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ABSTRACT. In this paper we study variational problems related to the heat equation in metric spaces
equipped with a doubling measure and supporting a Poincaré inequality. We give a definition of parabolic
De Giorgi classes and compare this notion with that of parabolic quasiminimizers. The main result,
after proving the local boundedness, is the proof of a scale-invariant Harnack inequality for functions in
parabolic De Giorgi classes.
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1. INTRODUCTION

The purpose of this paper is to study variational problems related to the heat equation

ou

in metric spaces equipped with a doubling measure and supporting a Poincaré inequality. We give a
notion of parabolic De Giorgi classes of order 2 and parabolic quasiminimizers and study local regularity
properties of functions belonging to these classes. More precisely, we show that functions in parabolic
De Giorgi classes, satisfy a scale invariant Harnack inequality, see Theorem 5.7. Some consequences of
the parabolic Harnack inequality are the local Holder continuity and the strong maximum principle for
the parabolic De Giorgi classes. Our assumptions on the metric space are rather standard to allow a
reasonable first-order calculus; the reader should consult, e.g., Bjérn and Bjorn [3] and Heinonen [19],
and the references therein.

Harnack type inequalities play an important role in the regularity theory of solutions to both elliptic
and parabolic partial differential equations as it implies local Holder continuity for the solutions. A
parabolic Harnack inequality is logically stronger than an elliptic one since the reproduction at each
time of the same harmonic function is a solution of the heat equation. There is, however, a well-known
fundamental difference between elliptic and parabolic Harnack estimates. Roughly speaking, in the elliptic
case the information of a positive solution on a ball is controlled by the infimum on the same ball. In
the parabolic case a delay in time is needed: the information of a positive solution at a point and at
instant tg is controlled by a ball centered at the same point but later time ¢g + ¢1, where t; depends on
the parabolic equation.

Elliptic quasiminimizers were introduced by Giaquinta-Giusti [13] and [14] as a tool for a unified
treatment of variational integrals, elliptic equations and systems, and quasiregular mappings on R". Let
Q C R"™ be a nonempty open set. A function u € VVlicp (Q) is a Q-quasiminimizer, @) > 1, related to the
power p in Q if

/ Vul? dz < Q V(u— @) do
supp(¢) supp(¢)
for all ¢ € W, P(Q). Giaquinta and Giusti realized that De Giorgi’s method [6] could be extended

to quasiminimizers, obtaining, in particular, local Holder continuity. DiBenedetto and Trudinger [10]
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proved the Harnack inequality for quasiminimizers. These results were extended to metric spaces by
Kinnunen and Shanmugalingam [23]. Elliptic quasiminimizers enable the study of elliptic problems, such
as the p-Laplace equation and p-harmonic functions, in metric spaces. Compared with the theory of
p-harmonic functions we have no differential equation, only the variational approach can be used. There
is also no comparison principle nor uniqueness for the Dirichlet problem for quasiminimizers. See, e.g.,
J. Bjorn [4], Kinnunen-Martio [22], Martio—Sbordone [27] and the references in these papers for more on
elliptic quasiminimizers.

Following Giaquinta—Giusti, Wieser [33] generalized the notion of quasiminimizers to the parabolic
setting in Euclidean spaces. A function u : Q x (0,7) — R, u € L (0,T; W&)CQ(Q)), is a parabolic

Q-quasiminimizer, @ > 1, for the heat equation (thus related to the power 2) if

2 _ 2
f// u%dxdtJr// Vul” e ar < @ / V= ;. 4
supp(¢) ot supp(¢) 2 supp(¢) 2

for every smooth compactly supported function ¢ in 2 x (0,T). Parabolic quasiminimizers have also been
studied by Zhou [34, 35], Gianazza—Vespri [12], Marchi [26], and Wang [32].

The present paper is using the ideas of DiBenedetto [8] and is based on the lecture notes [11] of the
course held by V. Vespri in Lecce. We would like to point out that the definition for the parabolic De
Giorgi classes of order 2 given by Gianazza and Vespri [12] is sligthly different from ours, and it seems
that our class is larger. Naturally, our abstract setting causes new difficulties. For example, Lemma 2.5
plays a crucial role in the proof of Harnack’s inequality. In Euclidean spaces this abstract lemma dates
back to DiBenedetto—Gianazza-Vespri [9], but as the proof uses the linear sructure of the ambient space
a new proof in the metric setting was needed.

Motivation for this work was to introduce a version of parabolic De Giorgi classes that include parabolic
quasiminimizers, and provide the sufficiency of the Saloff-Coste-Grigor’yan theorem. Grigor’yan [16] and
Saloff-Coste [28] observed independently that the doubling property for the measure and the Poincaré
inequality are sufficient and necessary conditions for a scale invariant parabolic Harnack inequality for
the heat equation on Riemannian manifolds. Sturm [31] generalized this result to the setting of local
Dirichlet spaces essentially following Saloff-Coste; such approach works also in fractal geometries, but
always when a Dirichlet form is defined. For references, see for instance Barlow—Bass-Kumagai [1] and
also the forthcoming paper by Barlow—Grigor’'yan—-Kumagai [2]. In this paper we show the sufficiency
in general metric measure spaces without using Dirichlet spaces nor the Cheeger differentiable structure
[5]. It would be very interesting to know whether also necessity holds in this setting. Such geometric
characterization via the doubling property of the measure and a Poincaré inequality is not available for
an elliptic Harnack inequality, see Delmotte [7].

The paper is organized as follows. In Section 2 we recall the definition of Newton—Sobolev spaces and
prove some preliminary technical results; these results are general results on Sobolev functions and are
of independent interest. In Section 3 we introduce the parabolic De Giorgi classes of order 2 and define
parabolic quasiminimizers. In Section 4 we prove the' local boundedness of elements in the De Giorgi
classes, and finally, in Section 5 we prove a Harnack-type inequality.
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thank the deparments of mathematics at these universities for the hospitality. This work and the visits of
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2. PRELIMINARIES

In this section we briefly recall the basic definitions and collect some results needed in the sequel. For
a more detailed treatment we refer, for instance, to the forthcoming monograph by A. and J. Bjorn [3]
and the references therein.

Standing assumptions in this paper are as follows. By the triplet (X, d, 1) we will denote a complete
metric space X, where d is the metric and p a Borel measure on X. The measure p is supposed to be
doubling, i.e., there exists a constant ¢ > 1 such that

(1) 0 < p(Bar(z)) < cp(By(x)) < o0

for every r > 0 and © € X. Here B,(z) = B(z,r) = {y € X : d(y,z) < r} is the open ball centered at
with radius » > 0. We want to mention in passing that to require the measure of every ball in X to be
positive and finite is anything but restrictive; it does not rule out any interesting measures. The doubling
constant of p is defined to be ¢4 := inf{c € (1,00) : (1) holds true}. The doubling condition implies that
for any z € X, we have

(2 (2)

for all 0 < r < R with N :=log, c4. The exponent N serves as a counterpart of dimension related to the
measure. Moreover, the product measure in the space X x (0,7), T > 0, is denoted by p® £, where £!
is the one dimensional Lebesgue measure.

We follow Heinonen and Koskela [20] in introducing upper gradients as follows. A Borel function
g : X — [0,00] is said to be an upper gradient for an extended real-valued function u on X if for all
rectifiable paths v : [0,1,] = X, we have

(3) ur(0)) = ur(1,))] < [ gds.
¥

If (3) holds for p—almost every curve in the sense of Definition 2.1 in Shanmugalingam [29] we say that g
is a p—weak upper gradient of u. From the definition, it follows immediately that if g is a p-weak upper
gradient for u, then g is a p-weak upper gradient also for u — k, and |k|g for ku, for any k € R.

The p-weak upper gradients were introduced in Koskela-MacManus [24]. They also showed that if
g € LP(X) is a p~weak upper gradient of u, then, for any € > 0, one can find an upper gradients g. of u
such that g. > g and ||g: — g||»(x) < €. Hence for most practical purposes it is enough to consider upper
gradients instead of p—weak upper gradients. If u has an upper gradient in LP(X), then it has a unique
minimal p-weak upper gradient g,, € LP(X) in the sense that for every p-weak upper gradient g € L?(X)
of u, g, < g a.e., see Corollary 3.7 in Shanmugalingam [30] and Hajlasz [18] for the case p = 1.

Let © be an open subset of X and 1 < p < co. Following the definition of Shanmugalingam [29], we
define for v € LP(Q),

||“H117v1,p(9) : ||U||1£p(g) + ||gUHI[7,P(Q)7
where the infimum is taken over all upper gradients of u. The Newtonian space N1'P(Q) is the quotient
space
NYP(Q) = {u e LP(Q) : [ullyrne) < 00} /~,

where u ~ v if and only if ||u — v||N1.r(q) = 0. The space N*?() is a Banach space and a lattice, see
Shanmugalingam [29]. A function u belongs to the local Newtonian space Nﬁ)’f(ﬂ) if u e NLP(V) for all
bounded open sets V with V C €, the latter space being defined by considering V' as a metric space with
the metric d and the measure p restricted to it.

Newtonian spaces share many properties of the classical Sobolev spaces. For example, if u,v € N&)’f (Q),
then g, = g, a.e. in {x € Q:u(x) = v(v)}, in particular gminfu,c} = GuX{uze} for c € R.
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We shall also need a Newtonian space with zero boundary values; for the detailed definition and main
properties we refer to Shanmugalingam [30, Definition 4.1]. For a measurable set F C X, let

NyP(E) ={f|lg: f € N'"P(E) and f = 0 p-a.e. on X \ E}.

This space equipped with the norm inherited from N!?(X) is a Banach space.
We shall assume that X supports a weak (1, 2)-Poincaré inequality, that is there exist constants Co > 0
and A > 1 such that for all balls B, C X, all integrable functions v on X and all upper gradients g of u,

1/2
(4) ][ lu—up,|dp < Cap <][ gzdu) :
B BAp

P
f vt = f
up = udp = —— udp.
B M(B) B

It is noteworthy that by a result of Keith and Zhong [21] if a complete metric space is equipped with a
doubling measure and supports a weak (1,2)-Poincaré inequality, then there exists € > 0 such that the
space admits a weak (1, p)-Poincaré inequality for each p > 2 — e. We shall use this fact in the proof of
Lemma 5.6 which is crucial for the proof of a parabolic Harnack inequality. For more detailed references
of Poincaré inequality, see Heinonen—Koskela [20] and Hajtasz—Koskela [17]. In particular, in the latter it
has been shown that if a weak (1, 2)-Poincaré inequality is assumed, then the Sobolev embedding theorem
holds true and so a weak (g, 2)-Poincaré inequality holds for all ¢ < 2*, where, for a fixed exponent p we
have defined

where

N
L7 p<Na
. N-—p
(5) Pt =

+0o0, p > N.

In addition, we have that if u € Ng -2 (B,), B, C £, then the following Sobolev-type inequality is valid

(6) ( f Uquu> T ( f

for a proof of this fact we refer to Kinnunen—Shanmugalingam [23, Lemma 2.1]. The crucial fact here for
us is that 2* > 2. We also point out that since u € N& ’Q(B,,), then the balls in the previuous inequality
have the same radius. The fact that a weak (1, p)-Poincaré inequality holds for p > 2 — ¢ implies also
the following Sobolev—type inequality

(7) ( f Iulqdu> " <o < f

for any function uw with zero boundary values and any g upper gradient of u. The constant ¢, depends
only on ¢4 and on the constants in the weak (1,2)-Poincaré inequality.

We also point out that requiring a Poincaré inequality implies in particular the existence of “enough”
rectifiable curves; this also implies that the continuous embedding N'2 — L2, given by the identity map,
is not onto.

We now state and prove some results that are needed in the paper; these results are stated for functions
in N12 but can be easily generalized to any N*?, 1 < p < +o0o if we assumed instead a weak (1,p)-
Poincaré inequality.

P 3

1/2
gidu> . V1<g<2%

1/p
gpdu) ; V1 <q<p",

P 3
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Theorem 2.1. Assume u € N&’Q(B,,), 0 < p < diam(X)/3; then there exist kK > 1 such that we have

][ UIQ”dMSCi/F(][ IUI2du> ][ ga dps.
B B, B

P P

Proof. Let k =2 —2/2*, where 2* is as in the Sobolev inequality (6). By Holder’s inequality and (6), we

obtain the claim
k—1
Forprdus (f wldu) (1P de
B B, B,
k—1
< c2p? ][ |ul? dp ][ 9z dp.
B Ba

P
By integrating the previous inequality in time, we obtain a parabolic Sobolev inequality.

2/2*

P

P

Proposition 2.2. Assume u € C([s1,sa]; L*(X)) N L?(s1, 59; Ny '>(B,)). Then there exists & > 1 such

that
S92 w—1 S92
/ ][ |u|2”dudt§03p2< sup ][ IU(wvt)IQdu(x)> / ][ ge dp dt.
s1 B, te(s1,82) B, s1 B,

We shall also need the following De Giorgi-type lemma.

Lemma 2.3. Let p>2—¢ and 1 < q < p*; moreover let k,l € R with k <1, and u € N**(B,). Then

1/p
9 du) :

REMARK 2.4. - The previous result holds in every open set Q@ C X, provided that (6) holds with Q in
place of B,,.

(I = W)u({u < K} 0 B u({u > 1} 1 B,)' /¢ < 2C,pu(B,)*/a71/7 (/
{k<u<l}NBx,

Proof. Denote A = {x € B, : u(x) < k}; if u(A) = 0, the result is immediate, otherwise, if p(A) > 0, we
define
oo { min{u, l} —k, if u>k,
=1 o, ifu <k

We have that
[ to=vnfrdu= [ o= omtdut [ om, 17 du = s, 7u()
B, B,\A A

and consequently

1
8 v qg—/ v—vg |?du.
®) 5, < 5 [l = v, "

P

On the other hand, we see that

[owlrdu= [ a-mrde o] di
(9) B {u>1}NB, {k<u<I}NB,

> (1 - Wu({u> 1} N B,),

P
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and using (8), we obtain

1/q 1/q
1
</B Ivlqdu> s(/B |vap|qdu> + (los, |7u(B,))

1/q
M(BP) — v q
<2<N(A) fy o= om d“) |

By (7) and the doubling property, we finally conclude that

1/p
B, )2/a-1/p
(1 = Wu({u > 1} 1 By < 20,5 T (/ gﬁdu> ,
BAP

P

p(A) /e
which is the required inequality. O

The following measure-theoretic lemma is a generalization of a result obtained in [9] to the metric
space setting. Roughly speaking, the lemma states that if the set where u € ]\fllo’c1 (X) is bounded away
from zero occupies a good piece of the ball B, then there exists at least one point and a neighborhood
about this point such that u remains large in a large portion of the neighborhood. In other words, the
set where u is positive clusters about at least one point of the ball B.

Lemma 2.5. Let xg € X, po > p > 0 with pn(0B,(x0)) = 0 and o, f > 0. Then, for every X, 6 € (0,1)
there exists n € (0,1) such that for every u € Nﬁ)’f (X) satisfying

B
[ st pttBsteo),
Bpo(fﬁo) po

u({u> 110 B, (20)) = an(B,(x0),
there exists ©* € B,(xo) with By,(z*) C B,(zo) and

p({u > A} 01 Byy(a)) > (1= )u(Byy(a°).

REMARK 2.6. - The assumption p(0B,(zo)) = 0 is not restrictive, since this property holds except for
at most countably many radii p > 0 and we can choose the appropriate radius p as we like. We also
point out that the two previous lemmas can also be stated for functions of bounded variation instead of
Sobolev functions, once a weak (1, 1)—Poincaré inequality is assumed; the proofs given here can be easily
adapted to this case by using the notion of the perimeter.

and

Proof. For every n < (po — p)/(2Ap), we may consider a finite family of disjoint balls {B,,(z;)}ier,
x; € By(x) for every i € I, By,(z;) C B,(xp), such that

By (o) C U Banp (i) C By, (20)-
il

Observe that Baay,(2;) C By, (z0) for every ¢ € I and by the doubling property, the balls Baopy,(z;) have
bounded overlap with bound independent of 7. We denote

I+ — {Z eI p({u> 1} N Bayylas)) > ;Zd,u(anp(xi))}
and

I~ = {z €I:pu{u>1}NByy,y(z)) < ;C;M(anp(xi))} -
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By assumption, we get
ap(By(xo)) < p({u > 1} N By(x0))
< Z p({u > 1} N Byyp(x;)) + % Z 1(Bayp ()

iel+ i€l—

< 3 uu> 10 Boy(@i)) + 5 Y n(Byp(as)

iel+ iel—
< 37 nl{u > 13N Bayp(w:)) + 5 u(Brany(ao)
ielt
and consequently
(10) % (1(By(0)) = 1(B(amyp(x0) \ By(x0))) < D u({u > 1} N Bayp 7).
ieI+

Assume by contradiction that

(11) p({u > A} N Byy(2i) < (1= 6)pu(Byp(i)),
for every i € I"; this clearly implies that
p({u < AN Byy(xi))

> 0.
1(Bp (i)
The doubling condition on p also implies that
p({u < A} N Bayp(4)) > i

p(Banp (i) ca
By Lemma 2.3 with ¢ = 2, k = A and [ = 1, we obtain that
p({u < A} N Bayp(i))
1(Banp(2:))
16C3n*p° /
T (1= Jiacu<1ynBong, (@)
Summing up over I and using the bounded overlapping property, from (10) we get

S0 = AP (0B (50)) — Bes s 50) \ By (o)

<16C50°p° Y / Ja dp

iel+ {A<u<1}NBaayp(wi)

< dn’p? / Ja dn
Bpo (10)

< Buu(Bpy (0))1°,

(> 1} 0 Bay () < ({u > 13 1 Bagy(22))

(12) ga dps.

where the costant ¢ is given by 1602 multiplied by the overlapping constant. The conclusion follows by
passing to the limit with  — 0, since the condition p(0B,(x¢)) = 0 implies that the left hand side of the

previous equation tends to

(1= 222 (B (o))
cd

We conclude with a result which will be needed later; for the proof we refer, for instance, to [15,

Lemma 7.1].
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Lemma 2.7. Let {yn}72, be a sequence of positive real numbers such that
Yn1 < byt
where ¢ >0, b>1 and a > 0. Then if yo < c_l/ab_l/QQ, we have
li =0.
el
3. PARABOLIC DE GIORGI CLASSES AND QUASIMINIMIZERS

We consider a variational approach related to the heat equation (see Definition 3.3)

(13) E—Auzo in Qx(0,7)

and provide a Harnack inequality for a class of functions in a metric measure space generalizing the
known result for positive solutions of (13) in the Euclidean case. The following definition is essentially
based on the approach of DiBenedetto—Gianazza—Vespri [9] and also of Wieser [33]; we refer also to the
book of Lieberman [25] for a more detailed description.

Definition 3.1 (Parabolic De Giorgi classes of order 2). Let Q be a non-empty open subset of X and

T >0. A function u: Q x (0,T) — R belongs to the class DG, (Q,T,~), if
u € C([0, T} Le()) N Lie (0, T3 Nigé (),

loc loc loc

and for all k € R the following energy estimate holds

s2
(14) sup / (u— k)2 (z,t) du + / / g(zu_k)+ dpds < a/ (u— k)3 (z,81) du(x)
B, (z0) 7 J By (z0) Br(zo)

te(r,s2)
11—« 1 52
1 — k)2 dud
+7< T )(R—r)2 /SI/BR(mO)(u i duds,

where (zg,t0) € @ x (0,T), and 8 >0, 0<r < R, a € [0,1], s1,82 € (0,T), and s1 < s2 are so that
T,t()e [81,82], 52751:9R2, 7751:0(R77ﬂ)2,

and Br(wo) x (to — OR% tg + OR?) C Q x (0,T). The function u belongs to DG_(Q,T,~) if (14) holds
with (u — k)4 replaced by (w — k)—. The function u is said to belong to the parabolic De Giorgi class of
order 2, denoted DG(Q,T,7), if

uw € DGL(Q,T,v) N DG_(,T,~).

In what follows, the estimate (14) given in Definition 3.1 is referred to as energy estimate or Caccioppoli-
type estimate. We also point out that our definition of parabolic De Giorgi classes of order 2 is sligthly
different from that given in the Euclidean case by Gianazza—Vespri [12]; our classes seem to be larger,
but it is not known to us whether they are equivalent.

Denote K(2 x (0,7)) = {K C Q2 x (0,T) : K compact} and consider the functional

1
E:L*0,T; N“2(Q)) x (2 x (0,T)) — R, E(w,K) = 5 // g2 dudt.
K
Definition 3.2 (Parabolic quasiminimizer). Let Q be an open subset of X. A function

u € Line(0,T; Nygi ()

loc

is said to be a parabolic Q-quasiminimizer, Q > 1, related to the heat equation (13) if
¢
(15) - // Uay dpdt + E(u,supp(¢)) < QE(u — ¢, supp(¢))
supp(¢)

for every ¢ € Lip,(© x (0,T)) = {f € Lip(Q2 x (0,T)) : supp(f) € Q2 x (0,7)}.
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In the Euclidean case with the Lebesgue measure it can be shown that u is a weak solution of (13)
if and only if u is a 1-quasiminimizer for (13), see [33]. Hence 1-quasiminimizers can be seen as weak
solutions of (13) in metric measure spaces. This motivates the following definition.

Definition 3.3. A function u is a parabolic minimizer if u is a parabolic Q-quasiminimizer with Q = 1.

We also point out that the class of @-quasiminimizers is non-empty and non-trivial, since it contains
the elliptic @Q-quasiminimizers as defined in [13, 14] and as shown there, there exist many other examples
as well.

REMARK 3.4. - It is possible to prove, by using the Cheeger differentiable structure and the same proof
contained in Wieser [33, Section 4], that a parabolic Q—quasiminimizer belongs to a suitable parabolic
De Giorgi class. We are not able to prove this result directly without using the Cheeger differentiable
structure; the main problem is that the map u — g, is only sublinear and not linear, and linearity is a
main tool used in the argument.

4. PARABOLIC DE GIORGI CLASSES AND LOCAL BOUNDEDNESS

We shall use the following notation;
Q—p‘rﬁ(xovto) = Bp('ro) X [t07t0 + 0p2)5
Q;e(mOvtO) = B,(wo) x (to — 9927t0]a

Qp.6(w0,t0) = By(wo) X (to — 0p°, to + 0p°).
When 6 = 1 we shall simplify the notation by writing Q} (2o,t0) = Q:;l(xo, to), @, (To,t0) = Q, 1 (70, t0)
and Qp(xo,to) = le(l‘o, to).

We shall show that functions belonging to DG(2,T,~) are locally bounded. Here we follow the
analogous proof contained in [23] for the elliptic case. Consider r, R > 0 such that R/2 < r < R,
s1,82 € (0,T) with 2(s2 — s1) = R? and o € (s1,s2) such that o < (s1 + s2)/2, fix g € X. We define
level sets at scale p > 0 as follows

A(k; pstr,ta) == {(x,t) € By(xg) X (t1,t2) : u(z,t) > k}.

(R+7r)/2, ie. R/2<'r<r<R and n € Lip.(By) such that 0 <n <1, 7 =1on B,, and
T). Thenv—(u—k) n € Ny (By) and g, < gu—k), +2(u—Fk)y/(R—r). We have

J(R—
]9[ ~ k)% dudt < 2N]§[ (u— k)2 02 dpudt
B, a'sz) Bix(0,s2)

2N o (4-2)/
< u—k)In?dudt @ LYA(k; 70,5 -2/
~ u® LYBf x (0,52)) <//B,:><(0,52)( Vot du ) ( (A 2))

- 2/q
®[,1(A(k'f'0 82)))((1 2)/q
§2N<’“‘ ]9[ w—k)Lnldudt | .
p® LYBr X (0, s2)) B,;X(MQ)( S dp

We now use Proposition 2.2 taking ¢ = 2x. We get

®£1( ( o, )) (k=1)/K
w—Fk)2dudt < 2N22/“ci/ﬁr2/“ (,u !
#X(m)( S 0@ L(Br x (0,5))

(k—1)/r 1/k
X ( sup ][ (u— k)2+172 d,u) <]§[ g?u_k)w dup dt) .
te(o,s2)J B Bix(0,52)

Le =
2/(
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By applying (14) with 7 = o, a =0, and 6 = 1/2, since k > 1, we arrive at

“ . -1
]§[ (u— k)2 dpdt < 28+ &/ <u ® L1(A(k: 750, 52)) ) e
B, x(0,52) (32 - U)l/n H® EI(BF X (Ua 52))

(k—1)/k
s2
X ( sup ][ (u—k)i(a@t)du) <2/ ][ g(Qu_k)Jr dpdt
te(o,s2)J Br o Br
1/k
i [, o vr)
R—r)?

gz " r?/“ 08 L AGki P 0,50)\ ' u(Br)
- (s9 —o)/r5 \ u@ LYBr x (0,s2))

22N+3
67 + / ][ 2 dpudt.
Br

By the the choice of o, we see that (so — )™ < 2(s3 — s1) 7!, and consequently

@ LY(A(k; 75 0,52)) (r—1)/x
16 —k 2 dudt < 2N+4 3 +22N+2 i/l‘é 2/kK (M 3 15 Oy
1o ]9[ X(m)(u e dpdi < * e p® LY Bi x (0, 52))

1

(k—1)/k 2
o) 7]9[ (u— k)L dudt
(Rir)Q Brx(s1,s2) *

Consider h < k. Then

(k—h)* (n® LY(A(k; 70, 52))) < //A(k (u—h)% dudt

S2
g// (u—h)idﬂdt:// (u— h)3 dudt,
A(h;7;0,82) o 7

from which, using the doubling property (2), it follows that

1

(17) p@ LY Ak 75 0,52)) < —h)2 (n® L (Br x (0,52))) u(h; 7 0, 52)?
2N+1
S Gone (n® LY (B x (0,52))) u(h; R; 51, 52)%,
where

1/2
u(l; pytr,ta) := ]9[ (u—03dpudt .
BpX(tl,tz)

By plugging (17) into (16) and arranging terms we arrive at

7,1//{(52 _ O,)(nfl)/Qka

(18) u(k;r;0,82) < G meRR=7)

u(k; R; s1, s2)u(h; R; s1, 32)(“71)/“,

with & = 2N+2+(N+1)(n71)/(2/{) (37 + 22N+2)1/2Ci/f€.
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Let us consider the following sequences: for n € N, kg € R and fixed d we define

1
kn, Z:k0+d(1—2n> ko +d,

R R R
Tn::§+w\5, and

s + So R? S1 + S2
On = o T a 5
This is possible since 2(s2 — s1) = R?. The following technical result will be useful for us.

Lemma 4.1. Let ug := u(ko; R; 81, 82), Un := u(kn;rn;0n, S2),

k—1 146 K
0 .= = — =1
PEE R 0 +n71’

and
&0 = g2l +0/2+a(1+0),0.
where € is the constant in (18). Then

Uo
Up < San”

(19)

Proof. We prove the lemma by induction. First notice that (19) is true for n = 0. Then assume that (19)
is true for fixed n € N. In (18), we first estimate /% (sy — o)(#=1/2% by R/ (55 — 51)(#=1)/2% Then
we replace r with r,11, R with r,,, o with 0,41, s1 with o,, h with k,,, and k& with k,4;. With these
replacements we arrive at

ERl/K(Sg _ Sl)(n—l)/(Qn)
n+l — kn)(ﬁil)/ﬁ(rn - 'rn+1>
Denote ¢’ := ¢ R'"(sq — 51)"~1/(2%) 50 that we have

/., 1+0
cu,

L= 1/k,

Un+41 S (k

nt1 < )
Hnil = (kn+1 - kn)e(rn - rn+1)

Since ry, — rpp1 =2~ DR and kyyq — ky, = 27 d, we obtain

9(n+1)0+n+2 12(n+1)(1+0)

o(n+1)(A+0) , 4,0 \ 140
’ 1460 _ 1+6 / 0
Ut SO e 2 g e S 2T (2%) '
As 2(s2 — s1) = R%, we have
2c 1
d = ?S = QERl/K(Sz - 81)(5_1)/(2R)E = 2110/2¢

Point being that the constant ¢” is independent of R, s1, and s,. Finally, since (1 — a)(1+60) = —a we

arrive at ( J(140)
2 n+1)(1+ U 146 B

This completes the proof. O

Upt1 <’ Qan
Before proving the main result of this section, we need the following proposition.
Proposition 4.2. For every number kg € R we have
u(ko + d; R/2; (81 + $2)/2,82) =0,

where d is defined as in Lemma 4.1.
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Proof. Since k, < ko+d, R/2 <71, <R, s1 <o, <(s1+s2)/2, the doubling property implies that
0 <u(ko+d;R/2; (514 52)/2,52) < 2V (ki rn; 00,y 52) = Un.
By Lemma 4.1, we have lim,_,,, u, = 0 and the claim follows. (|
We close this section by proving local boundedness for functions in the De Giorgi class.

Theorem 4.3. Suppose u € DG(Q,T,~y). Then there is a constant co, depending only on cq, v, and the
constants in the weak (1,2)—Poincaré inequality, such that for all Br X (s1,82) C Q x (0,T), we have

1/2
ess sup lu| < coo ]9[ |u|?dp dt .
Br/ax((s1452)/2,82) Brx(s1,52)

Proof. The Proposition 4.2 implies that

ess sup u < ko +d,
Bryax((s1+s2)/2,s2)

where d is defined in Lemma 4.1. Then

1/2
ess sup u < ko + Coo ]9[ (u— ko)idu dt ,
Bryax((s1+s2)/2,s2) Brx(s1,52)

with ¢y = ¢t/ 2140/2+a(140) G the constant in (18). The previous inequality with kg = 0 can be written
as follows

1/2 1/2
ess sup U < Coo ]6[ uidu dt < Coo ]6[ |u\2d,u dt .
BR/2><((51+52)/2,SQ) Brx(s1,82) BrXx(s1,82)

Since also —u € DG(, T, ) the analogous argument applied to —u gives the claim. O

5. PARABOLIC DE GIORGI CLASSES AND HARNACK INEQUALITY

In this section we shall prove a scale-invariant parabolic Harnack inequality for functions in the De
Giorgi class of order 2 and, in particular, for parabolic quasiminimizers.

Proposition 5.1. Let p, 0 > 0 be chosen such that the cylinder Q, o(y,s) C Q2 x (0,T). Then for each
choice of a,a € (0,1) and § € (0,0), there is v, depending only on N,7,c.,a,0,0, such that for every
u € DG (Q,T,7v) and my and w for which

my > esssupu and w >  0sC U,
Q, o(yss) @, 0(y:8)

the following claim holds true: if
e L ({(@1) € Qroly,s) s ulat) > my —ow}) Svep® L (Qraly:s)).

then

u(z,t) <my — aow p® L a.e. in B,s(y) x (s — 0p%, s].
Proof. Define the following sequences, h € N,

_P P P _g 1 3~ g
ph'_§+2h+l\‘§’ 9h—0+27h(9—9)\‘0,
By, :=B,,(y), sn:=s— 0hp2 N5 — 9p2, Q,, = Bp x (sp, 5],
1—
op =ao + aa\ao, and kp=m4y —opw S my — aow.

2h
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Consider a sequence of Lipschitz continuous functions (j, h € N, satisfying the following:

G=1inQ (n=0in Q;Q(yvs)\Q;
1 2h+?2 2"t 1

< = , 0< < _
I = o = P < (@)= 55 p?

Denote Ay, := {(x,t) € Q), : u(x,t) > kp}. We have

// (u—kp) +C,Ldudt>// (u — kp)? dudt>// u—kh dp dt
h+1 Ahta

2
// (kn+1— kn)? dudt = (e 2%12) 1 ® LY (Api1),
Apt1

and consequently

3 2 .2 (1—a)ow)? p@ LY Apy1)
(20) / ][B (= b Gaar > (ol RET L)

On the other hand, if we use first Holder’s inequality and then Proposition 2.2, we obtain the following
estimate

* 2 -2 p®@ LY A (1) )2 /r
/Sh]éh(ukmchdudtg( o ) (/]{Bukh s dudt)

. LA (k=1)/K (k—1)/k
</rp?n <u®(h)) < sup ][ (u—kh)iéidu) x
lu‘(Bh) te(sh,,S) Bhn

’ 1/k
X (/ ]{3 (2 G g(Qu—kh)+ + 29?}1 (u— kh)i) du dt)
Sh h
1 U (k1)
2/5 2/ <u®£( )) ( /
<c"p . e )
(B) (Bh) B (u—kn)}

2h+5 /K
( / / g(u kn)s du dt 4+ / / U — k;h du dt)
sp/ By, sp/ Bp,

® El(Ah) (k— 1)/“ 1
§21/nci/'€p2/n ('u sup / u— ky, 2 d,Uz“r
w(Bp) 1(Bn) t€(sn,s) Bh( )+

S 9 22h+4 s )
+ / / u—tn)y A+ —5 / / (U—kh)+dudt>.
sn/ Bh P spJ Bp
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We continue by applying the energy estimate (14) with r = pp, R = pp_1, « = 0, s2 = 8, T = $p,
s$1 = sp—1 and get

| f micaud
sp J By
®£1(A ) (k— 1)/H 22h+4
< ol/m 2/x W(“ // (u — kp)? dudt+
o p (Bh Bh) s’ By h) u
oh 92h+2
+'y(1+ ) / / (u— kp)? d,udt)
0 — Sh—1Y Brh—1

(Fv l/ﬁ 3h+4
Ay, 2
gCpo/”((E () )> // (u—kn)% dudt
Q_

where C; = 21/% cz/n(l +7+7/(0 —0)). We also have that u — kj, < m, — kj, = opw and then

//Q (u—kp)2 dpdt < p@ LY (Ap—1)(0pw)? < p @ LY(Ap—1)(ow)?.

h—1

This implies that

s 1 el 1
/ ][ (u—tkn )2 CF dpadt < 224 € (0w)? — (“@M <Ah)) p@ LY (Ap 1)
By, e

p p(Bh) w(Bn)
a1 a1 ® LY Ap_1) = p® LY Ay 1)
< 92h+4 o (502 9 N (S )<H
< 1ow) 0@ L (By) #(Bi)

where we have estimated p(Bj,_1)/1u(Br,) < 2V. By the last inequality and (20), if we call Cy the constant

C10 “T)H6(1 — a) =2, we obtain

P L A) _ o gan (u@clmh_n) T pe LA,
w(Bry1) T 1@ LY (Bp-1) 1(Bn-1)

finally, dividing by s — s;,41 and since (s — s4_1)/(s — sp41) < 6/6, we can summarize what we have
obtain by writing

(21) Yni1 < C3240y H(H D/w

where we have defined

p® L (An)

_— d Cs;=C
poliQ,) o T

Yn =

| D

ie.

o 1 0
Cq = 2V/r 2% (1 _0 ) pstoNatEt )46 h
3 ‘ L 1-a)2d

We observe that the hypotheses of Lemma 2.7 are satisfied with ¢ = C3, b = 2* and o = (k —1)/k. Then
if
mn S C—l/ab—l/az

we would be able to conclude, since {yp, } is a decreasing sequence, that

li =0.

i 9 =0
Since yo = p ® L1 (A)/p @ L1 (Qy ), where

Qy = B,(y) x (s —0p%s], and Ay = {(z,t) € Qy : u(x,t) > m; — ow}.
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To do this it is sufficient to choose v to be
v, = 03_“/(“_1)16713/(1@71)2 .
By definition of y;, and Ay we see that
u<my —aocw p® Lhae. in B,a(y) x (s — 6p?, s|,

which completes the proof. O

An analogous argument proves the following claim.

Proposition 5.2. Let p, 0 > 0 be chosen such that the cylinder Q;e(y, s) C Qx(0,T). Then for each
choice of a,a € (0,1) and § € (0,0), there is v_, depending only on N,7,c.,a,0,0, such that for every
uw € DG_(Q,T,v) and my and w for which

m_ < essinf u and w> osc w,
Q;Yg(yvs) Q;g(yvs)

the following claim holds true: if

e L ({@1) € Qrply,s) s ulat) <m-+owh) <vp® L (Qr,(:9)).
then
u(z,t) > m_ + aocw p® L -a.e. in B,a(y) x (s — 0p*, s].

Proof. It is sufficient to argue as in the proof of Proposition 5.1 considering (u—kj,)_ in place of (u—ky) .,
where kp, = m_ + opw. O

The next result is the so called expansion of positivity. Following the approach of DiBenedetto [8] we
show that pointwise information in a ball B, implies pointwise information in the expanded ball By, at
a further time level.

Proposition 5.3. Let (z*,t*) € Q x (0,T) and p > 0 with Bsp,(z*) x [t* — p*,t* 4+ p*] C Q x (0,T).
Then there exists 0 € (0,1), depending only on v, such that for every 6 e (0,9) there exists A € (0,1),
depending on 0 and 0, such that for every h > 0 and for every uw € DG(Q,T,~) the following is valid. If

u(z, t*) > h p— a.e. in By(x¥),

then
u(z,t) > \h p— a.e. in By, (x™), for every t € [t* 4 0p%, t* + 6p?].

From now on, let us denote
App(x™,t7) == {x € By(z") : u(x,t™) < h}.

REMARK 5.4. - Let (2*,t*) € Q x (0,T) and h > 0 be fixed. Then if u(z,t*) > h for p-a.e. & € B,(z*)
we have that

Anap(@® 1) C Big(a®)\ By(a®).
The doubling property implies

nan(e 1) < (1= g ) Byta).

The proof of Proposition 5.3 requires some preliminary lemmas.



16 KINNUNEN, MAROLA, MIRANDA JR. AND PARONETTO

Lemma 5.5. Given (z*t*) for which By,(z*) x [t*,t* + 0 p?] C Q x (0,T), there exist n € (0,1) and
0 € (0,0) such that, given h >0 and u > 0 in DG(Q,T,~) for which the following holds

u(z, t*) > h pw— a.e. in By(z*)
then

(A ap (@, 1)) < (1 - 4N1+1> 1(Bap(a*))

for every t € [t*,t* 4 Gp?].
Proof. We may assume that h = 1, otherwise we consider the scaled function u/h. We apply the energy

estimate of Definition 3.1 with R =4p, r = 4p(1 —0), s1 = t*, s =t* + 0p® with 6 to be chosen, 7 = t*,
o€ (0,1), and o = 1. This gives us

t*+0p?
s [ =12 (o) + [ Gury_ dudt
t*<t<t*+9p2 B4p(1—n‘)(z*) t* B4p(170‘)(m*)

t*+§p2
* g 2
< / (u—1)% (a, t")du(z) + 7/ / (u—1)% dudt.
B4,,(m*) 160’2p2 £* B4,,(I*)

Since v > 1 in B,(z*), we deduce from Remark 5.4 that

p({x € Bap(z™) r u(z,t™) < 1}) < (1 - 4%\,) p(Bap(z™)).

Notice that (v — 1)_ < 1; thus we have in particular

sup / (u — 1)2 (x, ) dps(z)
Byp1-o)(z*)

tr<t<t*+6p2

t*+§p2
* Y 2
S/ (u—1)2 (2t )du(w)+7/ / (u—1)2 dpdt
B4p(x*) 1602[)2 E* B4p(x*)

L By ey A
< 1—— ) u(Byy(z* —|—7/ / u—1)2 dudt
( 4N ) 40( 1602p2 J,. Bay (%)

1 . v .
< (1= g ) MBu () + [hzi(Bayla)
Writing Ap ,(t) in place of Ay, ,(z*,t), decomposing
Anap(t) = Apap-o)(t) U{z € Bap(z") \ Bap(1—o)(z") : ulz, t) < n},
and using the doubling property we have

(Ay.ap(t) < Ay p1-0) (1) + 1(Bap(@™) \ Bap(i-o)(a"))-

On the other hand,

/ (u—1)2 (2, 1) du(z) > / (u—1)2 (2 8) dpz) > (L — 1) Ay apo)(1))-
Byp(1—o)y(z*)

Ay ap(i—o)(t)
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Finally, we obtain
(22) 1(Anap(t) < 1Ay ap1-0)(8) + 1 (Bap(z™) \ Bap(1—o) (z7))

<(1-n)? / (u— 1) (2, £)dpt + 1 (Bap(a™) \ Bap(r—ony(a*))
Byp(1—o)(z*)

<(1-n)" (1 -t ) p(Bap(a™)) + i (Bayl() \ Bayr ) (@)
If the claim of the lemma was false, then for every 0, n € (0,1) there exists t € [t*,* + §p2] for which

1(Ay,ap(t)) = (1 - 41\;1_‘_1> p (Bap(x™)) .

Applying this last estimate, then (22) for ¢t = ¢ and dividing by p (Ba,(z*)) we would have

1 Y ~6 p(Bap(x*) \ Bap(1—o)(z*))
(1-gemr) <0 (1 v 6o >+ W(Bag))

Choosing, for instance, 6 = o3 and letting 1 and o go to zero we would have the contradiction 1—4-N-1 <
1—4—N, |

Lemma 5.6. Assume u € DG(Q,T,7), u> 0. Let 0 be as in Lemma 5.5 and h > 0. Consider (z*,t*)
in such a way that Bsp,(z*) x [t* — 0p*,t* + 0p*] C Q@ x (0,T) and assume that

u(x, t*) > h, w—ae x€ B,(x").

Then for every € > 0 there exists 1 € (0,1), depending on €, cq4, 7, 0, and the constant in the weak
Poincaré inequality, such that

pe Ll ({(x, t) € Buy(a*) x [t*,t" + 0% : u(z,t) < mh}) <en® Ll <B4p(x*) [t éf]) .
Proof. Apply the energy estimate (14) in Bsa,(a*) x (t* — 2§p2,t*) with

R=5Ap, r =4Ap, sy =t" +0p?, sy =t"—0p>, 7=1", and a =0,
at the level &k = nh2™"", where n > 0 and m € N. We obtain

t* +0p
(23) [ g aa
B4A x* -

1 t* +0p h 2
&(W) [ ()
20 Ap 2 t*— 0p Bsap(z*) 2m )

<7 (14 o) e " 200 (Bonp )

<@+ 1) L (Bon(a)).

To simplify notation, let us write Ay ,(t) instead of Ay ,(2*,t). Lemma 2.3 with parameters k = nh/2™,
l=nh/2"" ' g=1and 2 —¢ < p < 2, implies

h h
@) [ (e g) @ Fua o (0)
ap(T™ —

8C, ppi(Bu,(a*))2~1/? Y/
BT 2 ([ g @)
/’L(B4p(x ) \AnhQ*m*lAp(T)) A(t) “
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for every t € [t*,t* + 0p?], where A(t) := Appo-—m+1 4pp(t) \ Aypa-m anp(t). Clearly,
Bap(x™) \ Appa-mt1,4,(t) 2 Bap(x™) \ Apn,ap(t).
If we choose 7 so that it satisfies the hypothesis of Lemma 5.5 and write
1(Bap(x7) \ Annap(t)) + p(Annap(t) = p(Bap (7)),
then we deduce that
(Bap(a*) \ An,ap(t)) > 47V p(Bap(2™))
for every t € [t*,t* + §p2]. We finally arrive at
/ (u - ”h) (2,1) dp < 8C, AN By ()1 1/7 </ 2 (2,1)d )l/p
B\ 2m) T 0 P\ s gy SOV
Integrating this with respect to ¢ and defining the decreasing sequence {am, ,}ro—q as

t*+6p?
Am,p * = / H (Anh?’"vp(t)) dt
t

*

=pu®L! ({(x,t) € B,(a*) x [t* = 0p°, "] s u(a, 1) < ;ﬁ})

we get by the Holder inequality

t* 400> L
(25) / / (u - 77m> (x,t)dpdt
t Ba,(z*) 2m )

t*+0p? 1/p
< SO B ([ [ g e duat)
t* A(t) 2m /=

40>

1/2
<8Cp4N“u<B4p<x*>>1”pP( /B <>g<2u_;z:>_d“dt> (@180 = amang) 7%
Anp (T

£+

t* +6p?
nh) nh
u—o— | (v, t)dudt > 5 —~ami14
/t* /]34;,(27*)( 2 B om+1 p

from which, using first (25) and then (23), we obtain

2/(2—p)
U i1,4p < C(am—1,4Ap - am,4Ap),

On the other hand,

where ¢ = (C216™37(20 + 1) 1u( B, (2*)) 2172 p( Bsa,(2*))p?) Y/ 3~P). Hence for every m, € N we have

M %

2/(2—p)
E U i14p < c(ao,anp — @m. anp)-
m=1

: oo s : oo 2/(2-p)
Since {am,p}o0_ is decreasing the sum >~ a;/ 11,4, converges, and consequently

li Am,4p = 0.
m—r o0

This completes the proof. O

Proof of Proposition 5.3. The proof is a direct consequence of Proposition 5.2 used with the right pa-
rameters. Fix § = 1 and let 6 be as in Lemma 5.5; choose also 6 € (0,60) and let v_ be the constant in
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Proposition 5.2 determined by these parameters and ¢ = 1/2. Apply Lemma 5.6 with ¢ = v_ and obtain
the constant 7y for which the assumptions of Proposition 5.2 are satisfied with

SO h
y=a* s=t"+60p>,0:=0—0,m_ —0and o = 2
This concludes the proof with A\ = 17;. O

The following is the main result of this paper.

Theorem 5.7 (Parabolic Harnack). Assume u € DG(Q,T,v), uw > 0. For any constant c3 € (0,1], there
exists ¢c; > 0, depending on cq, 7y, and the constants in the weak (1,2)—Poincaré inequality, such that for
any Lebesgue point (zg,to) € Q x (0,T) with Bsp,(zo) x (to — p2,to + 5p%) C Q x (0,T) we have

u(zo,to) < ¢y ess infu(x, to + cap?).
p(xo)
As a consequence, u is locally a-Hdlder continuous with o = — log, 120 und satisfies the strong mazimum

principle.

Proof. Suppose ty = 0; up to rescaling, we may write u(xg,0) = p~¢ for some & > 0 to be fixed later.
Define the functions

M(s)= sup u,  N(s)=(p—s)"%  sc[0,p).
Q5 (20,0)
Let us denote by so € [0, p) the largest solution of M(s) = N (s). Define
M := N (s0) = (p = 50) "%,
and fix (yo,70) € @5, (0,0) in such a way that

3M
(26) — < sup u < M,

4 @, /4(0:70)

where pg = (p — s0)/2; this implies that Q (yo,70) C Q(pﬂo)/Q(me), as well as that

s
sup u< sup u<N (p—;0> = 280
Q;(J (y077—0) Q(_p+50)/2(33070)

Let us divide the proof into five steps.
Step 1. We assert that

e wel ({wn e Quutmm) a4 1) > e £ almm).

where v, is the constant in Proposition 5.1. To see this, assume on the contrary that equation (27) is
not true. Then set k = 2¢M and

3
m+:w:k,9:1,p:%,0:1727571, andacfl(l >

We obtain from Proposition 5.1 that

3M . _
u < T mn Q%o(yo,To%

which contradicts (26).
Step 2. We show that there exists
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such that
M vy
- " € Brosalvo) sulwd) 2 o g ) > 5B 2 (o)),
and
(29) / 62 (x, 1) du(z) < OZN(LQ(%)) w2,
By /2(%o) 02

for some sufficiently large « > 0. For this, we define the sets A(t), I, and J, as follows

A(t) == {x € B,y 2(v0) s u(z,t) > ]\2/[},

2 12
r={re (2. nl s wA0) > S lBuyatin)) |

and
2

B
Jo = {t € (1o — @,To] : / g2 (z,t)du(x) < aiﬂ( poz(yo))kQ} )
4 Bpy 2 (w0)

From (27) we have that
70

i LQ (o)) < [ ulAle) d

To—p2/4
~ [ waenar+ [ H(A()) dt
1 (ro—p3/41\I

v —
< W(Bpy2(yo)) ] + %u ® LY(Q,, /5(y0, T0))

= pn® LYQ,, 5 (10, 70)) (|f| (;13) * V2+> '

This implies the following lower bound

2
7| > &2
8
On the other hand, if we apply (14) with R = pg, r = po/2, a = 0, and 0 = 1, we obtain
(30) / o2 dudt = | Gy dudt
@, /2Wo:70) @,y /2Wo:70)
Sy 8yk? _
<= (u— k)2 dpdt < —5-pn® LYQ,, (Yo, 70))
Po Qpo (Y0,70) Po
= 87k (B o (0))-

This estimate implies

4yk2 (B, (o)) > / it / 62 () d
(to—p3/4,70] B, /2(yo)

B 2
> Oé'u( pog(yo))kj (pO _ |Ja> ,
Po 4

which in turn gives us
2
Jalz”o(l—m)
4 «a
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Choosing a = 64v/v, we obtain

TN Jo| = I+ [ Ja] = [TUJo| > Ig().

Then if we set

we get

2
INJaNT|=|INJa|+|T| - |(INJ)UT| > %0”

=+

8 b

and in particular I N J, NT # (.
Step 3. We fix t € T; by Lemma 2.5 we have that for any § € (0,1), there exist z* € B, /2(y0) and
€ (0,1) such that

M * *
(31) ({0 T} 0 Banala)) > (1= 9By o)
Step 4. We show that for € > 0 to be fixed, there exists Z such that Q:ﬂpo/4(f, t) C Q,,(yo, 7o) and

M
(32) @ L ({u< 8} mQanp /4 T Z)) < AN T (4e? +5)ﬂ®£1< enpo/A x,f))

Indeed, consider the cylinder
Q = Byypy/a(x™) x (t,1

+
with t* = (enpo/4)?. Using the energy estimate (14) on Q with k = M/4, R = npo/2, r = R/2 and
a = 1, we obtain together with (31) that for any s € (¢, + t*]

/BWM (u - ]f)rz (2, 5) dpa(x)

t+t* 2 2
<o [Caf (uM) (@ot) (o) + | (v-%) @Ddute)
n? po Bupg/2(z 4/ Bipg/2(z*) 4/

(76 +0)(Bpy /2(7))-

| /\

16
Define

IS

B(t) = {iﬂ € By a(x”) s ufz,t) <

and we have that

o (=) 2 [ (0= 5) o2 ot

Putting the preceding two estimates together we arrive at

W(B(s)) < 4(ve® + 6)u(Bypy 2(2"))

for every s € (f,f + t*]. Integrating this inequality over s we obtain the estimate

M
“®Ll ({ } N anpo/4(m*7£)> < 2N+2(75 +5)“®L1 ( snpo/4(x*’a> ’
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We have to apply Proposition 5.1; we then have that there exists T so that Q;po/4(i‘, t) C Q. (Y0, 70)

satisying equation (32). To see this, we take a disjoint family of balls {B.,,,/a(z;)}jL; such that
Beypoja(wy) C By, ja(x*) for every j=1,...,m, and
npo/4 U Enpo/2 )

Given this disjoint family, there exists jo such that (32) is satisfied with z = z;,. Otherwise we would
get a contradiction summing over j =1,...,m.
Step 5. Due to our construction, we are able to state

0sc u<k=2M.
Q511p0/4 aji)

We also have that if 5 = £ + (enpg/4)? then anp /4(x, t) = O— 5); we apply Proposition 5.2 with

p:ﬂz%, =1, m_=0, w=k, a=

so we can deduce that there exists v_ > 0 such that if

(33) wo({us ¥ 100, .@9) <vne £, @)

then

(
1
- —92¢3
27 U )

u(z,t) > p® LY —ae. in Q) (z,3),

16’
where r = enpg /8.

Fix € and § in (32) small enough so that (33) is satisfied and £ + (enp/4)? < 0. With this choice of §,
we obtain the constants 1 and r that depend only on §. Expansion of positivity, Proposition 5.3, implies

M
t) > A\—

u(e: 1) 2 Mg
for all x € By, (Z) and t € [t + 0r2,f + 6r?] for some € (£, + (enpo/4)?], where § depends only on
~, whereas A depends on v and 6 e (0, 0) that we shall fix later. We can repeat the argument with r
replaced by 27 and initial time varying in the interval [f + 0r2, 1 + 07“2] to obtain the following estimate

M
> )2
u(zx,t) /\16

for all © € By,(Z) and t € [f + 5072, + 5§r2]. Thus iterating this procedure, we can show by induction
that for any m € N

M

4 t) > A" —

(39 (1) = A" 2L
for all x € Bom,(Z) and t € [$;, L], Where

4m —1 s A -1

3 and t,, =1t + 6r> .

We fix m in such a way that 2p < 2"r < 4p; since & € B,(zo), we then have the inclusion B,(zg) C
Bom,(Z). Recalling that r = en(p — so)/16, we obtain

smzf—i—érz

N 2t \ ¢ en)é 6 —
(p=20)™* = <€77r> B é4£3~£ > (em)f2m 057,
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Hence equation (34) can be rewritten as follows

M —s0)¢
(e, 1) 2 N30 = xS g6y = (20 (o) (g, 0),

for any x € B,(z¢) and ¢ € [sy,, t].
We now fix ¢s > 0 and choose 6 in such a way that 13—69 < co. With this choice, since 2™r < 4p, we
have
Ao 4™ .16
(35) Sm < 07’2? < ngz < cop?.
Once 6 has been fixed, we have A; we now fix £ = —log, A. With these choices also the radius r is fixed
and so m is chosen in such a way that

1—logyr <m < 2—1logyr.
We draw the conclusion that
u(z,t) > cou(zo, 0)
with ¢o 1= (en)527% 4 for all z € B,(z0) and t € sy, tm].

Notice that by (35) we have got two alternatives. Either czp2 € [Sm,tm] oOr 02p2 > t,,. In the former
case, the proof is completed by taking ¢; = cal. Whereas in the latter case, we can select t € [s,,, t,]
such that

u(z,t) > cou(zo,0)
for all x € B,(zg). We can assume that 6 is small enough such that £ 4 ép2 < cop®. By expansion of
positivity, Proposition 5.3, we then obtain that

U(:U, t) > ACOU(ZEO’ 0)

for all z € By,(x0) and t € [t + épQ,f—i— épQ]. If cop? < t+ épz, then the proof is completed by selecting
c1 = (Aco)~!. If this was not the case, we could restrict the previous inequality on B,(z¢), and so
iterating the procedure, adding the condition that 6<8, using the fact that the estimate is already true
on [f+0p%, 1+ 0p?],

u(z,t) > Ncou(zg, 0)
for each x € B,(z¢) and t € [t + 0p2,%+20p?]. By induction, if k is an integer such that £+ kfp® > c2p?,
then

u(z,t) > Megu(xo,0)
for every x € B,(zo) and t € [t + 0p2, 7+ k0p?]. Tt is crucial to select such an index k which depends only
on the class and not on the function. We then take k in such a way that £+ ko > cap?. As —p? <t < c9p?
the index k has to be chosen in such a way that both 1 + ¢5 < k6 and £ + kO remains in the domain of
reference. Notice that 1 + co < 2. Hence there exists k such that 2 < k0 < 3, and we are done with the
proof. O
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