
Chapter 2

Jets, etc.

1. Semi-continuous functions

Definition 2.1. Assume that A ⊂ Rd and that u : A → [−∞,∞]. Then

u is upper semicontinuous, or u ∈ USC(A)

⇔ lim sup
x→x0
x∈A

u(x) ≤ u(x0), x0 ∈ A,

and
u is lower semicontinuous, or u ∈ LSC(A)

⇔ lim inf
x→x0
x∈A

u(x) ≥ u(x0), x0 ∈ A

Clearly a function is both upper and lower semicontinuous precisely when it is
continuous.

There are several equivalent characterizations of semi-continuity:

Theorem 2.2. Suppose that A ⊂ Rd and u : A → [−∞,∞]. Then the following
conditions are equivalent:

(a) u ∈ USC(A);

(b) The set {x ∈ A : u(x) < α } is open in A for each α ∈ R;

(c) There is a sequence (un)∞n=1 of continuous functions inA such limn→∞ un(x) =
u(x) and un(x) ≥ u(x) for each x ∈ A and n ≥ 1.

(d) There is a set {ui}i∈I of continuous functions in A such that u(x) =
infi∈I ui(x) for every x ∈ A;

(e) −u ∈ LSC(A);
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6 2. Jets, limits, etc. 5.6.2009

If one has a function that is not necessarily upper or lower semicontinuous one
can take the upper and lower semicontinuous enevelopes, see Definition 2.6 below.

2. ”Super- and subjets”

Here we introduce some notation which makes it possible to formulate the notion
of sub and super-solutions in a slightly different way.

Definition 2.3. Let A ⊂ Rd and u : A → [−∞,∞]. Then

J2,+
A,u =

{
(x, r,p, X) ∈ A× R × Rd × S(d) : x ∈ A, u(x) = r,

u(y) ≤ u(x) + 〈p,y − x〉+ 1
2 〈X(y − x),y − x〉+ o(|y − x|2),

as y→ x, y ∈ A
}
,

and
J2,+
A,u(x) = { (p, X) ∈ Rd × S(d) : (x, u(x),p, X) ∈ J2,+

A,u }.
Similarly, one defines

J2,−
A,u =

{
(x, r,p, X) ∈ A× R × Rd × S(d) : x ∈ A, u(x) = r,

u(y) ≥ u(x) + 〈p,y − x〉+ 1
2 〈X(y − x),y − x〉+ o(|y − x|2),

as y→ x, y ∈ A
}
,

and
J2,−
A,u(x) = { (p, X) ∈ Rd × S(d) : (x, u(x),p, X) ∈ J2,−

A,u }.

First we give another characterization of these jets in the spirit of Definition
1.3.

Proposition 2.4. Let A ⊂ Rd and u : A → [−∞,∞]. Then the following condi-
tions are equivalent:

(i) (x, r,p, X) ∈ J2,+
A,u;

(ii) (x,−r,−p,−X) ∈ J2,−
A,−u;

(iii) There is a function ϕ ∈ C2(Rd) and s > 0 such that Dϕ(x) = p,
D2ϕ(x) = X , and u(y) ≤ ϕ(y) + u(x) − ϕ(x) for all y ∈ A with
|y − x| < s.

Proof. It is clear that (i) and (ii) are equivalent and by Taylors’s formula that (iii)
implies (i). Suppose next that (x, r,p, X) ∈ J2,+

A,u. By definition there is a function

h with limt↓0
h(t
t2

= 0 and h(0) = 0 so that

u(y) ≤ u(x) + 〈p,y − x〉+ 1
2 〈X(y − x),y − x〉+ h(|y − x|),

c© G. Gripenberg 5.6.2009



2. ”Super- and subjets” 7

for all y ∈ A with |y− x| ≤ s for some s > 0. We may assume that h is bounded
on [0, 4s], and then we can define the function ψ by

ψ(t) = 16
∫ t

0
(t− τ)

1
τ

∫ τ

τ
2

sup
0<σ≤4η

h(σ)
σ2

dη dτ, 0 ≤ t ≤ s.

Then we can easily conlude that ψ ∈ C2([0,∞) with ψ(0) = ψ′(0) = ψ′′(0) = 0.
Furthermore, since 4η ≥ t when η ≥ τ

2 and τ ≥ t
2 we get

ψ(t) ≥ 16
∫ t

t
2

(t− τ)
1
τ

∫ τ

τ
2

h(t)
t2

dη dτ = h(t).

Now we define the function ϕ by

ϕ(y) = u(x) + 〈p,y − x〉+ 1
2 〈X(y − x),y − x〉+ ψ(|y − x|).

This completes the proof since the fact that ψ is twice continuously differentiable
with ψ′(0) = ψ′′(0) = 0 implies that ϕ ∈ C2(Rd). �

We give here just one further simple result which is relevant for the question
of when a smooth classical solution is a viscosity solution:

Proposition 2.5. Assume that A ⊂ Rd and x ∈ A. If ϕ ∈ C2(Rd), then (p, X) ∈
J2,±
A,ϕ(x) if and only if (p−Dϕ(x), X−D2ϕ(x)) ∈ J2,±

A,χA(x) and if u ∈ USC(A)
and (p, X) ∈ J2,+

A,u(x) then (p + q, X + Y ) ∈ J2,+
A,u(x) for every (q, Y ) ∈

J2,+
A,χA(x).

Proof of Proposition 2.5. We only consider the J2,+-jets. Assume that (p, X) ∈
J2,+
A,ϕ(x). so that

ϕ(y) ≤ ϕ(x) + 〈p,y − x〉+ 1
2 〈X(y − x),y − x〉+ o(|y − x|2),

as y→ x and y ∈ A. By Taylors formula we have

ϕ(y) = ϕ(x) + 〈Dϕ(x),y − x〉+ 1
2

〈
D2ϕ(x)(y − x),y − x

〉
+ o(|y − x|2),

as y → x and y ∈ Rd. Subtracting both sides of the equation from those of the
inequality and adding 1 = χA(y) = χA(x) we get the desired conclusion. For the
converse and the second claim, one argues in a similar manner. �

One can define first order jets as well, and combinations of first and second
order jets which could be used for defining so called parabolic jets.

c© G. Gripenberg 5.6.2009



8 2. Jets, limits, etc. 5.6.2009

3. Envelopes, limsups, etc.

Definition 2.6. Let A ⊂ Rd and u : A → [−∞,∞]. Then

u∗(x) = lim
s↓0

sup{u(y) : y ∈ A, |y − x| ≤ s },

u∗(x) = lim
s↓0

inf{u(y) : y ∈ A, |y − x| ≤ s }.

for x ∈ Rd.

In particular, one sees that u∗(x) = −∞ and u∗ = +∞ when x belongs to the
interior of the complement of A.

Definition 2.7. Let A ⊂ Rd and (un)n∈N be a sequnce of functions: A →
[−∞,∞]. Then

(lim sup∗
n→∞

un)(x) = lim
n→∞

sup{um(y) : m ≥ n, y ∈ A, |y − x| ≤ 1
n },

(lim inf∗
n→∞

un)(x) = lim
n→∞

inf{um(y) : m ≥ n, y ∈ A, |y − x| ≤ 1
n }.

for x ∈ Rd.

There are several obvious points to be made but we go straight for a harder and
more fundamental result.

Theorem 2.8. Let A ⊂ Rd be locally compact and let (un)n∈N be a sequence of
upper semicontinuous functions: A → [−∞,∞] and let u∞ = lim sup∗n→∞ un.
Then

J2,+
A,u∞ ⊂ ∩n∈N∪∞m=nJ

2,+
A,un ,

that is, if (x, u∞(x),p, X) ∈ J2,+
A,u∞ then there is a subsequence (nj) and elements

(xj , unj (xj),pj , Xj) ∈ J2,+
A,unj

such that xj → x, unj (xj) → u∞(x), pj → p,
and Xj → X as j →∞.

Proof. Assume that (x, u∞(x),p, X) ∈ J2,+
A,u∞ and note that we may, without loss

of generality, assume that x = 0. By the assumption that A is locally compact and
by the definition of J2,+

A,u∞ we know that for every δ > 0 there is a number s > 0

such that Ns
def= {y ∈ A : |y| ≤ s } is compact and

(2.1) u∞(y) ≤ u∞(0) + 〈p,y〉+ 1
2 〈Xy,y〉+ δ|y|2, y ∈ Ns.

Let ϕ(y) = 〈p,y〉 + 1
2 〈Xy,y〉 + 2δ|y|2 for y ∈ Rd. By the definition of u∞

there exists xj ∈ A such that (xj , unj (xj)) → (0, u∞(0)) as j → ∞. Let x∗j be
the point where the function y ∈ Ns → unj (y) − ϕ(y) achieves its maximum so
that

(2.2) unj (y) ≤ unj (x∗j ) + ϕ(y)− ϕ(x∗j ), y ∈ Ns.

c© G. Gripenberg 5.6.2009



4. The Theorem on Sums 9

Suppose that x̂j → z (taking a subsequence, again denoted by nj , if necessary).
Taking y = xj in (2.2) and y = z in (2.1) we conclude since unj (xj) → u∞(0)
and lim infj→∞ unj (x

∗
j ) ≤ lim supj→∞ unj (x

∗
j ) ≤ u∞(z) that

u∞(0) = lim
j→∞

unj (xj) ≤ lim inf
j→∞

unj (x
∗
j ) + ϕ(0)− ϕ(z)

≤ u∞(z)− ϕ(z) ≤ u∞(0)− δ|z|2.

Thus u∞(0) ≤ u∞(0)− δ|z|2 which implies that z = 0 so that x∗j → 0 (and there
is no need to take a subsequence. But we also have u∞(0) ≤ lim infj→∞ unj (x

∗
j )

and since lim supj→∞ unj (x
∗
j ) ≤ u∞(0) (by the definition of u∞, we have limj→∞ unj (x

∗
j ) =

0).

When |x∗j | < s (which is the case for sufficiently large j) it follows from
(2.2) that (x∗j , unj (x

∗
j ), Dϕ(x∗j ), D

2ϕ(x∗j )) ∈ J
2,+
A,unj

and this in turn implies that

(0, u∞(0),p, X+4δI) ∈ ∩n∈N∪∞m=nJ
2,+
A,un . But δ is arbitrary and the intersection

of closed sets is closed, so we have (0, u∞(0),p, X) ∈ ∩n∈N∪∞m=nJ
2,+
A,un . This

completes the proof. �

4. The Theorem on Sums

Theorem 2.9. Assume that

(i) Ai is a locally compact nonempty subset of Rdi for i = 1, . . . ,m, A =
A1 × . . .×Am;

(ii) ui ∈ USC(Ai,R);

(iii) ϕ ∈ C2(Rd,R) where d = d1 + . . .+ dm

(iv) x∗ = (x∗1, . . . ,x
∗
m) ∈ A is such that for some r > 0

m∑
i=1

ui(xi)− ϕ(x) ≤
m∑
i=1

ui(x∗i )− ϕ(x∗),

x = (x1, . . . ,xm) ∈ A, |x− x∗| ≤ r.

Then for each κ > 0 with ‖κD2ϕ(x∗)‖ < 1 there are Xi ∈ S(di), i = 1, . . . ,m
such that

(x∗i , ui(x
∗
i ), Dxiϕ(x∗), Xi) ∈ J2,+

Ai,ui , i = 1, . . . ,m
and

−κ−1 ≤

X1 · · · 0
...

. . .
...

0 · · · Xm

 ≤ (I − κD2ϕ(x∗)
)−1

D2ϕ(x∗).

Here κ is in general a symmetric matrix with positive eigenvalues, but in most
cases on takes it to be κI where κ is then some positive number.

c© G. Gripenberg 5.6.2009



10 2. Jets, limits, etc. 5.6.2009

Next we define the so-called ”sup convolution”.

Definition 2.10. Let κ ∈ S(d) with κ > 0 and assume that ψ : Rd → [−∞,∞) is
such that ψ 6≡ −∞ and lim sup|x|→∞

1
|x|
(
ψ(x)− 1

2

〈
κ−1x,x

〉)
= −∞. Then

ψ̂κ(x) = sup
y∈Rd

(
ψ(y)− 1

2

〈
κ−1(y − x),y − x

〉)
, x ∈ Rd.

Theorem 2.11. Let ψ : Rd → [−∞,∞) be upper semicontinuous, ψ 6≡ −∞, and
let κ ∈ S(d), κ > 0 be such that lim sup|x|→∞

1
|x|
(
ϕ(x)− 1

2

〈
κ−1x,x

〉)
= −∞.

Then

(i) If ϕ satisfies the same conditions as ψ and ψ ≤ ϕ, then ψ̂κ ≤ ϕ̂κ.

(ii) ψ ≤ ψ̂κ;

(iii) ψ̂κ(x) + 1
2

〈
κ−1x,x

〉
is convex;

(iv) If (x, ψ̂κ(x),p, X) ∈ J2,+

Rd,ψ̂κ
then (x + κp, ψ(x + κp),p, X) ∈ J2,+

Rd,ψ,

ψ(x + κp) = ψ̂κ(x) + 1
2 〈κp,p〉, and X ≥ −κ−1;

One can actually prove a sligthly better result in that X in the statement (x +
κp, ψ(x + κp),p, X) ∈ J2,+

Rd,ψ in (iv) can be replaced by a smaller matrix, but we
shall not use that here.

The next theorem is a classical result due to Alexandrov.

Theorem 2.12. If φ : Rd → R is convex, or φ is the difference between two convex
functions, then for almost every x ∈ Rd J2,+

Rd,φ(x)∩J2,−
Rd,φ(x) 6= ∅, that is, φ is twice

differentiable at x in the sense that there are Dφ(x) ∈ Rd and D2φ(x) ∈ S(d)
such that

φ(y) = φ(x) + 〈Dφ(x),y − x〉+ 1
2

〈
D2φ(x)(y − x),y − x

〉
+ o(|y− x|2)

as y→ x.

We need the following lemma as well.

Lemma 2.13. Let φ : Rd → R and λ > 0 be such that φ(x) + λ
2 |x|

2 is convex and
assume that r > 0 and x∗ ∈ Rd are such that

φ(x) < φ(x∗), |x− x∗| = r.

Then for each δ > 0 the set

K = {x : |x− x∗| < r and φ(y)− 〈p,y〉 ≤ φ(x)− 〈p,x〉
for some p with |p| ≤ δ and for all y with |y − x∗| ≤ r}

has positive measure.

c© G. Gripenberg 5.6.2009



4. The Theorem on Sums 11

Proof of Theorem 2.9. Let ε > 0 be so small that ‖κ‖ε + ‖κD2ϕ(x∗)‖ < 1 and
let A = εI +D2ϕ(x∗). Define for each i = 1, . . . ,m,

vi(xi) =

{
ui(x∗i + xi)− ui(x∗i )− 〈Dxiϕ(x∗),xi〉 , x∗i + xi ∈ Ai, |xi| ≤ rε,
−∞, otherwise,

where rε > 0 is at least so small that the set {x : x ∈ Ai, |x − x∗i | ≤ rε } is
compact for each i. Furthermore, we may by assumption and the defintion of A
choose rε so small that

m∑
i=1

vi(xi) ≤
1
2
〈Ax,x〉 , x ∈ Rd.

It is easy to check that if w(x) =
∑m

i=1 vi(xi) then ŵκ(x) =
∑m

i=1 (̂vi)κ(xi) so
that we have by Theorem 2.11

m∑
i=1

(̂vi)κ(xi) ≤ 1
2

〈
(I − κA)−1Ax,x

〉
, x ∈ Rd.

Since 0 = vi(0) ≤ (̂vi)κ(0) we conclude from the inequality above that (̂vi)κ(0) =
0. Thus the function

φ(x) =
m∑
i=1

(̂vi)κ(xi)− 1
2

〈
((I − κA)−1A+ εI)x,x

〉
satisfies the assumptions of lemma 2.13 for arbitrary r > 0.

Thus we can for each δ > 0 find a point xδ = (x1,δ, . . . ,xk,δ) such that
|xδ| < δ, the function ϕ(x) − 〈pδ,x〉 where |pδ| ≤ δ, reaches its maximum in
{x : |x| ≤ δ } at xδ, and the functions (̂vi)κ are twice differentiable at the points
xi,δ for i = 1, . . . ,m.

Since the derivative vanishes at a maximum point we have

Dxi (̂vi)κ(xi,δ) = pi,δ + Pi(I − κA)−1Axδ + εxi,δ
def= qi,δ,

where Pi is the projection of x onto xi. The maximum property together with the
properties of the sup convolution implies that

− κ−1 ≤

D
2(̂v1)κ(x1,δ) · · · 0

...
. . .

...
0 · · · D2(̂v1)κ(x1,δ)

 ≤ (I − κA)−1A + εI.

Thus we see that taking a sequnce δj ↓ 0 we may assume that

lim
j→∞

D̂2
xi(vi)κ(xi,δj ) = Xj , i = 1, . . . ,m,

c© G. Gripenberg 5.6.2009



12 2. Jets, limits, etc. 5.6.2009

and

−κ−1 ≤

X1 · · · 0
...

. . .
...

0 · · · Xm

 ≤ (I − κA)−1A+ εI.

By the differentiablity we have

(xi,δ, (̂vi)κ(xi,δ),qi,δ, D2
xi (̂vi)κ(xi,δj )) ∈ J

2,+

Rdi ,d(vi)κ ,
and therefore by Lemma 2.11 we know that

(xi,δ + κqi,δ, vi(xi,δ + κqi,δ),qi,δ, D2
xi (̂vi)κ(xi,δ)) ∈ J2,+

Rdi ,vi
,

or when δ < rε that

(xi,δ+κqi,δ+x∗i , ui(xi,δ+κqi,δ+x∗i ),qi,δ+Dxiϕ(x∗), D2
xi (̂vi)κ(xi,δ)) ∈ J2,+

Ai,ui .

Since (̂vi)κ(xi,δ) = vi(xi,δ+κqi,δ)− 1
2 〈κqi,δ,qi,δ〉 and (̂vi)κ(0) = 0 we conclude

when we take δ = δj and let j →∞ that

(x∗i , ui(x
∗
i ), Dxiϕ(x∗), Xi) ∈ J2,+

Ai,ui , i = 1, . . . ,m.

Finally we see that the only term depending on ε is Xi and when we let ε ↓ 0 we
may choose a convergent subsequence, and since we are dealing with a closed set
we get the desired conclusion. �

Proof of Theorem 2.11. Claims (i) and (ii) are left to the reader. To see that (iii)
holds we observe that

ψ̂κ(x) + 1
2

〈
κ−1x,x

〉
= sup

y∈Rd

(
ψ(y)− 1

2

〈
κ−1y,y

〉
+
〈
κ−1y,x

〉)
,

and the supremum of convex or affine functions is convex.

For the proof of (iv) assume that (x, ψ̂κ(x),p, X) ∈ J2,+

Rd,ψ̂κ
. We may assume

that there is a function ϕ ∈ C2(Rd) such that

(2.3) ψ̂κ(y)− ϕ(y) ≤ ψ̂κ(x)− ϕ(x), y ∈ Rd,

such that p = Dϕ(x) and X = D2ϕ(x). Since ψ is upper semicontinuous there
is a point x∗ such that ψ̂κ(x) = ψ(x∗) − 1

2

〈
κ−1(x− x∗),x− x∗

〉
. Thus we get

from (2.3) and the definition of ψ̂κ that

(2.4) ψ(z)− 1
2

〈
κ−1(z− y), z− y

〉
− ϕ(y) ≤ ψ̂κ(y)− ϕ(y) ≤ ψ̂κ(x)− ϕ(x)

= ψ(x∗)− 1
2

〈
κ−1(x∗ − x),x∗ − x

〉
− ϕ(x).

First we choose z = x∗ so that we get

ϕ(y)+ 1
2

〈
κ−1(x∗ − y),x∗ − y

〉
≥ ϕ(x)+ 1

2

〈
κ−1(x∗ − x),x∗ − x

〉
, y ∈ Rd,

c© G. Gripenberg 5.6.2009
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that is, the function ϕ(y) + 1
2

〈
κ−1(x∗ − y),x∗ − y

〉
has a minimum at x. There-

fore the first derivative is zero and the second nonnegative at x so that

(2.5) x∗ = x + κDϕ(x) = x + κp and D2ϕ(x) ≥ −κ−1.

Next we choose y = z− x∗ + x in (2.4). This yields

ψ(z)− ϕ(z− x∗ + x) ≤ ψ(x∗)− ϕ(x), z ∈ Rd,

so that

(x∗, ψ(x∗), Dϕ(x), D2ϕ(x)) = (x∗, ψ(x∗),p, X) ∈ J2,+

Rd,ψ.

�

Proof of Lemma 2.13. Let φp(x) = φ(x)−〈p,x〉 and B(z, s) = {y : |y− z| ≤
s }. We may decrease δ so that δ < 1

r inf{φ(x∗) − φ(x) : |x − x∗| = r }. It
follows then that the largest value of φp in the set {x : |x− x∗| } is achieved at an
interior point for each p ∈ B(0, δ).

Suppose that φ ∈ C2(Rd). If x ∈ K then Dφ(x) − p = Dφp(x) = 0 and
D2φ(x) = D2φp(x) ≤ 0. It follows from the first equality that Dφ is a conti-
nous map from K onto B(0, δ). It is also clear that K is closed hence measurable.
Moreover, since φ(x) + λ

2 |x|
2 is convex, we have D2φ(x) ≥ −λI for all x. Com-

bining these two inequalites we see that |det(D2φ(x))| ≤ λd. Thus

meas({p : |p| ≤ δ }) = meas(Dφ(K)) ≤
∫
K
|det(D2φ(x))| dx ≤ meas(K)λd,

so that
meas(K) ≥ λ−dmeas({p : |p| ≤ δ }).

Finally if φ is not in C2(Rd) we take ψ to be a nonnegative, infinitely many
times differentiable function with support in the unit ball such that

∫
Rd ψ(y) dy =

1 and let φn(x) =
∫

Rd φ(x − y)ndψ(ny) dy. Since
∫

Rd(φ(x − y) + λ
2 |x −

y|2)ndψ(ny) dy and λ
2 |x|

2−
∫

Rd
λ
2 |x−y|2)ndψ(ny) dy are convex, we conclude

that φn(x) + λ
2 |x|

2 is convex for every n ≥ 1.

Since φn → φ uniformly on compact sets we see that we can require δ > 0 to
be such that δ < 1

r inf{φn(x∗) − φn(x) : |x − x∗| = r } for all sufficiently large
n. If we define Kn as K with φ replaced by φn then we can conclude the measure
of Kn is bounded from below by a positive constant independent of n.

If now x ∈ ∩∞m=1∪∞n=mKn then there exists points xnj ∈ Knj such that
limj→∞ xnj → x (and limj→∞ nj = ∞). We may assume that the vectors pnj =
Dφnj (xnj ) converge to some p with |p| ≤ δ. Then we see that x ∈ K (using
the fact that the maximum is achieved in the interior of the ball B(x∗, r)), so that
K ⊃ ∩∞m=1∪∞n=mKn and K has positive measure. �

c© G. Gripenberg 5.6.2009
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5. Parabolic jets

For parabolic equations there are at least two approaches one can take. One is to
define the second order jets as above and simply disregard all second order partial
derivatives involving the ”time”-variable. The other approach is to reformulate the
defintion of the jets and there eliminate all unneeded partal derivatives and so that
the error term is of the form o(|s− t|+ |y − x|2). This approach is in some ways
more natural but has the weakness that many theorems should be redone with only
minor modifications. Here we take the first approach.

Definition 2.14. Let B ⊂ Rd+1 and u : B → [−∞,∞]. Then

P 2,±
B,u =

{(
t,x, r, a,p, X

)
∈ R × Rd × R × R × Rd × S(d) :(

(t,x), r, (a,p), X̃
)
∈ J2,±
B,u , X̃(2 : d+ 1, 2 : d+ 1) = X

}
and

P 2,±
B,u (t,x) = { (a,p, X) ∈ R × Rd × S(d) : (t,x, u(t,x), a,p, X) ∈ P 2,±

B,u }.

Usually we take B = T × A where T is an interval.

With this definiton we immediately have the following version of Theorem 2.8.

Corollary 2.15. Let B ⊂ Rd×1 be locally compact and let (un)n∈N be a sequence
of upper semicontinuous functions: B → [−∞,∞] and let U = lim sup∗n→∞ un.
Then

P 2,+
B,U ⊂ ∩n∈N∪∞m=nP

2,+
B,un ,

that is, if (t,x, U(t,x), a,p, X) ∈ P 2,+
B,U then there is a subsequence (nj) and

elements (tnj ,xnj , unj (tnj ,xnj ), anj ,pnj , Xnj ) ∈ P 2,+
B,unj

such that tnj → t,

xnj → x, unj (tnj ,xnj )→ U(x), anj → a, pnj → p, and Xnj → X as j →∞.

The theorem on sums requires a new proof since we want to have it in a form
where all the functions have the same t-variable. If this is not the case, then no new
theorem is needed.

Next we formulate and prove the parabolic version of the theorem on sums.

Theorem 2.16. Assume that di ≥ 1, i = 1, . . . ,m and that

(i) Bi ⊂ Rdi+1 is locally compact and nonempty for i = 1, . . . ,m and
B = { (t,x) : x = (x1, . . . ,xm), (t,xi) ∈ Bi, i = 1, . . . ,m } is
nonempty;

(ii) ui ∈ USC(Bi);

(iii) ϕ ∈ C2(Rd+1) where d = d1 + . . .+ dm
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(iv) (t∗,x∗) ∈ B is such that for some r > 0

m∑
i=1

ui(t,xi)− ϕ(t,x) ≤
m∑
i=1

ui(t∗,x∗i )− ϕ(t∗,x∗),

(t,x) ∈ B, x = (x1, . . . ,xm), |t− t∗| ≤ r, |x− x∗| ≤ r.

(v) for eachM <∞ there is a number δ > 0 and a numberC <∞ such that
if 1 ≤ i ≤ m, |t − t∗| ≤ δ, |xi − x∗i | ≤ δ, (t,xi, ui(t,xi), ai,pi, Xi) ∈
P 2,+
Bi,ui , |ui(t,xi)−ui(t

∗,x∗i )| ≤ δ, |pi−Dxiϕ(t∗,x∗)| ≤ δ, and ‖Xi‖ ≤
M then ai ≤ C.

Then for each κ > 0 with ‖κD2ϕ(x∗)‖ < 1 there are ai ∈ R and Xi ∈ S(di),
i = 1, . . . ,m such that

(t∗,x∗i , ui(t
∗,x∗i ), ai, Dxiϕ(x∗), Xi) ∈ P 2,+

Bi,ui , i = 1, . . . ,m,

m∑
i=1

ai = ϕt(t∗,x∗),

and

−κ−1 ≤

X1 · · · 0
...

. . .
...

0 · · · Xm

 ≤ (I − κD2
xϕ(t∗,x∗)

)−1
D2

xϕ(t∗,x∗).

In the general case where very little is known about the functions ui it could
be exceedingly difficult to verify assumption (v). But if ui is a subsoltuion of the
equation ut + Fi(t,x, u,Du,D2u) = 0, then it is quite easy to check that it holds
provided Fi is lower semicontinuous.

Proof of Theorem 2.16. We are going to use the number r in (iv) as a parameter
that at several stages in the proof must be chosen to be sufficiently small. To
begin with we require that r is so small that the sets { (t,xi) ∈ Bi : |t − t∗| ≤
r, |xi − x∗i | ≤ r } is compact for each i. (If r is decreased this proerty will clearly
not be lost.) Define, for each i = 1, . . . ,m

vi(t,xi) =


ui(t, xi)− (t− t∗)Dtxiϕ(t∗,x∗)(xi − x∗i ), (t,xi) ∈ Bi,

|t− t∗| ≤ r,
|xi − x∗i | ≤ r√

m
,

−∞, otherwise.
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Let η ∈ (0, 1)2 with both components sufficiently small and define

ϕ̃η(t1,x1, t2,x2, . . . , tm,xm) = ϕ(t1,x)

− (t1 − t∗)
m∑
i=1

Dtxiϕ(t∗,x∗)(xi − x∗i )

+
1
η1

∑
1≤i<j≤m

|ti − tj |2 + η2|x− x∗|2 + η2|t1 − t∗|2,

where x = (x1, . . . ,xm) and finally let κ̃η ∈ S(m+ d) be defined by

κ̃η(i, j) =


η2

1, if i = j =
∑p−1

n=1 dn + p, p = 1, . . . ,m,
κ(i− p, j − q), if

∑p−1
n=1 dn + p < i ≤

∑p
n=1 dn and ,∑q−1

n=1 dn + q < j ≤
∑q

n=1 dn,

0, otherwise.

If κ is a diagonal matrix (e.g. a scalar) then this just means that the diagonal is
broken up into blocks and new elements η2

1 inserted in front of each block.

Now the function
∑m

i=1 vi(ti,xi) − ϕ̃η(t1,x1, t2,x2, . . . , tm,xm) achieves
its maximum at some point (t1,η,x1,η, . . . , tm,η,xm,η) = x̃η in the set where
(ti,xi) ∈ Bi, |ti − t∗| ≤ r and |x− x∗| ≤ r and we may therefore apply Theorem
2.9 (provided η1, η2 and r are sufficiently small so that ‖κ̃ηD2ϕ̃η(x̃η)‖ < 1). It
follows that there are X̃η

i ∈ S(di + 1), for each i = 1, . . . ,m, such that

(2.6) ((ti,η,xi,η), vi(ti,η,xi,η), (Dtiϕ̃η(x̃η), Dxiϕ̃η(x̃η)), X̃i,η) ∈ J2,+
Bi,vi ,

and

−κ̃−1
η ≤

X̃1,η · · · 0
...

. . .
...

0 · · · X̃m,η

 ≤ (I − κ̃ηD2ϕ̃η(x̃η)
)−1

D2ϕ̃η(x̃η).

Next we define the matrices Xi,η by Xi,η = X̃i,η(
∑i−1

n=1 dn + i + 1 :
∑i

n=1 dn +
i,
∑i−1

n=1 dn + i+ 1 :
∑i

n=1 dn + i). For these matrices we get the inequality
(2.7)

−κ−1 ≤

X1,η · · · 0
...

. . .
...

0 · · · Xm,η

 ≤ ((I − κ̃ηD2ϕ̃η(x̃η)
)−1

D2ϕ̃η(x̃η)
)

(J, J),

where J is the index set ∪mi=1(
∑i−1

n=1 dn + i+ 1 :
∑i

n=1 dn + i).

We observe that the matrix
(
I − κ̃ηD2ϕ̃η(x̃η)

)−1 is uniformly bounded in η
and this implies that the whole right-hand side of (2.7) is bounded uniformly in η.
It follows that we can find a constant M independent of r and η such that

(2.8) ‖Xi,η‖ ≤M, i = 1, . . . ,m.
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Now we have the number M that determines the number δ in (v).

It follows from the definitions above that a maximum of the function

(2.9)
m∑
i=1

ui(ti,xi)− ϕ(t1,x)−
m∑
i=2

(ti − t1)Dt,xiϕ(t∗,x∗)(xi − x∗i )

− 1
η1

∑
1≤i<j≤m

|ti − tj |2 − η2|x− x∗|2 − η2|t1 − t∗|2,

is achieved at x̃η = (t1,η,x1,η, . . . , tm,η,xm,η). It follows from this fact, assump-
tion (iv), and from the assumption that the functions ui are upper semicontinuous,
that if r is small enough we have

(2.10) |ui(ti,η,xi,η)− ui(t∗,x∗i )| < δ, i = 1, . . . ,m.

Furthermore, it follows from the fact that x̃η is a maximum point of the function
in (2.9) that by choosing η sufficiently small we conlcude that |xi,η − x∗i | < r and
|t− t∗| < r (and not equality, but for more details see tha argument below). Thus
we get from (2.6) and the definitions of vi and Xi,η that for i = 1, . . . ,m we have

(2.11)
(
ti,η,xi,η, ui(ti,η,xi,η), Dtiϕ̃η(x̃η) +Dtxiϕ((t∗,x∗)(xi,η − x∗i ),

Dxiϕ̃η(x̃η) + (ti,η − t∗)Dtxiϕ(t∗,x∗), , Xi,η

)
∈ P 2,+

Bi,ui ,

Clearly, by choosing r and η sufficiently small we have

|Dxiϕ̃η(x̃η) + (ti,η − t∗)Dtxiϕ((t∗,x∗)−Dxiϕ(t∗,x∗)| < δ, i = 1, . . . ,m,

and thus we know by assumption (v), (2.8), (2.10), and (2.11) that the numbers
Dtiϕ̃η(x̃η) are bounded from above uniformly with respect to η. Now

m∑
i=1

Dtiϕ̃η(x̃η) = Dtϕ(t1,η,x1,η, . . . ,xm,η)

−
m∑
i=1

Dtxiϕ(t∗,x∗)(xi,η − x∗i ) + 2η2(t1,η − t∗),

and it follows that the numbers Dtiϕ̃η(x̃η) are bounded from below as well, uni-
formly with respect to η.

First we let η1 ↓ 0 and using compactness we can pick convergent subse-
quences. We denote the limit points with the subindex η2. By Lemma 4.9 we
conclude that 1

η1

∑
1≤i<j≤m|ti,η − tj,η|2 → 0 so that we have ti,η2 = tj,η2

def= tη2
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for all i and j = 1, . . . ,m. By the second conclusion of Lemma 4.9 we also get
m∑
i=1

ui(t,xi)− ϕ(t,x)− η2|x− x∗|2 − η2|t− t∗|

≤
m∑
i=1

ui(tη2 ,xi)− ϕ(tη2 ,xη2)− η2|xη2 − x∗|2 − η2|tτ2 − t∗|2

≤
m∑
i=1

ui(t∗,x∗i )− ϕ(t∗,x∗),

when |ti− t∗| ≤ r and |xi−x∗i | ≤ r√
m

. Since the second inequality is strict when
tη2 6= t∗ or xη2 6= x∗ we see, that we must have tη2 = t∗ and xη2 = x∗.

Thus we see that (a subsequence of) the numbers Dtiϕ̃η(x̃η) converge to some
numbers ai,η2 with the property that

∑m
i=1 ai,η2 = Dtϕ(t∗,x∗), but the critical

point to check is that the matrix
((
I − κ̃ηD2ϕ̃η(x̃η)

)−1
D2ϕ̃η(x̃η)

)
(J, J) con-

verges to
(
I − κ(D2

xϕ(x∗) + 2η2I)
)−1(D2

xϕ(x∗) + 2η2I). To see that this is the
case the crucial point to observe is that our construction guarantees that

lim
η1↓0

Dtjxiϕ̃η(t
∗,x∗1, . . . , t

∗,x∗m) = 0

for all i and j.

Finally we can use compactness arguments again to pass to the limit η2 ↓ 0,
but this is a much simpler procedure. Thus we get the desired conclusion.

�

6. Comments

The definition of the jets in Defintion 2.3 is an extrapolation of the definitions in [3]
and [2] and differs from those only in notation. However, Definition 2.14 differs
from those in [3] and [2] although it is stated in [3] that ”it is not hard to see that
the two notions are equivalent”.
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