Chapter 2

Jets, etc.

1. Semi-continuous functions

Definition 2.1. Assume that A C R? and that v : A — [—oc, oc]. Then

w is upper semicontinuous, or u € USC(A)

< limsupu(x) < u(xg), xg € A,
Teea’

and

w is lower semicontinuous, or u € LSC(A)

< liminf u(x) > u(xg), xo € A
™y

Clearly a function is both upper and lower semicontinuous precisely when it is
continuous.

There are several equivalent characterizations of semi-continuity:
Theorem 2.2. Suppose that A C R? and u : A — [—o0, x]. Then the following
conditions are equivalent:

() ueUSC(A);

(b) The set {x € A:u(x) < «a}isopeninAforeach o € R;

(c) Thereis a sequence (uy)>>, of continuous functions in A such lim,, o un(x) =
u(x) and u,(x) > u(x) for eachx € Aandn > 1.

(d) There is a set {u;}icz of continuous functions in A such that u(x) =
inf;c7 u;(x) for every x € A;

(e) —u € LSC(A);
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6 2. Jets, limits, etc. 5.6.2009

If one has a function that is not necessarily upper or lower semicontinuous one
can take the upper and lower semicontinuous enevelopes, see Definition 2.6 below.

2. ”Super- and subjets”

Here we introduce some notation which makes it possible to formulate the notion
of sub and super-solutions in a slightly different way.

Definition 2.3. Let A C R and u : A — [—o0, 0c]. Then

Ji’ZZ{(x,r,p,X)EAxRdexS(d):xeA, u(x) =,
u(y) < u(x) + (p,y —x) + 5 (X(y — %),y — x) + o[y —x*),
as 'y — X, yGA},
and
T3 x) = {(p, X) e R x 8(d) : (x,u(x),p,X) € 3! }.

Similarly, one defines
Jj’ﬂ: ={(x,7,p, X) EAXxR xR xS(d):x€ A, u(x)=r,
u(y) = u(x) + (p,y —x) + 5 (X(y = %),y — x) + oy —x/*),
asy —x, ye€ A},
and

T30 = {(p. X) € RY x S(d) : (x.u(x). p.X) € J4, ).

First we give another characterization of these jets in the spirit of Definition
1.3.

Proposition 2.4. Let A C R and u : A — [—00, 00]. Then the following condi-
tions are equivalent:

@ (x,7,p,X) € I35
(11) (Xv -, =P, _X) € J_,Qzl:_—u;
(iii) There is a function ¢ € C*(RY) and s > 0 such that Dp(x) = p,

D%p(x) = X, and u(y) < o(y) + u(x) — p(x) for all y € A with
ly — x| < s.

Proof. It is clear that (i) and (ii) are equivalent and by Taylors’s formula that (iii)
implies (i). Suppose next that (x, 7, p, X) € th By definition there is a function

h with limy o ’;—9 = 0 and h(0) = 0 so that

u(y) < u(x) + (p.y —x) + 3 (X(y = %),y — x) + hly — x|),
© G. Gripenberg 5.6.2009



2. ”’Super- and subjets” 7

forally € A with |y — x| < s for some s > 0. We may assume that / is bounded
on [0, 4s], and then we can define the function v by

w(t):16/0t(t—7')1/: sup @dndﬂ 0<t<s.

T Z 0<o<dn o

Then we can easily conlude that ) € C2([0, 00) with 1(0) = 9/(0) = %" (0) = 0.
Furthermore, since 47 > t whenn > Z and 7 > £ we get

o(t) > 16ﬂ(t—7)71_/Thg)dndT:h(t).

T

Now we define the function ¢ by
o(y) = ux) + {0,y — %) + 5 (X(y = %),y — %) + ¢(ly — x|).

This completes the proof since the fact that ¢/ is twice continuously differentiable
with ¢/ (0) = ¥ (0) = 0 implies that € C%(RY). O

We give here just one further simple result which is relevant for the question
of when a smooth classical solution is a viscosity solution:

Proposition 2.5. Assume that A C R and x € A. If p € C*(RY), then (p, X) €

Ji’i(x) ifand only if (p— Dip(x), X — D?¢p(x)) € Ji’fu (x) and if u € USC(A)

and (p,X) € in(x) then (p+q,X +Y) € th(x) for every (q,Y) €
2,4 7 ’

T4y 4 (%)-

Proof of Proposition 2.5. We only consider the .J%*-jets. Assume that (p, X) €
Jj’;(x). so that

p(y) < o(x) + P,y —x) + 5 (X(y — %),y — x) + oy — x*),
asy — x and y € A. By Taylors formula we have
p(y) = @(x) + (Dp(x),y — %) + 5 (D*p(x)(y —x),y —x) +o(ly — x|?),

asy — x and y € RZ Subtracting both sides of the equation from those of the
inequality and adding 1 = y 4(y) = x4(x) we get the desired conclusion. For the
converse and the second claim, one argues in a similar manner. U

One can define first order jets as well, and combinations of first and second
order jets which could be used for defining so called parabolic jets.

© G. Gripenberg 5.6.2009



8 2. Jets, limits, etc. 5.6.2009

3. Envelopes, limsups, etc.

Definition 2.6. Ler A € R% and u : A — [—00, c0]. Then
u*(x) = 1iﬂglsup{ u(y):y€eA, |y—x[<s},
S

ux(x) = liﬁ)linf{u(y) ye A, |ly—x|<s}
forx € R

In particular, one sees that u*(x) = —oo and u, = +00 when x belongs to the
interior of the complement of A.

Definition 2.7. Let A C R? and (uy)nen be a sequnce of functions: A —
[—00, 00]. Then

(limsup® up)(x) = lim sup{um(y) :m>n, yeA |y—x[<;}

n—oo

(liminf, up)(x) = lim inf{up(y) :m>n, yeA, |y—x/<1i}

n—00 n—oo

forx € RY.

There are several obvious points to be made but we go straight for a harder and
more fundamental result.

Theorem 2.8. Let A C RY be locally compact and let (u,)nen be a sequence of
upper semicontinuous functions: A — [—o00, 00| and let use = limsup®,,_, . Un.
Then
2, 2,
Ttes © MeNUsS—n T30
that is, if (X, uso (x), p, X) € Ji’;w then there is a subsequence (1) and elements
(x5, un; (%), Pj, Xj) € Ji’;:nj such that Xj — X, Un,(Xj) — Uso(X), Pj — P

and X; — X as j — oo.

Proof. Assume that (X, uxo(X), p, X) € Jj’tw and note that we may, without loss
of generality, assume that x = 0. By the assumption that 4 is locally compact and
by the definition of Jj’zw we know that for every > 0 there is a number s > 0

such that N déf{y € A:|y| < s}iscompact and
@1 uso(y) < us(0) +(py) + 3 (Xy,y) +0ly[*, y €N,

Let (y) = (p,y) + % (Xy,y) + 20]y|? for y € R% By the definition of s,
there exists x; € A such that (x;, un;(x;)) — (0,uc(0)) as j — co. Let x} be
the point where the function y € N5 — up,(y) — ¢(y) achieves its maximum so
that

2.2) un; (¥) < un; (X5) + 0(y) — ¢(xj), ¥ € Ns.
© G. Gripenberg 5.6.2009



4. The Theorem on Sums 9

Suppose that X; — z (taking a subsequence, again denoted by n;, if necessary).
Taking y = x; in (2.2) and y = z in (2.1) we conclude since uy,, (x5) = usx(0)
and lim inf;_ oo un; (X}) < Imsup;_, o n; (X}) < uoo(z) that
Uoo(0) = lim up, (x;) < liminfu,, (x}) + ¢(0) — ¢(2)
j—oo j—00
< oo (2) — ¢(2) < uso(0) — bz,

Thus e (0) < Us(0) — 6|z|? which implies that z = 0 so that x; — 0 (and there
is no need to take a subsequence. But we also have uoo(0) < liminf; o0 up, (x})
and since im sup; _, o un; (X}) < oo (0) (by the definition of uco, we have lim;j o up, (X}) =
0).

When |X;“| < s (which is the case for sufficiently large j) it follows from
(2.2) that (X, un, (x}), Dp(x]), D2<p(X;k-)) € sz and this in turn implies that

l nJ

(0,ux0(0), p, X +461) € NpenUsS_,, letn But ¢ is arbitrary and the intersection

of closed sets is closed, so we have (0, u(0),p, X) € ﬁneNU%?:an’:n- This
completes the proof. ([

4. The Theorem on Sums

Theorem 2.9. Assume that
() A; is a locally compact nonempty subset of R% fori =1,...,m, A =
Al X oo X A
(il) u; € USC(A;,R);
(iii) ¢ € C?(RYR) whered =dy + ... + dp,

(iv) x* = (x],...,x},) € Ais such that for some r > 0

m m
D uixi) = (%) < D uilxf) — (),
i=1 i=1
X=(X1,...,Xm) €A, |x—x"|<r
Then for each k > 0 with ||kD?*p(x*)|| < 1 there are X; € S(d;), i = 1,...,m
such that
(x5, ui(x}), Dy,p(x*), X3) € 5T, i=1,....m

and
X, - 0

- B I O HD2¢(X*))_1D2()0(X*).
0 - X,
Here « is in general a symmetric matrix with positive eigenvalues, but in most
cases on takes it to be kI where x is then some positive number.
© G. Gripenberg 5.6.2009



10 2. Jets, limits, etc. 5.6.2009

Next we define the so-called ”’sup convolution”.

Definition 2.10. Lez & € S(d) with k > 0 and assume that ¢ : R — [—00, 00) is
such that 1) # —o0o and lim sup | |71€| (¥(x) — % (k7'x,x)) = —oc. Then

be(x) = sup (U(y) — 2 (v Hy—x),y —x)), xeR™
yeRr?

Theorem 2.11. Let 1) : R — [—00, 00) be upper semicontinuous, 1)  —oo, and
let k € S(d), k > 0 be such that lim sup x|, ‘%'(gp(x) — 1 (k7 1x,x)) = —oo.
Then

(1) If ¢ satisfies the same conditions as 1 and ) < @, then 121/-; < P

(i) ¢ <

(iii) 1/35(5) + % <n*1§, §> is convex;

(iv) If (x,9x(x),p, X) € Jé’;}) then (x + kp,¥(x + kp),p, X) € Jéfw,

Y(x+ kp) = Ys(x) + 5 (kp,p), and X > —k~%;

One can actually prove a sligthly better result in that X in the statement (x +
kp,Y(x+ kp),p, X) € Jﬂz’j " in (iv) can be replaced by a smaller matrix, but we
shall not use that here. 7

The next theorem is a classical result due to Alexandrov.

Theorem 2.12. If ¢ : R? — R is convex, or ¢ is the difference between two convex

functions, then for almost every x € R? Jé’j ¢(x)ﬂJé’d_ ¢(x) # (), that is, ¢ is twice

differentiable at x in the sense that there are Dp(x) € R and D*¢(x) € S(d)
such that

d(y) = 6(x) + (D(x),y — x) + 5 (D*$(x)(y — %),y — x) +o(|y —x[*)

asy — X.

We need the following lemma as well.

Lemma 2.13. Let ¢ : R — R and \ > 0 be such that ¢(x) + 5|x|? is convex and
assume that v > 0 and x* € R? are such that

p(x) < p(x"), [x—x[=r
Then for each § > 0 the set
K ={x: |x=x*| <rand §(y) — (p,y) < ¢(x) — (p,X)
for some p with |p| < § and for all y with |y — x*| < r}
has positive measure.

© G. Gripenberg 5.6.2009



4. The Theorem on Sums 11

Proof of Theorem 2.9. Let ¢ > 0 be so small that ||x||e + |[|[xD?o(x*)| < 1 and
let A = el + D?p(x*). Define foreachi =1,...,m,

vilxi) = wi(X] 4+ xi) — ui(x7) — (D, p(x7), %), Xj +x € Aiy [xi| <o,
o —00, otherwise,

where 7. > 0 is at least so small that the set {x : x € A;,|x — x| < rc}is
compact for each i. Furthermore, we may by assumption and the defintion of A
choose r. so small that
m
vi(x;) <
i=1

(Ax,x), xecR%

m

It is easy to check that if w(x) = > ", vi(x;) then W, (x) = D" (vi),.(x3) so
that we have by Theorem 2.11

Z (/vi\)n(xi) <3i(I- K,A)_lAX,X> , xeR4
i=1

Since 0 = v;(0) < (v;),(0) we conclude from the inequality above that (v;),.(0) =
0. Thus the function

m
000 = D (vi)x0) = 5 (T = wA) A+ el)x, )
i=1
satisfies the assumptions of lemma 2.13 for arbitrary r > 0.

Thus we can for each § > 0 find a point x5 = (X1,4,...,Xgs) such that
|xs| < 6, the function p(x) — (ps,x) where |ps| < J, reaches its maximum in
{x :|x| <4} at x5, and the functions (/vi\),_i are twice differentiable at the points
x;sfori=1,...,m.

Since the derivative vanishes at a maximum point we have

—

_ def
Dy, (0i),.(%i5) = Pis + Pi(I — kA) ' Axs + ex;5 = qig,

where P; is the projection of x onto x;. The maximum property together with the
properties of the sup convolution implies that

—

D?(v1) . (x1,5) - 0
— w1t < : : < (I —kRA)TTA 4 el
0 o D2(ur) (%15)

Thus we see that taking a sequnce J; | 0 we may assume that

lim m) (xi5;) = X5, i=1,....m,

j—00 v K

© G. Gripenberg 5.6.2009



12 2. Jets, limits, etc. 5.6.2009

and

Tt o < (I —rA)TTA+ el
0 - X,
By the differentiablity we have

— —

(%i,6, (Vi) o (%4,5), Q55 D, (vi) o (%4,5,)) € Jé’;@ ,

and therefore by Lemma 2.11 we know that

(Xi 6 + K5, i (X5 + Kdis)s di.ss D, (vi) . (xi5)) € Jﬂi’;f v

or when § < r, that

(%45 +K 5 +X;, ui (X 5 +R 5+X; ), diys+Dx, 0(X7), Dii (Vi) (%45)) € It

iU
Since (v;),.(Xi5) = vi(X;5+KA; 5) —% (Kkdi,s,dis) and (v;),.(0) = 0 we conclude
when we take 0 = ¢; and let j — oo that

(x5, us(x0), Dy,o(x), Xi) € J2H 0 i=1,...,m.

Wi’
Finally we see that the only term depending on € is X; and when we let e | 0 we

may choose a convergent subsequence, and since we are dealing with a closed set
we get the desired conclusion. U

Proof of Theorem 2.11. Claims (i) and (ii) are left to the reader. To see that (iii)
holds we observe that

0nl) + 1 0 = s (630 = 3 () ().
y€e

and the supremum of convex or affine functions is convex.
For the proof of (iv) assume that (x, {,(x), p, X) € Jﬂi’; PR We may assume
that there is a function ¢ € C?(R?) such that

(2.3) be(y) — o(y) < he(x) — @(x), y€R%

such that p = Dip(x) and X = D?p(x). Since v is upper semicontinuous there
is a point x* such that 1), (x) = 1(x*) — & (k7 (x — x*),x — x*). Thus we get
from (2.3) and the definition of 1, that

Q4 P(2) -5 (T Ez-y)z-y) — oy) < Uuly) — (y) < da(x) — o(x)
=9(x") = 5 (v (X" = %), x" —x) — o).
First we choose z = x* so that we get
p(y)+3 (HX —y) X —y) 2 () +3 (v (X" —x),x" —x), yeR’
© G. Gripenberg 5.6.2009



4. The Theorem on Sums 13

that is, the function ¢(y) + 1 (k~1(x* — y),x* — y) has a minimum at x. There-
fore the first derivative is zero and the second nonnegative at x so that

(2.5) x* =x+ rDp(x) =x+kp and D3p(x) > —rL.

Next we choose y = z — x* 4+ x in (2.4). This yields

¥(z) —p(z — X" +x) SY(x) —p(x), zeRY,

so that
(", (x), Dop(x), D*p(x)) = (", 4(x"), p, X) € Jpif .
]

Proof of Lemma 2.13. Let ¢p(x) = ¢(x) — (p,x) and B(z,s) ={y : [y —z| <
s}. We may decrease § so that § < 1inf{p(x*) — ¢(x) : [x —x*| = r}. It
follows then that the largest value of ¢, in the set { x : |[x — x*| } is achieved at an
interior point for each p € B(0,9).

Suppose that ¢ € C*(RY). If x € K then D¢(x) — p = D¢p(x) = 0 and
D?¢(x) = D?*pp(x) < 0. It follows from the first equality that D¢ is a conti-
nous map from K onto B(0,¢). It is also clear that K is closed hence measurable.
Moreover, since ¢(x) + 5|x|? is convex, we have D?¢(z) > —AI for all x. Com-

bining these two inequalites we see that |det(D?¢(x))| < A% Thus

meas({p: |p| <46 }) =meas(Dp(K)) < /K]det(DQ(;S(x)) dx < meas(K)\?,

so that
meas(K) > A" ?meas({p : [p| <6 }).

Finally if ¢ is not in CZ(Rd) we take 1) to be a nonnegative, infinitely many
times differentiable function with support in the unit ball such that fRd Y(y)dy =
1 and let ¢, (x) = [pa @(x — y)nd(ny)dy. Since [pa(p(x —y) + 5|x —
y|?)n?y(ny) dy and 3|x|* — [pa 5|x — y[*)n(ny) dy are convex, we conclude
that ¢,,(x) + 5|x/? is convex for every n > 1.

Since ¢,, — ¢ uniformly on compact sets we see that we can require § > 0 to
be such that § < % inf{ ¢, (x*) — Pn(x) : |x —x*| = r } for all sufficiently large
n. If we define K, as K with ¢ replaced by ¢,, then we can conclude the measure
of K, is bounded from below by a positive constant independent of n.

If now x € NZ_,Use K, then there exists points Xn; € Knj such that
lim;j o Xp; — X (and limj_conj = o0). We may assume that the vectors Pn; =
Dy, (xn,) converge to some p with [p| < d. Then we see that x € K (using
the fact that the maximum is achieved in the interior of the ball B(x*,r)), so that
K > ny_,uUse,, K, and K has positive measure. U

© G. Gripenberg 5.6.2009



14 2. Jets, limits, etc. 5.6.2009

S. Parabolic jets

For parabolic equations there are at least two approaches one can take. One is to
define the second order jets as above and simply disregard all second order partial
derivatives involving the “time”-variable. The other approach is to reformulate the
defintion of the jets and there eliminate all unneeded partal derivatives and so that
the error term is of the form o(|s — t| + |y — x|?). This approach is in some ways
more natural but has the weakness that many theorems should be redone with only
minor modifications. Here we take the first approach.

Definition 2.14. Ler B € R4 and v : B — [—00, 00]. Then
Pt = { (t.x,7,a,p,X) ER xR x R x R x R x S(d) :
((t,x),m, (a,p),X’) € Jé’;f, X(2:d+1,2:d+1) = X}
and
Pgy(t,x) ={(a,p,X) € R x R x S(d) : (t,x,u(t,x),a,p,X) € Py }.

Usually we take B = 7 x A where 7 is an interval.

With this definiton we immediately have the following version of Theorem 2.8.

Corollary 2.15. Let B C R be locally compact and let (un)nen be a sequence
of upper semicontinuous functions: 8 — [—00, 00| and let U = limsup®,,_, . Un.
Then
2 2
Pgy C NnenUss—, Pgia
that is, if (t,x,U(t,x),a,p,X) € Pé’; then there is a subsequence (n;) and
2

elements (tn,,Xn;, Un; (tn;sXn; ), @n;, Pr;, Xn;) € PB:;J_ such that t,;, — t,

Xn:

;X Un, (tn;, Xn;) — U(X), an; — a, pp; — P, and Xy, — X as j — oo.

The theorem on sums requires a new proof since we want to have it in a form
where all the functions have the same ¢-variable. If this is not the case, then no new
theorem is needed.

Next we formulate and prove the parabolic version of the theorem on sums.

Theorem 2.16. Assume thatd; > 1,7 =1,..., m and that
() B; ¢ R%* is locally compact and nonempty for i = 1,...,m and
B ={(tx):x=(x1,..-.,Xm), (t,x;) € Bjyi = 1,...,m}is
nonempty;

(i) wu,; € Z/{SC(BZ),
(iii) o € C2(R¥) whered = dy + ... + dp,
© G. Gripenberg 5.6.2009



5. Parabolic jets 15

(iv) (t*,x*) € B is such that for some r > 0

m m
Douiltyxi) = ot x) < Y with,x7) - (t*,x"),
i=1 i=1
(t,x)eB, x=(X1,...,Xm), [t—t]<r, |x—x"<r

(v) foreach M < oo there is a number 6 > 0 and a number C < oo such that
lfl S 1 S m, ’t_t*| S (5, Xi —Xﬂ S (5» (taxiuui(t)xi)uai)piaXi) S
Pgt o fui(t, i) —ui (8, x7)| < 6, [pi— Dy p(t*,x*)| < 6, and || X | <

M then a; < C.

Then for each k > 0 with ||k D*o(x*)| < 1 there are a; € R and X; € S(d;),
i =1,...,m such that

(", %7, ui(t*, X)), ai, Dy 0(x7), X) € Pt i=1,...,m,

m
Z a; = @t(t*v}{*))
i=1

and

et | r | < (I = kD2p(t,x7)) T D2p(t, xY).
0 - X,

In the general case where very little is known about the functions u; it could
be exceedingly difficult to verify assumption (v). But if u; is a subsoltuion of the
equation u; + F;(t,x,u, Du, D?u) = 0, then it is quite easy to check that it holds
provided F; is lower semicontinuous.

Proof of Theorem 2.16. We are going to use the number 7 in (iv) as a parameter
that at several stages in the proof must be chosen to be sufficiently small. To
begin with we require that r is so small that the sets { (¢,x;) € B; : |t — t*] <
r,|x; — x}| < r}is compact for each 7. (If r is decreased this proerty will clearly
not be lost.) Define, foreachi =1,...,m

wi(t, ;) — (t — t*)Dix, 0(t*,x) (% — X7),  (t,%x;) € Bj,

[t —t*| <,
(t.x;) =
vi(t, %) x; — x| < =,
vm
—00, otherwise.

© G. Gripenberg 5.6.2009



16 2. Jets, limits, etc. 5.6.2009

Let n € (0,1)? with both components sufficiently small and define

@W(tlvxbt%X?a e ,tm,Xm) = @(tl?x)

m
— (t1 = 1*) ) Dy, p(t*, x*) (x; — X7)
=1

where x = (X1, ...,X,,) and finally let &,, € S(m + d) be defined by

ep . . -1
n3, ifi=j=>P"dy+pp=1,....,m,
k(i —p,j—q), X0 \dy+p<i<YP_ dyand,
P dn+q<j <Y dn,
0, otherwise.

"2377@7‘7) =

If x is a diagonal matrix (e.g. a scalar) then this just means that the diagonal is
broken up into blocks and new elements 7? inserted in front of each block.

Now the function > ", v;(ti, x;) — @p(t1,X1,t2,X2, ..., tm, Xym) achieves
its maximum at some point (t1,,X1,,---,tmy, Xm,;y) = X, in the set where
(ti,xi) € B, |ti —t*| < rand |x —x*| < r and we may therefore apply Theorem
2.9 (provided 71, 12 and r are sufficiently small so that ||, D?@,(X,)| < 1). It
follows that there are X € S(d; + 1), foreach i = 1,...,m, such that

(2.6) ((ti,mXi,n)avi(ti,naxi,n)a (Dtisbﬁ(in)a Dxﬁén(in))a X’i,n) € Jg’:;la
and
f(lm 0
—Fy < : : < (- ’%nDQ‘Z’n(in))

0 - Xy

19
DZ‘PW(Xn)'

Next we define the matrices X, by Xi, = X; (X0 L dy +i+1: 30 d, +
i, SV dy +i+1: 3" dy, + ). For these matrices we get the inequality
2.7)
X1y -0
_ } - _ s e =12 /s
— 1< : : < ((I_ ”nDQ‘Pn(XH)) DQSOW(XW)) (J,J),
0 - Xy
where J is the index set U7, (X0 dy i+ 1: 300 dy +19).

We observe that the matrix (I — /%nD295n(5<n))71 is uniformly bounded in 7
and this implies that the whole right-hand side of (2.7) is bounded uniformly in 7.
It follows that we can find a constant M independent of r and 7 such that

(2.8) | Xinll <M, i=1,...,m.
© G. Gripenberg 5.6.2009
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Now we have the number M that determines the number ¢ in (v).

It follows from the definitions above that a maximum of the function

(2.9) Z ui(ti, xi) — p(t1,x) — Z(tz’ — t1) Dy, (17, X7) (% — x7)

i=1 i=2
1 2 2 2
- Z [ti — 517 = malx — x7|7 = mafts — |7,
My em
is achieved at Xy, = (t1,5,X1,1), - - -  tm,y» Xm,n)- 1t follows from this fact, assump-

tion (iv), and from the assumption that the functions wu; are upper semicontinuous,
that if r is small enough we have

(2.10) ’ui(ti,mxi,n) —Ui(t*,XZ{ﬂ <46, i=1,...,m.

Furthermore, it follows from the fact that x,, is a maximum point of the function
in (2.9) that by choosing 7 sufficiently small we conlcude that |x; ,, — x| < r and
|t — t*| < r (and not equality, but for more details see tha argument below). Thus
we get from (2.6) and the definitions of v; and X ,, that fori = 1,...,m we have

@11) (tigs Xions i i Xim)s DesBo(%g) + i, o (£, %) (Xiy = X7),
Da (%) + (g — 1) D, 6(87,57),, X)) € PR,
Clearly, by choosing r and 7 sufficiently small we have
| Dx; on(Xp) + (tig — t°) Dix, (1%, X)) — Dy, o(t*,x*)| <9, i=1,...,m,

and thus we know by assumption (v), (2.8), (2.10), and (2.11) that the numbers
Dy, ¢, (%) are bounded from above uniformly with respect to 7. Now

m
Z Dy, Gy(%0) = Dip(t1., X175 - - - » Xemiy)
=1

m
- Z Dtxi@(t*a X*)(Xi,n - X:) + 2772(751777 - t*)’
i=1

and it follows that the numbers Dy, ,(X,) are bounded from below as well, uni-
formly with respect to 7.

First we let 77 | O and using compactness we can pick convergent subse-

quences. We denote the limit points with the subindex 72. By Lemma 4.9 we

def
tim — tinl? — 0o that we have t; ) =t = ty,

conclude that - > i<i<j<m

mn
© G. Gripenberg 5.6.2009
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forallzand j = 1,..., m. By the second conclusion of Lemma 4.9 we also get

m
D ity xi) = p(t,x) — molx — X7 — ot — 17|
=1
m
< Zui(tnzaxi) — o(lnys Xny) — M2|X — X*|2 — n2ltr, — t*|2
=1

m
< Zui(t*7xj) - ‘p(t*v)(*)?
=1

when |t; —t*| < rand [x; — x]| < - Since the second inequality is strict when
ty, # t* or x,, # x* we see, that we must have ¢,, = t* and x,, = x".

Thus we see that (a subsequence of) the numbers Dy, $, (X,,) converge to some
numbers a; ,, with the property that » ;" | a;n, = Dyp(t*,x*), but the critical

point to check is that the matrix ((I - RnD2¢n(in))_lD2¢n(in)) (J,J) con-
verges to (I — k(DZp(x*) + 2772[))_1(D,2(<p(x*) + 2n2I). To see that this is the
case the crucial point to observe is that our construction guarantees that

}Iirl%Dthi@’f](t*axi te 7t*’X:<77«) =0
1

for all 7 and j.

Finally we can use compactness arguments again to pass to the limit 1o | 0,
but this is a much simpler procedure. Thus we get the desired conclusion.

O

6. Comments

The definition of the jets in Defintion 2.3 is an extrapolation of the definitions in [3]
and [2] and differs from those only in notation. However, Definition 2.14 differs
from those in [3] and [2] although it is stated in [3] that it is not hard to see that
the two notions are equivalent”.
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