 2) > 0 and
X\ Q is uniformly p-fat, then [5, Theorem 1.2] says that X \ Q is also uniformly po-fat for
some py < p.

2.2. Preliminary results

Here we collect some basic facts concerning the properties of capacity, Newtonian spaces and
Sobolev—Poincaré-type inequalities in the metric setting.
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We start with an upper gradient lemma. Its proof follows the same method as does the proof
of [15, Lemma 2.4].

LEMMA 2.1. Suppose that u,v € NYP(X) and that n is a Lipschitz continuous function in
X with 0 < n < 1. Let gy, g, and gy, be the p-weak upper gradients of u,v and 7, respectively.
Define w = u + n(v — w). Then

Guw < (1= n0)gu + ngv + [v — ulgy

p-almost everywhere in X.

The next lemma provides an estimate for the capacity of a ball and shows that capacities
cap,, and C), are essentially equivalent. For the proof, see [4].

LEMMA 2.2. Let X be a doubling metric measure space supporting a weak (1, q)-Poincaré
inequality and let E C B = B(xzg,r) with 0 < r < diam X/6. There exists a ¢ > 0 such that

u(E) cu(B)
o § Capq(E, 2B) < T (24)
and
Cy(E) 1 1
) 2B) <207 (14— :
A1) cap,(F,2B) < 2 + r‘I Cy(E)

The following proposition is a capacity version of the Sobolev—Poincaré inequality. The proof
is a straightforward generalization of the Euclidean case; nevertheless we present it here for the
reader’s convenience. One can also see [4] for a proof of the appropriate Poincaré inequality.

PROPOSITION 2.3. Let X be a doubling metric measure space supporting a weak (1,q)-
Poincaré inequality and u a g-quasicontinuous function in N%9(X). Then there exists a ¢ > 0
such that for all balls B in X and S = {z € §B:u(x) = 0} the inequality

, 1/t c 1/q
ul|'d < | —— 7d 2.5
<][B lu 'u> <Capq(S,B) L/Bg M) (23)

holds for t, and 7" are as in (2.2).

Proof. If up =0 then the assertion follows from the (¢, q)-Poincaré inequality (2.2) and
(2.4). We may thus assume that ug = 1. Take a Lipschitz cut-off function 1 such that 0 < n < 1,
n=1on £B, suppn C B and g, < c¢/r. Then ¢ = —n(u —up) € Ny%(B) and ¢ =1 on S.
Therefore

cap, (S, B) < J 94 dp.
B
Since g4 < |u — up|gy + ngu p-a.e., we have
c
cap, (S, B) < —J lu —upl? du+ CJ gldu.
B B
The space X supports the (g, ¢)-Poincaré inequality, so we obtain

cap, (8, B) < ¢ J g2 dp,
T'B
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and therefore

c 1/q
1= < | —— 9d .
us (capq(S’,B) L/B Ju H)

1/t 1/t
(][ |u|* du) <c <][ |u—uB|td,u) + cup
B B

c 1/q
< (| gtan)
<capq(S,B) L,B u ,u)

by the (¢, ¢)-Poincaré inequality and (2.4). O

We can now estimate

The next lemma is a Sobolev-type inequality for Newtonian functions with zero boundary
values. For a proof see [4] or [16].

LEMMA 2.4. Let 1 < p < 0o, and let X let be a doubling metric measure space supporting
a weak (1, q)-Poincaré inequality for some 1 < q < p. Moreover, let u € N&’Q(B), and let the
radius r of B be at most diam X /3. Then

1/t 1/q
G Jul* du) <er G gl du) ,
B B

where t is as in (2.2).

Next we present some useful results concerning Newtonian spaces with zero boundary values.
Proposition 2.5 provides a characterization for N& "P_functions by means of the Hardy inequality.
Lemma 2.6 gives a sufficient condition for a sequence of N& "P_functions to converge to a N& P
function. Finally, Lemma 2.7 shows that NO1 P can be presented as an intersection of N'-P and
of zero Newtonian spaces with lower exponents. For a proof of the following proposition, see [5].

PRrOPOSITION 2.5. Let X be a proper, doubling, LLC metric measure space supporting a
weak (1, q)-Poincaré inequality for some 1 < q < p, and suppose that ) is a bounded domain in
X such that X \ Q is uniformly p-fat. Then there is a constant ¢(2,p) > 0 such that a function
u e NYP(X) is in NyP(Q) if and only if

L ((ﬁstgf%y dp < CJ'Q gu ()P dp. (2.6)

Note that the constant ¢ in the above proposition formally depends on p. However, if p varies
inside a bounded interval, then the arguments in the proof of Proposition 2.5 show that the
appropriate constants are uniformly bounded. For this reason, since in our case all exponents
vary inside a bounded interval (g, ¢*) we omit the dependence of the constant on p.

LEMMA 2.6. In the setting of Proposition 2.5, let (u;)$, be a bounded sequence in Ny™* (£2).
If u; — u p-a.e., then u € Ny*(9Q).

Lemma 2.6 is formulated in [13] for (X,d, ) doubling without further requirements and
for Q open such that X \ Q satisfies a measure thickness assumption. In general a measure
thickness condition is stronger than a fatness assumption. However, the lemma follows also
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from Proposition 2.5 and the fact that u € N'P(Q) is in Ny* () if
|u(z)]
dist(z, X \ )

is in LP(Q) for an open © and 1 < p < co. See [5, 13].

The assertion of the next proposition is not trivial but depends on the set 2. Even in R"
some type of thickness assumption on the domain is needed; see [10]. Li and Martio show in
[18] that, for example, p-fatness of R™ \ Q suffices for (2.7) to hold. The same result exists in
the metric case and the proof follows from Proposition 2.5.

PROPOSITION 2.7. Let X be a proper, doubling, LLC metric measure space supporting a
weak (1, q)-Poincaré inequality for some 1 < ¢ < p, and suppose that € is a bounded domain
in X such that X \ Q is uniformly p-fat. Then

NoP(Q) = N'P(Q)n (] Ny* (). (2.7)

s<p

Proof. The inclusion ‘C’ in (2.7) is clear as Q is bounded. It remains to prove the case ‘D’.
Since X \ Q is uniformly p-fat, it is also (p — ¢)-fat for all € > 0 small enough, as discussed in
Paragraph 2.1.7. Consequently,

| ermy) el o

for all € > 0 small enough, by Proposition 2.5. We now show that (2.6) holds also for p. Indeed,

[ (i) - ), () o

< lim CJ gh=cdu
Q

e—0
= CJ gu dp,
Q

and the assertion follows by Proposition 2.5. |

3. Quasiminima — higher integrability of upper gradients

The local regularity of quasiminimizers (that is, Holder continuity) was studied by Kinnunen
and Shanmugalingam in [16]. In particular, they proved the following Caccioppoli-type
inequality.

THEOREM 3.1 (Caccioppoli inequality). Let 2 be an open subset of X. If u € N*P(Q) is
a quasiminimizer of the p-energy integral in €} then there exists a ¢ > 0 such that for all z € )
and 0 < r < R so that B(z, R) C Q we have

C
Rin< s | u sl dn (3.1)
J'B(z,r) " (R=7)? )B(a,R) BB

We prove the global higher integrability of upper gradients of quasiminimizers. The proof
follows a similar method to that of the Euclidean proof of Kilpeldinen and Koskela in [14] for
solutions of p-harmonic-type equations. The growth of integrability is achieved in a standard
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way by application of the Gehring lemma (its proof in the metric setting may be found, for
example, in [22] or [25]). Note that the lemma holds in all doubling metric measure spaces.

THEOREM 3.2 (Gehring lemma). Let s € [so, s1], where sg, s1 > 1 are fixed. Let g € L}, .(X)
and f € L;! (X) be non-negative functions. Assume that there exists a constant b > 1 such

that for every ball B C o B C X the inequality

fooran<o[(F, o) 1,7

holds for some o > 1. Then there exists an ey = €o(so, $1, 4,7, b) > 0 such that g € L{ (X, 1)
for § € [s, s+ €g) and moreover

TR (RN

for ¢ = ¢(sp, s1, ¢4, 0,b).

Proof of Theorem 1.2. Recall that X is an LLC space that supports a weak (1, ¢)-Poincaré
inequality for some 1 < ¢ < p. Since p € (g, ¢*), the space also supports a weak (p, ¢)-Poincaré
inequality (see Paragraph 2.1.2). Remember also that X \ Q is uniformly p-fat.

As mentioned in Paragraph 2.1.7, if X \ Q is uniformly p-fat, then X \ Q is also uniformly
po-fat for some pg < p. If py < ¢, then we can increase it in order to have ¢ = pg and to be
able to use the (p, po)-Poincaré inequality. If py > ¢ then the (p, po)-Poincaré inequality follows
from the Hoélder inequality.

Choose a ball By in X such that @ CC By C 2By. Fix r > 0 and let B = B(x¢,r) be a ball
such that 4\B C 2By, where A is the multiplicative coefficient of radius in the (p, pg)-Poincaré
inequality.

If 2AB C Q then by the Caccioppoli estimate (3.1), the doubling condition and the (p, po)-
Poincaré inequality we have

1/p c 1/p
<}[ 9 d#) <= G lu— u2p | du)
B T \J2B

1/po
<c <][ gho du) . (3.2)
2AB

Assume thus that 2AB \ Q # . Choose a Lipschitz cut-off function 1 such that 0 < n <1,
n=1on B, suppn C 2B and g, < ¢/r. Then n(u —w) € Ny*(2B N Q) and we may use it as
a test function in (2.3). Hence

J gq’lduéKJ gy dp,
2BN 2BN

where v = u + n(w — u) and g, < (1 = 7)gu + Ngw + [u — w|gy + guw p-a.e. Therefore we obtain

J gﬁduécJ (1—77)”95du+0J Iu—wlpgﬁdwrcj ngh, dp.
BNQ (2B\B)NQ 2BNQ 2BNQ

Adding ¢ [ 5 g% dp to the both sides of the inequality and dividing by (1 + ¢) implies that

0
J gﬁduéej gﬁdu+*J Iu—wlpdu+9J gy dp,
BNQ 2BNQ P Japno 2BNQ
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where 6 = ¢/(1+ ¢) < 1. Applying a standard technical iteration lemma (see [6, Lemma 3.1,
Chapter V]) we obtain

J g5 dp < iJ Iu—wl”du+cJ 9 dp- (3:3)
BNQ P Japno 2BNQ

We will consider the integrals on the right-hand side on the larger ball 4B. We estimate the
first integral on the right-hand side using Proposition 2.3 with ¢ = py. This gives

c e . 1 1/po
4 ju—wrd < - ——————fj gﬁwd>
(Tp ]EB‘ | #) r (Cappo(s7 4B) Jizp s

2B —Ppo 1/170
C(lw"][ g wdu>
Capp0(574B) ANB

by the doubling condition. Here the set S = {z € 2B: u(z) = w(x)}. Since u = w p-q.e. (and
thus po-q.e.) in X \ Q and the set X \ Q is uniformly po-fat, we have

cap,, (5,4B) = cap,, (2B \ ;4B) > cy cap,, (2B;4B) > cu(2B)r~*°.

c 1/p 1/po
(][ lu—w|? du) <e <][ I du)
P up INB

1 1/po
Do
=cC Ju—w dﬂ) )
(M(4)\B) J4/\Bn§2

because u — w =0 p-q.e. and thus p-a.e. in X \ Q and therefore g,—,, =0 p-a.e. in X \ Q.
A simple estimation now gives

c 1/17 1 1/p[) 1 1/]00
— T lu—w’ du) <c ( J 98° dﬂ) +c ( J ge du) :
(Tp ][43 p(4AB) Jaxpno p(4AB) Jaxpno

Hence,

(3.4)
By the Holder inequality, we have
1 1/po 1/po
- po 4 — Po d
<u<4AB> me Ju “> (JEAB Juxmmng “>
1/p
< (J[ b XaxBno du>
UNB
1 1/p
= —— P d 3.5
(N(‘D\B) L,\BmQ T H) ’ (3.5)

so that combining (3.3)—(3.5) and using the doubling property, we obtain the inequality

1 l/p 1 1/p0 1 l/p

—— g du) <b ( J 94’ du) +c ( J 9i du) :
<M(B) JBQQ 1(4AB) Juxpna 1(4AB) Jaxpna (3.6)
Here the constants b and ¢ depend only on p, €2 and the constants associated to the structure

of the space.
Set now

0 otherwise,

Fa) = {ggo if v € Q,

gho ifx € Q,
g(x) =

0 otherwise,
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and s = p/po. The inequalities (3.2) and (3.6) imply that whenever 4AB C 2By, the reverse

Holder inequality
][ gsduébG gdu) +ec fodu
B 4AB iAB

holds for s > 1 (p is strictly greater than py) and with b = b(p). Applying now the Gehring
lemma we obtain better integrability of g and the inequality

(oa) <[l (1,70 on

for ¢ = ¢(b,cq, \) and § € [s,s + &), where g9 = g¢(b, cq, A). Since the diameter of Q is finite
we may choose a finite number of balls B(z;,r;), j = 1,2,..., N, such that

N
B(z;,2X\r;) C By and QC U B(zj,75)
j=1
with fixed A. The statement now follows if we multiply (3.7) by u(4AB)'/® and sum over
B(z;,7;). This may require changing the constant c a bit, but the change will depend only on
the doubling constant ¢y and on the domain 2. Note that with A and ¢y fixed, the constant ¢
will depend essentially on p. |

4. Proof of the stability result

Since the proof of the main theorem is rather long, we have divided it into three parts. Before
the concluding third part we present two Lemmas, 4.2 and 4.4. The former makes use of the
metric version of Rellich-Kondrachov theorem; see [9].

THEOREM 4.1 (Rellich-Kondrachov). Let (X,d, ) be a metric space, where p is doubling.
Suppose that all the pairs {u;, g; }5°, satisfy a weak (1, p)-Poincaré inequality. Fix a ball B and
assume that the sequence ||u;|| 115y + ||gill L (5-B) is bounded. Then there is a subsequence of
(u;)72, that converges in LY(B) for each 1 < ¢ < pQ/(Q — p), when p < Q and for each ¢ > 1,
when p > Q. Here QQ = logcq and cq is the doubling constant of (.

By a remark in Paragraph 2.1.7 we can assume that X \ Q is uniformly po-fat. Since
p=lim;_, o, p; we can also assume that p; € (q, ¢*).

Functions u; are supposed to be not equal to the boundary data w; that is, we assume that
there is a set of positive measures where u; # w p-a.e., otherwise the result is trivial.

We start with a lemma concerning uniform higher integrability of u; and wu.

LEMMA 4.2. Let u; and u be as in Theorem 1.1. Then there exists an €y > 0 such that

ug,u € LPTE0(Q),
g'll,,‘,?gu G LerEO (Q)ﬂ

and there is a subsequence such that

w; — u  in LPTEO(Q),

Gu, — g weakly in LP10(Q),

where g is a weak upper gradient of u.
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It is not known whether the sequence of minimal upper gradients converges weakly to the
minimal upper gradient of u, or not. Nevertheless, the lemma implies that

gullzeo) < lminf [|gu,[|ze (),

which is extremely useful in applications.

Proof of Lemma 4.2. By Theorem 1.2, for every p; there exists a §; = §;(p;) such that the
minimal p;-weak upper gradient g,, belongs to the space LP:% () and

1/(pit+di) 1/pi 1/(pi-+6:)
(J ghito du) <G <J 9u du) + ¢ (J Do du) . (4.1)
Q

Since u; is a quasiminimizer of the p;-energy functional in €2 with boundary data w and thus
u; —w € NyP* (), we have

J gﬁiﬁdu<KJ 9 dp
Q Q

)

5 s s pi/(pi+6i)
< K(M(Q)) i/ (pit0:) <JQ gﬁrl- i dM)

1/(pi+6i) 1/(pi+6i)
(J ghith du) <eci (J pits: du) : (4.2)
Q

Now note that when p; € (¢, ¢*) and p; — p we have
0; = 0o =0o(p) and ¢; < c=c(p).

and therefore

Indeed, in order to prove (4.1) we first show that a reverse Holder inequality

1 1/pi 1 1/po 1 1/pi
— 9u: du) < b ( J oy du) + ¢ ( J 9 du)
<M(B) JBmQ N(JB> oBNQ N(UB) oBNQ (4.3)

holds for some o > 1, and then we apply the Gehring lemma. The constant b; in (4.3) depends

on p;. However, when p; € (¢,¢*), it may be chosen independently on p;; that is, b; < b for

some b = b(p). The bound will depend on p due to the fact that we apply the (1, pg)-Poincaré

inequality and pg is chosen to be sufficiently close to p. The assertion follows because of the fact

that in (4.1) 4; is inversely proportional to b; and ¢; is comparable to b; (see, for example, [25]).
For i sufficiently large we may assume that

pP+eo<pi+do<p;i+6; <s

where £y = 0p/2. By this assumption and the uniform bound for ¢;, applying the Holder
inequality and (4.2) we find that

1/p+eo 1/(pi+6i)
(J ghtee du) <c (J ghio du)
1/s
<c (J' 9u, du) < 00.
Q

1/p+eo 1/p+eo 1/p+eo
( J ghiss, du) < <J ghteo du) + (J ghtee du)
1/s
<c (J G du) ;
Q

Since
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it follows that
sup ||gu,¢—wHLp+so(Q) < 0. (4.4)

Using Proposition 2.3 we are able to find a uniform LPT¢0-bound for the sequence (u; — w)
as well. Observe that, decreasing ¢ if necessary, we may additionally assume that p + ¢¢ < ¢*.
Therefore choose t = p+¢eg, ¢ = p+ ¢ in Proposition 2.3 and fix By = B(xg, o) such that
Q C By. We note again that the minimal p;-weak upper gradient of u; — w satisfies gy, =0
p-a.e. on the set S ={z € By: u(x) =w(x)}. On the other hand w; — w is zero p;-quasi
everywhere on X \ Q and thus p-almost everywhere on X \ Q. In addition, observe that
p-fatness always implies p + €o-fatness, so that cap,,, . (S,2Bo) = cu(Bo)/ rPTeo_ It follows that

1/p+eo 1/p+eo
(J |Uz - w‘p-ﬁ-go d’u> < (M(2BO)][ |Ui _ w‘p-ﬁ-eo dﬂ)
Q2 2B,

1/p+e
< < C:U/(BO) J ngreo dﬁb) /P 0
capp+EU(S, 2By) Joip, " Y

1/p+eo
o5

1/s
<c (J I du) ,
Q

by the Holder inequality. Together with (4.4) this implies that

sup lui — wl| y1.p+eo () < 00
K3

Hence the sequence (u; —w) is uniformly bounded in N1?T¢0(Q). In particular, for i large
enough, the pairs {u;, gy, } satisfy the (1,p+ eg)-Poincaré inequality with fixed constants ¢
and 7.

Choose a ball By such that Q C By, and extend u; — w to be zero in X \ Q. The sequence

lus = wl[L1(Bo) + [19ui—wll Lr+eo (57Bo)
is bounded. By the Rellich-Kondrachov theorem, Theorem 4.1, there exist a a € LP*<0(By)
and a subsequence such that
u;, —w — 4 —w in LPT(By).

Since u; — u p-a.e. in €, it follows that @ = u p-a.e. in Q and u € LPT0(Q). As the norms
of gy, are uniformly bounded in LP**°((2), there exist g € LP°(Q) and a subsequence, also
denoted by gu,, for brevity, such that

Gu;, — g weakly in LPTe0(Q).
By [24, Lemma 3.6] we see that g is a weak upper gradient of  and u € NPT¢0 (). |

REMARK 4.3. If desired, the statement of Theorem 1.1 could be reformulated, since the
proof of Lemma 4.2 shows that it is not necessary to suppose the existence of a limit u a priori.
This is exceptional for quasiminimizers, and follows from the N?*¢0_boundedness of (u; — w).
Hence, the Rellich—-Kondrachov theorem applies. The boundedness is a strong property and
holds in this case due to the fact that all quasiminimizers have the same p 4+ eg-integrable
boundary data.

Let D C Q be a compact set and for ¢ > 0 write
D(t) = {x € Q : dist(z, D) < t}.
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Then D(t) cC Q2 for t € (0,tg), where to =dist(D, X \ Q). We reformulate a lemma by
Kinnunen and Martio [15] so that it corresponds to the present case.

LEMMA 4.4. Let u;, u be as in Theorem 1.1. Then for almost every t € (0,tg) we have
lim supJ Gt dp < CJ g, dp,
i—oo JD(1) D(t)

where the constant ¢ depends only on K and p.

Proof. Let 0 <t <t < tp. Choose a Lipschitz cut-off function 7 such that 0 < n <1 and
n=1 on D(t'),
n=0 onQ\D(t).
Define a function
¢ = n(u — u;).

For i large enough, p; < p+ &o. Then, since u; and u belong to NP+ (Q) it follows that
¢i € NyP'(D(t)). Therefore by the quasiminimizing property of u; we have

J ghidp < J ghidp < KJ Go s, A
D(t) D(¢) IO
Lemma 2.1 implies that

Jui+d: < (L=0)gu, + gnlu — wil + ngu

p-a.e., and hence

J gu: dp < C<J (1 —=n)Pgu: du +J gr
D(t") D(t) D(t)

with ¢ depending only on D and p;. Observing that n =1 on D(t') we add CID(t,) ghi dp to
both sides of the inequality and obtain

(1+C)J guidp<c (J gﬁidWrJ gy’
D(¥') D(t) D(t)

U — U;

" g du)
D(®)

U — Uu;

D(t)

gy du) :
Define now, on (0, ty), a function
U(t) = lim supJ gh dp.
i—+00 D(t)
By definition, ¥ is a non-decreasing function of ¢ and by the uniform higher integrability of u;
it is finite for every ¢ € (0, tg). Therefore its set of points of discontinuity is at most countable.

Let ¢ be a point of continuity of ¥. Taking limes superior on both sides of the last inequality
we obtain

(1+c)¥(t) < c\I/(t)—i—climsupJ' |u — u;
D(t)

i—00

Pidu 4+ CJ gb dp.
D(t)

The second term on the right-hand side tends to zero. To see this, apply first the Holder
inequality and then Lemma 4.2. Hence, since t is a point of continuity of ¥ we obtain

(1+)W(t) < cW(t) + J o2 du,
D(t)
and furthermore
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Proof of Theorem 1.1. In order to show that u is a quasiminimizer of the p-energy integral
with boundary data w, we need to show first that v —w € Né’p(Q). This does not follow
immediately from the compactness argument used to extract the convergent subsequence.

We proceed as follows. For every € > 0 and for i sufficiently large, p; > p — ¢ such that
u; —w € NyP¢(2). By the Sobolev inequality (Lemma 2.4) we get

(e w”Ng’P*E(Q) cllgui—wllLr-— ()

<
< Cngi—w”LP(Q);

that is, the norms of (u; — w) are uniformly bounded in Ny~ ¢(Q).
As X\ Q is uniformly po-fat, it is also uniformly (p — €)-fat for e small enough. In addition,
u; — u p-a.e., and so by Lemma 2.6

u—we NyP(Q)

for all € > 0 such that py < p — . Hence, by Proposition 2.7, the p-fatness of X \ Q implies
also that

u—we Ny (Q).

It remains to show that for every open ' CC Q and every ¢ € Nol’p(Q’), we have

Jwgﬁ dp < K Jwgﬁw dp. (4.5)

Let € > 0 be arbitrary. For ¢ sufficiently large, p; > p —e. Since, by Lemma 4.2, (gy,)
converges weakly to a weak upper gradient g of wu, for every p-measurable subset E of €,
we have

J gu " dp <J TES lim,ian Gui~ e
E E tJE

(p—e)/pi
< liminf <J ghi d#) M(E)lf(p%)/pi
E

i i

(p—2)/p
< lim inf (J g du) p(E)/P,
E

7

where we have used the Holder inequality. Passing to zero with € we conclude that
J ghdu < lim‘ian ghi dp. (4.6)
E i Jg "

We will first show that the inequality (4.5) holds for every Lipschitz function compactly
supported in €', that is, for ¢ € Lips(Q)'). Fix € > 0 and choose open sets Q" and Qg such that

Q' ccQ’'ccycc

and

J ghdp < e.
Q()\W

Let 1 be a Lipschitz cut-off function such that 0 < n < 1, n = 1 in a neighbourhood of €/, and
n=0in Q\ Q. Define a function ¢; as

i = ¢+ n(u—u;).
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Since ¢ € Lipo(Q') and both u;,u € NLP+eo(Q), it follows that ¢; € Ny P (Q") for i large
enough. Hence by the quasiminimizing property of u; we get

J gu dp < K J uits:
Q// Q//

:Kjigﬁz_ﬂm d,u+KJ 795;@ dp. (4.7)
Q/ Q//\Q/

Since 7 = 1 in a neighbourhood of €’ it follows that
u; + ¢; =u+ ¢ in a neighbourhood of Q. (4.8)
On the other hand, in Q" \ €’ we have ¢ = 0, and therefore
u; + ¢ = w; + nlu —uy;).
Lemma 2.1 implies that
Gui+e: < (L= 1)gu; + ngu + gnlu — ui

p-a.e. in w. Therefore

Pi du
(4.9)

nP gy’ dp + CJ gyl — us

J AP TES CJ (A =m)Pghi du+ CJ B
QIN\Q’ U\ QN

A\

We estimate the integrals on the right-hand side separately. o
Since 7 =1 on a neighbourhood of ¥, there exists a compact set D C §)” such that
DNQ =0 and

J (X =m)Pgyidp < J gy dp.
QN D

For t sufficiently small we have D(t) C Qg \ €. Therefore we choose ¢ such that we may apply
Lemma 4.4; in other words,

lim supJ ghtdp < CJ gh dp.
D(t) D(t)

17— 00

Consequently,

lim supj (1 —n)Pight dp < lim supJ ght dp
N ' p "

17— 00 1—00

1—00

< lim supJ ghidu
D(t)
< CJ gy dp
D(t)
< ce, (4.10)

by the choice of .
Also, the second integral is arbitrarily small. Again by the choice of 2y we have

gy dp < J g du < e. (4.11)

lim supJ gyt dp < J _
QY Qo \Q/

i—00 QY
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Observe that for a Lipschitz function its minimal p-weak upper gradient is bounded by its
Lipschitz constant p-almost everywhere. This allows us to conclude that

lim supJ' g u — Pt dp < clim supJ Cu =P dp
Q//\Q/ Q//\Q/

i—00 1—00
pi/(p+eo0)
< climsup J lu — u;|[PTE0 dp
i—o0 QN
=0, (4.12)
by Lemma 4.2.
By the estimates (4.10)—(4.12) we find from (4.9) that
lim supJ' gﬁf+¢_ dp < ce. (4.13)
i—oo  JQ\Q RS

Finally by (4.6)—(4.8) and (4.13) we have

J gy dp < liminf J gu. dp

W 1— 00
m i Pi
<Kt | o,

1— 00

<K1imian giid)du-l-Klimian Got vy, At

1— 00 o Q”\W K K

< KJ oy A + ce. (4.14)
o

Passing to zero with € we obtain the desired inequality for any ¢ € Lip~ ().
The result for ¢ € N&"p (Q) follows by approximation; that is, if ¢ € N& P(Q) then for any
€ > 0 we may find a function ¢. € Lip,(£2’) such that

||¢s - QSHNLT—'(Q/) < €. 0
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