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Abstract We show that pricing a big class of relevant options by hedging and no-
arbitrage can be extended beyond semimartingale models. Tothis end we construct
a subclass of self-financing portfolios that contains hedges for these options, but
does not contain arbitrage opportunities, even if the stockprice process is a non-
semimartingale of some special type. Moreover, we show thatthe option prices
depend essentially only on a path property of the stock priceprocess, viz. on the
quadratic variation. We end the paper by giving no-arbitrage results even with
stopping times for our model class.
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1 Introduction

The foundation of modern theory of option pricing is twofold. On the one hand
pricing by no arbitrage arguments requires that the market model must not al-
low arbitrage opportunities within the investor’s subclass of allowed self-financing
strategies. On the other hand one would like to hedge as many contingent claims
as possible to determine option prices unambiguously. It iswell-known that the
classical Black-Scholes model does not permit arbitrage, if one is not allowed to
use so-called doubling strategies. In this model this restriction on strategies does
not destroy the completeness, i.e. all contingent claims can he hedged, and the
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initial capital needed for the hedge gives the unique price for the option. Note,
however, that, in more general situations, the no-arbitrage principle and the hedg-
ing principle may put opposed requirements to the class of the investor’s allowed
strategies: While it is always possible to restrict the set of strategies in a way that
no arbitrage possibilities remain, the set of replicable options might become unin-
teresting, when one imposes too restrictive conditions on the set of allowed trading
strategies. Hence, in order to set up a sensible pricing model one can pose the fol-
lowing question: Given a model, is it possible to find a subclass of self-financing
strategies that is arbitrage-free and, at the same time, rich enough to be interesting
from the hedging point of view?

In this paper we construct such a class of strategies for possibly non-
semimartingale models that have the same quadratic variation as the Black-Scholes
model or, more generally, as Brownian models with local volatility structures. To
explain the main ideas, let us have a look at the classical Black-Scholes model.

In this model the hedging of simple European options dependson the volatility
parameterσ through the Black-Scholes partial differential equation.In particular,
the unique hedging price is independent of the drift. The Black-Scholes equation
is well known to be a consequence of Itô’s formula. Note, however, that the Itô-
formula has the same form for any continuous process that hasthe same pathwise
quadratic variation as the Brownian motion. This was observed by Föllmer, and he
applied this observation to define stochastic integrals without probability in [7]. By
using this pathwise Itô calculus Schoenmakers and Kloedenextended the hedging
of simple European options by allowing stochastic trends with zero quadratic vari-
ation, see [15]. This type of extended models can, of course,lack the semimartin-
gale property as for example some models simultaneously driven by a Brownian
and a fractional Brownian motion do.

We extend the results of Schoenmakers and Kloeden to a certain class of path
dependent options, including e.g. Asian and lookback options. This leads to a class
of hedging strategies, which depend in a smooth way on the time, on the spot of
the stock, and on ‘hindsight’ factors (see Definition 3 below) which include the
running minimum, running maximum and running average of thestock. We call
this class of strategies ‘allowed’. We believe that, apart from the idealization of
continuous readjustment of the portfolio, this class of portfolios is economically
meaningful, as it covers the hedges to many practically relevant options. In par-
ticular we prove a robustness result, that basically says: If an option (which is a
continuous functional of the stock path) can be replicated with an allowed strategy
then the hedge and its initial capital, i.e. the hedging price, depend only on the
pathwise quadratic variation of the stock-price process.

As mentioned, we allow non-semimartingale models, which are typically ruled
out as sensible pricing models by the fundamental theorem ofasset pricing. This
theorem states that a notion of absence of arbitrage, namelythe property of ‘no
free lunch with vanishing risk’, is equivalent to the existence of equivalent local
martingale measures, see [4]. However, we show that the aforementioned class of
allowed strategies is free of arbitrage for a large class of non-semimartingale mod-
els. In particular this result covers the mixed fractional Black-Scholes model, our
prime example throughout the paper (see [1,12,20] for related results on mixed
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fractional Brownian models). We hence contribute to the arbitrage discussion re-
lated to fractional Brownian motion which has gained considerable interest in re-
cent years (see also [8] for some discussion on arbitrage results for pure fractional
models). Our no-arbitrage result shows that some non-smooth functional behavior
is required to construct arbitrage via distributional properties, which is not inherent
in hedges of many interesting options. We even show that the no-arbitrage result
still holds, if a portfolio is changed abruptly at stopping times from a reasonably
large class. In particular, our no-arbitrage results covermany simple predictable
strategies. Therefore, by restricting trading to allowed strategies, we put the in-
vestor in an environment, where prices for many relevant options can be deter-
mined by replication and the no-arbitrage principle. We emphasize that the option
prices essentially depend only on the quadratic variation which can be viewed as
a path property. Therefore option prices are robust with respect to probabilistic
properties. Finally, we notice that, when the model is a non-semimartingale, it will
allow for some sort of approximate arbitrage, and we show this explicitly in the
context of the mixed fractional Black-Scholes model.

The paper is organized as follows: In Section 2 we review somefacts on for-
ward integration and pathwise quadratic variation. Model classes in dependence of
the local quadratic variation are introduced in Section 3. In Section 4 we present
a no-arbitrage result for ‘smooth’ strategies, while robust replication is studied in
Section 5. In Section 6 we discuss absence of arbitrage opportunities with stopping
times and exemplify approximate arbitrage. Section 7 concludes.

2 Simple review of forward integration

We consider processes that are not semimartingales. So, theclassical stochastic
integration theory is not at our disposal. However, there isan economically mean-
ingful notion of integral, viz. theforward integral, that can be applied for non-
semimartingales. Actually, there are many slightly different versions of the for-
ward integral. In this paper we use a simplistic approach introduced by [7]; see
also [16] for more information how this approach can be used in finance. For dif-
ferent kinds of forward integrals we refer to [11], [14] and [20].

Let T > 0 be fixed throughout the paper and letπn = {0 = tn,0 < · · · <
tn,K(n) = T } be such partitions of[0, T ] that

mesh(πn) := max
tn,k∈πn

|tn,k − tn,k−1| → 0

asn → ∞. Suppose(Ω,F , (Ft),P) is a filtered probability space satisfying the
usual conditions of completeness and right continuity of the filtration(Ft)t∈[0,T ].

Later we cannot assume that our processes are properly integrable over the
entire interval[0, T ]. Thus we define the integrals over the subintervals[0, t], t <
T . The integral over the interval[0, T ] will be then interpreted as an improper
forward integral.

Definition 1 Let t < T and letX = (Xs)s∈[0,T ] be a continuous process. The
forward integralof a processY = (Ys)s∈[0,T ] with respect toX along the sequence
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(πn)∞n=1 is
∫ t

0

Ys dXs := lim
n→∞

∑

tn,k∈πn

tn,k≤t

Ytn,k−1

(

Xtn,k
− Xtn,k−1

)

,

where the limit is assumed to existP-a.s. The forward integral over the whole
interval [0, T ] is the improper forward integral

∫ T

0

Ys dXs := lim
t↑T

∫ t

0

Ys dXs,

where the limit is again understood in theP-a.s. sense.

Definition 2 A processX = (Xt)t∈[0,T ] is aquadratic variation process along the
sequence(πn)∞n=1 if for all t ≤ T the limit

〈X〉t :=
∑

tn,k∈πn

tn,k≤t

(

Xtn,k
− Xtn,k−1

)2

existsP-a.s., and is continuous int.

Example 1 (i) For standard Brownian motionW we haved〈W 〉t = dt if the se-
quence(πn) is refining. This follows from the Borel-Cantelli lemma.

(ii) If Z is a continuous process with zero quadratic variation along(πn) andX is
a continuous quadratic variation process along(πn) thend〈X +Z〉t = d〈X〉t.
This follows from the Cauchy-Schwartz inequality.

(iii) If X is a quadratic variation process along(πn) andf ∈ C1(R) thenY = f◦X
is also a quadratic variation process along(πn). Indeed,

d〈Y 〉t = f ′(Xt) d〈X〉t

(cf. [7] p. 148).

In what follows the sequence(πn) will be fixed and omitted in the text.
The following Itô formula for the forward integral is a simple generalization

of the theorem that can be found in [7] p. 144. The proof is based on a second
order multidimensional Taylor expansion. Actually, it is basically the same as in
the semimartingale case.

Lemma 1 (Itô formula) Let X be a continuous quadratic variation pro-
cess,Y 1, . . . , Y m continuous bounded variation processes and supposef ∈
C1,2,1([0, T ) × R × R

m). Let0 ≤ s ≤ t < T . Then

f(t, Xt, Y
1
t , . . . , Y m

t ) = f(s, Xs, Y
1
s , . . . , Y m

s )

+

∫ t

s

∂

∂t
f(u, Xu, Y 1

u , . . . , Y m
u ) du

+

∫ t

s

∂

∂x
f(u, Xu, Y 1

u , . . . , Y m
u ) dXu
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+
1

2

∫ t

s

∂2

∂x2
f(u, Xu, Y 1

u , . . . , Y m
u ) d〈X〉u

+
m
∑

n=1

∫ t

s

∂

∂yn

f(u, Xu, Y 1
u , . . . , Y m

u ) dY n
u .

In particular, this formula implies the forward integral onthe right hand side exists
and has a continuous modification.

Remark 1In the remainder of the paper we choose continuous modifications of
forward integrals, whenever possible.

Remark 2The forward integral with non-semimartingale integrator does not sat-
isfy a dominated convergence theorem. Therefore, we have toimpose some conti-
nuity assumptions on the integrands (cf. Definition 3 of hindsight factors in Section
4). The lack of dominated convergence theorem may cause somesort of approxi-
mate arbitrage, see Section 6.

3 Model classes

We now introduce model classes in dependence of the quadratic variation. A dis-
countedmarket modelis a five-tuple(Ω,F , S, (Ft),P) such that(Ω,F , (Ft),P)
is a filtered probability space satisfying the usual conditions andS = (St)t∈[0,T ]

is an(Ft)-progressively measurable quadratic variation process with continuous
paths starting ats0 > 0.

Suppose a continuously differentiable functionσ : R → R with linear growth
is given. The corresponding model classMσ will be defined via the quadratic
variation property

d〈S〉t = σ2(St) dt P − a.s. (1)

and a non-degeneracy property. In order to formulate the latter property letfσ

denote the unique solution of the ordinary differential equation

f ′(x) = σ(f(x)), f(0) = s0.

Sinceσ is continuously differentiable,fσ belongs toC2(R) and

f ′′
σ (x) = f ′

σ(x)σ′(fσ(x)). (2)

Define the space

Cσ,s0
:= {fσ ◦ θ ; θ ∈ C([0, T ]), θ(0) = 0} . (3)

We assume that the following small ball condition is satisfied: Givenη ∈ Cσ,s0

andε > 0
P

(

‖S − η‖∞ < ε
)

> 0, (4)

where‖ · ‖∞ denotes the supremum norm on the interval[0, T ]. Summarizing
the foregoing, the model classMσ is defined to contain those discounted market
models which satisfy (1), (4) andP (S ∈ Cσ,s0

) = 1.
We illustrate this definition by an example.
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Example 2Supposeσ(x) = σx for some constantσ > 0. Obviously,

fσ(x) = s0e
σx.

Hence, condition (4) means that the support of the stochastic processS is the
space of nonnegative continuous functions starting ins0. In particular, the stan-
dard Black-Scholes model belongs to this classMσ. We will consider its risk-
neutral version (i.e. with zero drift) as reference model inMσ, because of its mar-
tingale property. A prominent non-semimartingale model inthe classMσ is the
mixed fractional Black-Scholes model, where the Brownian motion of the standard
Black-Scholes model is replaced by a sum of a Brownian motionand an indepen-
dent fractional Brownian motion with Hurst parameterH ∈ (1

2 , 3
4 ]. Recall that a

fractional Brownian motionZ is a centred stationary increment Gaussian process
with varianceE(Z2

t ) = t2H for someH ∈ (0, 1), and forH ∈ (1
2 , 1) it has zero

quadratic variation. Another way of characterizing the fractional Brownian motion
is to say that it is the unique (up to a multiplicative constant) centredH-self-similar
Gaussian process with stationary increments. It is known from [2] that the sum of
independent Brownian and fractional Brownian motion is a semimartingale if and
only if H ∈ (3

4 , 1).

Next we construct a reference model which plays the role of the risk-neutral
Black-Scholes model for generalMσ. Suppose(Ω̃, F̃ , P̄) is the canonical Wiener
space on the time interval[0, T ], Wt(ω) = ω(t) the coordinate process Brownian
motion andF̃t the filtration generated byW . We impose the following standing
assumption:

(H) The process

Mt = exp

{

−
1

2

∫ t

0

σ′(fσ(Wr))dWr −
1

8

∫ t

0

(σ′(fσ(Wr)))
2
dr

}

is well defined (i.e. the integrals exist) and is a martingaleunderP̄.

Under hypothesis(H) we can define a probability measureP̃ on (Ω̃, F̃T ) by

P̃(A) =

∫

A

MT dP̄, A ∈ F̃T .

Then(W̃t)t∈[0,T ] given by

W̃t = Wt +
1

2

∫ t

0

σ′(fσ(Wr)) dr

is a Brownian motion under̃P by the Girsanov theorem.
Define a discounted stock price bỹSt = fσ(Wt). We obtain:

Lemma 2 (Ω̃, F̃ , S̃, ˜(Ft), P̃) ∈ Mσ andS̃ is a martingale. We call(Ω̃, F̃ , S̃, ˜(Ft), P̃)
thereference model.
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Proof The small ball property is trivially satisfied underP̄ and hence under̃P.
Moreover, Itô’s formula and (2) yield,

S̃t = s0 +

∫ t

0

f ′
σ(Wr) dWr +

1

2

∫ t

0

f ′
σ(Wr)σ

′(fσ(Wr)) dr

= s0 +

∫ t

0

f ′
σ(Wr) dW̃r

= s0 +

∫ t

0

σ(S̃r) dW̃r .

Thus, (1) is satisfied. Moreover̃S is a martingale under̃P sinceσ is of linear
growth.

We now give an important example where condition(H) is satisfied.

Example 3Supposeσ(x) = xσ̃(x) with σ̃ ∈ C1(R) bounded andxσ̃′(x) bounded.
Both boundedness conditions are met, whenσ̃ is constant for|x| sufficiently large.
Then σ′(x) = σ̃(x) + xσ̃′(x) is bounded and consequently(H) follows from
Novikov’s condition. In this situation the reference modelis a risk neutral gener-
alized Black-Scholes model with stochastic volatility depending on the spot,

S̃t = s0 +

∫ t

0

σ̃(S̃r)S̃r dW̃r.

These so-called local volatility models were suggested by [6] in order to capture
the implied volatility smile.

We conclude this section with an example on how to construct further models
in Mσ.

Example 4SupposeW is a Brownian motion on(Ω,F , (Ft),P) andY is a con-
tinuous process with zero quadratic variation independentof W which satisfies the
small ball condition

P

(

‖Y ‖∞ < ε
)

> 0.

For instance,Y could be a fractional Brownian motion with Hurst parameter big-
ger than a half. DefineSt = fσ(Wt + Yt). Then(Ω,F , S, (Ft),P) belongs to
Mσ. Indeed, the quadratic variation ofS is easily calculated by Example 1 and
from the small ball property ofY around zero and the independence one obtains
(4). Observe that by Itô’s formula

St = s0 +

∫ t

0

σ(Sr) d(W + Y )r +
1

2

∫ t

0

f ′
σ(Wr + Yr)σ

′(fσ(Wr + Yr)) dr.

More general drifts can be introduced by performing a Girsanov change of mea-
sure on the Brownian motion only. (Note, the law ofY remains unchanged by the
Girsanov transformation due to independence.)

Remark 3The introduction of time dependent local quadratic variation functions
σ(t, x) does not cause any difficulties, but makes the presentation more cumber-
some.
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4 No-arbitrage with smooth strategies

We shall now derive a no-arbitrage result for strategies that depend in a determin-
istic and smooth way on time, the spot priceSt and some additional economically
relevant factors such as e.g. the running maximum, minimum,and average of the
stock.

We first specify some assumptions on the additional economicfactors on which
the strategy may depend.

Definition 3 A mappingg : [0, T ]× Cσ,s0
→ R is ahindsight factor, if

(i) g(t, η) = g(t, η̃) wheneverη(s) = η̃(s) for all 0 ≤ s ≤ t,
(ii) g(·; η) is of bounded variation and continuous for everyη ∈ Cσ,s0

,
(iii) there is a constantK such that for every continuous functionf

∣

∣

∣

∣

∫ t

0

f(s)dg(s, η) −

∫ t

0

f(s)dg(s, η̃)

∣

∣

∣

∣

≤ K max
0≤r≤t

|f(r)| · ‖η − η̃‖∞. (5)

Property (i) is the natural assumption that the factors mustnot contain information
about the future stock prices. Properties (ii)–(iii) are technical assumptions which
we need since the forward integral is not continuous in termsof the integrands.

The running maximum, minimum, and average are denoted, respectively,

η∗(t) := max
s∈[0,t]

η(s),

η∗(t) := min
s∈[0,t]

η(s),

η̄(t) :=

∫ t

0

η(s) ds.

(We do not include the factor1/t in the running average. This is just a matter of
convenience since one can always include the factor1/t in the ‘strategy function’
ϕ in (8).)

Proposition 1 The running maximum, minimum, and average are hindsight fac-
tors.

Proof Properties (i) and (ii) of Definition 3 are obviously satisfied for the run-
ning maximum, minimum, and average. Moreover, property (iii) is trivial for the
running average. We now prove a somewhat stronger assertionthan (iii) for the
running maximum. Supposef, g, g̃ are continuous functions on[0, t] and define

I(t; f, g) =

∫ t

0

f(s) dg∗(s),

whereg∗(s) = maxu∈[0,s] g(u). We shall show that

|I(t; f, g) − I(t; f, g̃)| ≤ 4 max
r∈[0,t]

|f(r)| max
r∈[0,t]

|g(r) − g̃(r)|. (6)
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We first consider the case of non-negativef . Since

d(g∗ + g̃∗) ≥ d(g + g̃)∗,

we obtain for non-negativef the sub-additivity ofI(t; f, ·):

I(t; f, g + g̃) ≤ I(t; f, g) + I(t; f, g̃).

Hence

I(t; f, g) − I(t; f, g̃) ≤ I(t; f, g − g̃). (7)

Using the Love-Young inequality (with sup-norm and total variation norm) and the
fact that the total variation of the running maximum is dominated by two times the
running maximum, we have for generalf

|I(t; f, g)| ≤ max
r∈[0,t]

|f(r)|TV[0,t](g
∗)

≤ 2 max
r∈[0,t]

|f(r)| max
r∈[0,t]

|g(r)|.

Combining this with (7) the inequality (6) follows for non-negativef with constant
2 instead of 4. From (7) and notingI(t; f, g) = −I(t;−f, g) we get for non-
positivef

I(t; f, g) − I(t; f, g̃) ≤ I(t;−f, g̃ − g),

which yields (6) for non-positivef with constant 2 instead of 4. The general case
with constant 4 follows now from the linearity ofI(t; ·, g) and the triangle inequal-
ity.

The analogous inequality of (6) for the running minimum can be straightfor-
wardly reduced to the case of the running maximum, since

∫ t

0

f(s) dg∗(s) = −

∫ t

0

f(s) d(−g)∗(s).

Suppose hindsight factorsg1, . . . , gm and a functionϕ : [0, T ]×R×R
m → R

is given. We consider strategies of the form

Φt = ϕ
(

t, St, g1(t, S), . . . , gm(t, S)
)

. (8)

HereΦt denotes the number of stocks held at timet by an investor. Hence, the
wealth process corresponding to the strategyΦ is

Vt(Φ, v0; S) = v0 +

∫ t

0

Φu dSu, (9)

wherev0 ∈ R denotes the investor’s initial capital. (Recall, the stochastic integral
is defined as a limit of forward sums. Thus, this definition reflects the classical and
economically meaningful condition for a self-financing portfolio.)
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Definition 4 A strategyΦ is calledsmooth, if it is of form (8) withϕ ∈ C1([0, T ]×
R × R

m) and it is nds-admissible (nds stands for no-doubling-strategies) in the
classical sense, i.e. there is a constanta > 0 such that for allt ∈ [0, T ]

∫ t

0

Φu dSu ≥ −a P − a.s..

(Of course, the smoothness condition can be relaxed to, say,[0, T ] × R+ × R
m
+

when one knows a priori, that the stock and the hindsight factors are positive).

Recall that a strategyΦ is anarbitragein the market model(Ω,F , S, (Ft),P),
if

VT (Φ, 0; S) ≥ 0 P − a.s. and P(VT (Φ, 0; S) > 0) > 0.

Next we prove a result on absence of arbitrage with smoothΦ.

Theorem 1Suppose the standing assumption(H) holds. Let(Ω,F , S, (Ft),P) ∈
Mσ and supposeΦ is smooth. ThenΦ cannot be an arbitrage in the model
(Ω,F , S, (Ft),P).

To prepare the proof we define an auxiliary wealth functionalfor τ ∈ [0, T ] by

v : [0, τ ] × Cσ,s0
× C1([0, τ ] × R × R

m) → R

as the Itô formula suggests:

v(t, η; ϕ) := u(t, η(t), g1(t; η), . . . , gm(t; η))

−
m
∑

n=1

∫ t

0

∂

∂yn

u(r, η(r), g1(r; η), . . . , gm(r; η)) dgn(r; η)

−

∫ t

0

∂

∂t
u(r, η(r), g1(r; η), . . . , gm(r; η)) dr

−
1

2

∫ t

0

∂

∂x
ϕ(r, η(r), g1(r; η), . . . , gm(r; η))σ2(η(r)) dr, (10)

where

u(t, x, y1, . . . , ym) =

∫ x

s0

ϕ(t, ξ, y1, . . . , ym) dξ. (11)

The next crucial lemma shows thatv is a continuous wealth functional.

Lemma 3 Let 0 ≤ t ≤ T and supposeΦ is a smooth strategy induced byϕ in the
market(Ω,F , S, (Ft),P) ∈ Mσ. Then we have, for0 ≤ t ≤ T ,

Vt(Φ, v0; S) = v0 + v(t, S; ϕ) P − a.s.

Moreover, the mapping

Cσ,s0
→ C([0, T ]), η 7→ v(·, η; ϕ)

is continuous.
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Proof Applying Itô’s formula tou given by (11) we obtain for0 ≤ t ≤ τ that
∫ t

0

ΦudSu = v(t, S; ϕ) P − a.s.

Hence,
Vt(Φ, v0; S) = v0 + v(t, S; ϕ) P − a.s.

To prove continuity ofv(t, ·; ϕ) let (ηn) ⊂ Cσ,s0
be a sequence which converges

to η ∈ Cσ,s0
in the sup-norm. Thenηn andη take values in a compact setA0 ⊂ R.

Hence, due to (5) applied tof = 1, there is a compact setA ⊂ R such that for
all 0 ≤ j ≤ m, n ∈ N and0 ≤ t ≤ T gj(t, ηn) andgj(t, η) take values inA.
Moreover, applying (5) again tof = 1 we see that

|gj(t, ηn) − gj(t, η)| ≤ K‖ηn − η‖∞. (12)

Thus, by the continuity ofϕ, (∂/∂x)ϕ, and(∂/∂t)u, the dominated convergence
theorem yields

u(Σ(t, ηn)) −

∫ t

0

∂

∂t
u(Σ(r, ηn)) dr −

1

2

∫ t

0

∂

∂x
ϕ(Σ(r, ηn))σ2(ηn(r)) dr

→ u(Σ(t, η)) −

∫ t

0

∂

∂t
u(Σ(r, η)) dr −

1

2

∫ t

0

∂

∂x
ϕ(Σ(r, η))σ2(η(r)) dr

uniformly in t, where, for notational convenience,

Σ(t, η) = (t, η(t), g1(t; η), . . . , gm(t; η)).

To prove convergence of the integrals with respect to the hindsight factors we
decompose

∣

∣

∣

∣

∫ t

0

∂

∂yj

u(Σ(r, ηn)) dgj(r; ηn) −

∫ t

0

∂

∂yj

u(Σ(r, η)) dgj(r; η)

∣

∣

∣

∣

≤

∣

∣

∣

∣

∫ t

0

∂

∂yj

u(Σ(r, η)) d(gj(r; η) − gj(r; ηn))

∣

∣

∣

∣

+

∣

∣

∣

∣

∫ t

0

{

∂

∂yj

u(Σ(r, ηn)) −
∂

∂yj

u(Σ(r, η))

}

dgj(r; ηn)

∣

∣

∣

∣

= (I) + (II).

By (5),

(I) ≤ K max
0≤r≤T

∣

∣

∣

∣

∂

∂yj

u(Σ(r, η))

∣

∣

∣

∣

‖ηn − η‖∞ → 0.

Analogously,

(II) ≤ K max
0≤r≤T

∣

∣

∣

∣

∂

∂yj

u(Σ(r, η)) −
∂

∂yj

u(Σ(r, ηn))

∣

∣

∣

∣

‖ηn‖∞.

By (12), givenδ > 0, there is ann0 such that for alln ≥ n0, 0 ≤ j ≤ m and
0 ≤ r ≤ T

|gj(r, ηn) − gj(r, η)| < δ.
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Exploiting the uniform continuity of(∂/∂yj)u on the compact set[0, T ]×A0×Am

we deduce

max
0≤r≤T

∣

∣

∣

∣

∂

∂yj

u(Σ(r, η)) −
∂

∂yj

u(Σ(r, ηn))

∣

∣

∣

∣

→ 0.

Since‖ηn‖∞ is bounded,(II) → 0 uniformly in t.

We now proceed with the proof of Theorem 1.

Proof (Proof of Theorem 1)Let (Ω̃, F̃ , S̃, ˜(Ft), P̃) ∈ Mσ be the refer-
ence model and let(Ω,F , S, (Ft),P) ∈ Mσ be some model. Consider
Φt = ϕ(t, St, g1(t, S), . . . , gm(t, S)), with continuously differentiableϕ as a
strategy for the model(Ω,F , S, (Ft),P). Further suppose the investor has initial
capital zero and

VT (Φ, 0; S) ≥ 0 P − a.s. (13)

By Lemma 3

v(T, S; ϕ) = VT (Φ, 0; S) P − a.s.

By the small ball condition (4) and the continuity ofv(T, ·, ϕ) we see that the
inequality (13) holds in the functional sense:

v(T, η; ϕ) ≥ 0

for all η ∈ Cσ,s0
. Indeed, otherwisev(T, ·; ϕ) would be negative in some ball

in Cσ,s0
by continuity. Since all balls have positiveP-measure by the small ball

condition (4), the assumption (13) would be violated.
We hence obtain

v(T, S̃; ϕ) ≥ 0 P̃ − a.s.

Analogously, the nds-admissibility ofΦ implies for allt ≥ 0

v(t, S̃; ϕ) ≥ −a P̃− a.s.

SinceP̃ itself is an equivalent martingale measure forS̃, we may conclude from
the classical no-arbitrage theory that

v(T, S̃; ϕ) = 0 P̃ − a.s.

Interchanging the roles of̃S andS and applying the same argument as above yields

VT (Φ, 0; S) = 0 P − a.s.

Hence,Φ is not an arbitrage.

Remark 4The most important ingredient for the proof of Theorem 1 is the ex-
istence of a continuous wealth functionalv(t, ·; ϕ). This property remains un-
changed whenϕ is only piecewise smooth. Precisely suppose0 = s0 < s1 <
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· · · < sJ = T andϕj : [sj−1, sj ] × R × R
m × R → R are continuously dif-

ferentiable in the firstm + 2 variables and continuous in the last one. Then the
no-arbitrage results holds true for strategies of the form

Φt =
J
∑

j=1

1(sj−1,sj ](t)ϕj

(

t, St, g1(t, S), . . . , gm(t, S), ξj(S)
)

,

whereξj : Cσ,s0
→ R is continuous andξj(η) depends on the segment{η(r); 0 ≤

r ≤ sj−1} only. Note the introduction of the functionalsξj allows dependence of
the strategy on the discretely sampled maximum, minimum, oraverage.

We also note that the nds-admissibility can be relaxed to
∫ t

0

Φu dSu ≥ −a(t, St) P − a.s.

wherea : [0, T ]× R → R≥0 is continuous and
∫

Ω̃
supt∈[0,T ] |a(t, S̃t)|dP̃ < ∞.

5 Robust replication

In this section we discuss the robustness of hedges within a model classMσ. Our
aim is to show that hedges for a large class of claims do not depend of the specific
model inMσ as a functional of the stock. In particular we obtain that theinitial
capital for such a hedge does not depend on the chosen model. In combination
with the no-arbitrage result (Theorem 1) this means that thefair price of those
contingent claims coincides for all models fromMσ.

We first motivate a slight enhancement of the class of allowedstrategies. In
the standard Black-Scholes model the Black-Scholes PDE yields the hedge for a
call option with strikeK and maturityT as a functionϕ(t, x) of time and spot.
This function fails to be continuous att = T, x = K. More generally, hedges
which are obtained via PDEs often do not satisfy the smoothness condition at
t = T . To overcome this difficulty we suggest to enlarge the class of allowed
strategies in the following way: We relax the smoothness condition of ϕ to ϕ ∈
C1([0, T ) × R × R

m, R). The next lemma explains what happens at the terminal
datet = T .

Lemma 4 SupposeΦ is of the form (8) withϕ ∈ C1([0, T )×R+ ×R
m). Then the

following assertions are equivalent:

(i) For all (Ω,F , S, (Ft),P) ∈ Mσ and all0 ≤ t ≤ T the (improper) integral
∫ t

0

Φu dSu

exists.
(ii) There is a dense subsetD ⊂ Cσ,s0

and a limiting wealth functionalF : D → R

such that for all(Ω,F , S, (Ft),P) ∈ Mσ we haveP(S ∈ D) = 1 and for all
η ∈ D we have

lim
t↑T

v(t, η; ϕ) = F (η).
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Proof Let ϕ ∈ C1([0, T ) × R+ × R
m). By Lemma 3 we have for every model

(Ω,F , S, (Ft),P) ∈ Mσ and all0 ≤ t < T that

∫ t

0

ϕ(r, Sr, g1(r, S), . . . , gm(r, S)) dSr = v(t, S; ϕ). (14)

As we always choose continuous modifications of the forward integrals
the above identity holds up toP-indistinguishably. Hence, for every model
(Ω,F , S, (Ft),P) ∈ Mσ we may choose a setΩ1 such that (14) holds onΩ1

andP(Ω1) = 1. Note also, that by (14) assertion (i) is equivalent to the existence
of the corresponding improper forward integrals att = T .

Suppose now existence of a limiting functional, i.e. (ii). For a model
(Ω,F , S, (Ft),P) ∈ Mσ setΩ2 = Ω1 ∩ S−1(D). ThenΩ2 has fullP-measure
and for eachω ∈ Ω2 we have

lim
t↑T

(
∫ t

0

ϕ(r, Sr , g1(r, S), . . . , gm(r, S)) dSr

)

(ω) = lim
t↑T

v(t, S(ω); ϕ) = F (ω).

This means that the integral
∫ T

0
ϕ(r, Sr, g1(r, S), . . . , gm(r, S)) dSr exists in the

improper forward sense in the model(Ω,F , S, (Ft),P) ∈ Mσ, The claim (i)
follows.

We now suppose existence of the forward integrals, i.e. (i),and construct a
limiting functional. In view of (14), given a model(Ω,F , S, (Ft),P) ∈ Mσ we
find a setΩ3 of full P-measure such that onΩ3

∫ T

0

ϕ(r, Sr, g1(r, S), . . . , gm(r, S)) dSr

exists and (14) holds. Define

D =
⋃

(Ω,F ,S,(Ft),P)∈Mσ

S(Ω3).

For η ∈ D choose a model(Ω,F , S, (Ft),P) ∈ Mσ such thatη = S(ω) with
ω ∈ Ω3 and define

F (η) =

(

∫ T

0

ϕ(r, Sr , g1(r, S), . . . , gm(r, S)) dSr

)

(ω).

Note, F is well-defined due to (14) andD is a dense set due to the small ball
condition (4).

The previous lemma characterizes the minimal assumption ofexistence of
∫ ·

0
Φu dSu in terms of existence of a limiting functional ofv(t, ·; ϕ) ast ↑ T . To

define allowed strategies we will strengthen this minimal requirement by imposing
a continuity assumption on the limiting functional.

Definition 5 A strategyΦ is allowedfor the model classMσ if
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(A1) there is a finite number of hindsight variablesg1, . . . , gm and a functionϕ ∈
C1([0, T ) × R × R

m) such that

Φt = ϕ(t, St, g1(t, S), . . . , gm(t, S)).

(A2) There is a dense subsetD ⊂ Cσ,s0
and a functionalF : D → R such that

for all models(Ω,F , S, (Ft),P) ∈ Mσ we haveP(S ∈ D) = 1 and for all
η ∈ D we have

lim
t↑T

v(t, η; ϕ) = F (η).

Moreover, we assume thatF is continuous inD.
(A3) There is a constanta > 0 such that for all0 ≤ t ≤ T

∫ t

0

Φu dSu ≥ −a P− a.s.

Recall that(A3) is the classical concept of nds-admissibility which is typically
imposed to exclude doubling strategies. Also, if(A3) holds for one model then it
holds for all models (given (A1) and (A2)), as was shown in the proof of Theorem
1. Also note that in(A2) we do not assume thatF can be continuously extended
to the whole spaceCσ,s0

.
Obviously (A2) holds, if ϕ ∈ C1([0, T ] × R × R

m). Moreover, Theorem 1
carries over to allowed strategies without any additional difficulties:

Theorem 2Suppose condition(H). Then every model inMσ is free of arbitrage
with allowed strategies.

The next theorem states that hedges are robust as functionals of the stock
within the classMσ.

Theorem 3Suppose condition(H) holds andG is a continuous functional onCσ,s0

such thatG(S̃) is replicableP̃-a.s. in the reference model(Ω̃, F̃ , S̃, ˜(Ft), P̃) ∈
Mσ with an allowed strategy

Φ̃∗
t = ϕ∗(t, S̃t, g1(t, S̃), . . . , gm(t, S̃))

and initial capitalv0. ThenG(S) is replicableP-a.s. in every model(Ω,F , S, (Ft),P) ∈
Mσ with the same initial capitalv0 and the replicating allowed strategy is given
by

Φ∗
t = ϕ∗(t, St, g1(t, S), . . . , gm(t, S)),

i.e. replicating allowed strategies are, as functionals ofthe stock prices, indepen-
dent of the model.

The converse also holds, i.e. any ‘functional’ hedgeϕ∗ in some model
(Ω,F , S, (Ft),P) ∈ Mσ is also a ‘functional’ hedge for the reference model.
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Proof Given ϕ∗ let F be the limiting wealth functional on a dense setD as in
assumption(A2). Note that by Lemma 3

v0 + F (S̃) = VT (Φ̃∗, v0; S̃) = G(S̃), P-a.s.

Hence,
v0 + F (S̃(ω̃)) = G(S̃(ω̃))

for all ω̃ from a setΩ̃1 of full P̃-measure such that̃S(Ω̃1) ⊂ D. Hence,F =
G−v0 onD by the continuity ofG and(A2). Again by Lemma 3,VT (Φ∗, v0; S) =
v0 + F (S) = G(S) P-a.s.

For the converse one simply interchanges the roles ofS̃ andS.

Remark 5From the previous theorem and the classical no-arbitrage theory we may
derive the following result: With the notation from the previous theorem the initial
capitalv0 satisfies the inequality

v0 ≥ E
P̃[G(S̃)].

Moreover identity holds, if and only ifv(t, S̃; ϕ∗) is a martingale under̃P. In
the latter caseEP̃[G(S̃)] is the fair price (by no-arbitrage arguments) relative
to the class of allowed strategies of the contingent claimG(S) for all models
(Ω,F , S, (Ft),P) ∈ Mσ.

We now give some sufficient conditions for hedgeability of some relevant op-
tions via PDEs. This PDE approach to robust replication was first considered in
[15] for European options.

Example 5SupposeG ∈ C(R4). We define an option by plugging the time-T -
values of the spot, the running average, maximum, and minimum into the argu-
ments ofG. To construct robust hedges for this type of option letΓ1(t, y2) ∪
Γ2(t, y3) = {(x, y1); x ≤ y2, y1 ≤ ty2}∪{(x, y1); x ≥ y3, y1 ≥ ty3}. Suppose
for 0 ≤ t < T , 0 ≤ y3 ≤ s0 ≤ y2, and(x, y1) ∈ Γ1(t, y2) ∪ Γ2(t, y3) the PDE

∂

∂t
U(t, x, y1, y2, y3) = −

σ(x)

2

∂2

∂x2
U(t, x, y1, y2, y3)

−x
∂

∂y1
U(t, x, y1, y2, y3)

U(T, x, y1, y2, y3) = G(x, y1, y2, y3)

∂

∂y2
U(t, ·, ·, y2, y3)|∂Γ1(t,y2) = 0

∂

∂y3
U(t, ·, ·, y2, y3)|∂Γ2(t,y3) = 0

has a solutionU ∈ C1,2,1([0, T ) × R
4) ∩ C([0, T ] × R

4) which is bounded from
below, i.e.U ≥ −a for somea ≥ 0. Let (Ω,F , S, (Ft),P) ∈ Mσ. By Itô’s
formula, for0 ≤ t0 ≤ t ≤ T , P-almost surely,

U(t, St, S̄t, S
∗
t , S∗,t) = U(t, St0 , S̄t0 , S

∗
t0

, S∗,t0)

+

∫ t

t0

∂

∂x
U(r, Sr, S̄r, S

∗
r , S∗,r)dSr . (15)
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(Here, we used that

∫ t

t0

∂

∂y2
U(r, Sr, S̄r, S

∗
r , S∗,r)dS∗

r = 0

by the boundary condition and similarly for the integral with respect to the mini-
mum.) DefineΦt = ∂

∂x
U(t, St, S̄t, S

∗
t , S∗,t). In particular we obtain by the usual

continuity argument forη ∈ Cσ,s0

U(t, η(t), η̄(t), η∗(t), η∗(t)) − U(0, s0, 0, s0, s0) = v(t, η;
∂

∂x
U).

This shows,Φt is an allowed strategy. Moreover formula (15) witht = T shows
thatΦt is a hedge forG(St, S̄t, S

∗
t , S∗,t).

We note, the above PDE has two difficulties: (i) it is degenerate parabolic, since
the second derivative iny1-direction does not appear; (ii) the boundary conditions
in terms of the derivatives in direction of the parametersy2 andy3 are a rather
unusual. Nonetheless there are some well known existence results for practically
important exotic options such as lookback options (which depend on the maximum
or minimum only) and Asian options (which depend on the average only). Of
course European options with continuous payoff functions are also covered by this
PDE approach. For details we refer to [19].

Remark 6Theorem 3 requires that the option is continuous as a function of the
paths. The most prominent option which fails to satisfy thisassumption is the dig-
ital optionG(η) = 1[K,∞)(η(T )) with strikeK. A straightforward modification
of the argument in Theorem 3 shows that hedges for the digitaloption are robust
in any subclass ofMσ which contains only models that satisfyP(ST = K) = 0.

A drawback of the results obtained so far is the following: The class of allowed
strategies (with respect to which we price), does not contain the realistic simple
predictable strategies of the form

n
∑

i=1

Φi1(τi,τi+1]

where theτi’s are stopping times bounded byT andΦi areFτi
-measurable. Hence,

it would be desirable to extend the no arbitrage result to a wider class of strategies,
which

1. contains allowed strategies and typical simple predictable strategies;
2. is a linear space (up to the nds-admissibility).

This program is carried out in the next section, partly undera stronger small ball
condition. We also discussapproximate arbitrage.
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6 Arbitrage opportunities

6.1 Results on no-arbitrage with stopping times

Note that by Remark 4 the arbitrage is excluded if one changesthe trading strategy
at deterministicstopping times. It turns out that this extends to a certain class of
stopping times, having some weak continuity properties. Toavoid technicalities
and to be able to use results from [9] we shall assume that the functionσ, which
determines the quadratic variation structure of the model class, is chosen such that

Cσ,s0
= {η ∈ C([0, T ]× R+); η(0) = s0}.

Here we recall that the spaceCσ,s0
was introduced in (3).

We shall also strengthen the small ball condition (4) as follows:
We assume that the followingconditional small-ball propertyis satisfied:

P

(

sup
t∈[τ,T ]

|St − η(t)| < ε

∣

∣

∣

∣

Fτ

)

> 0 (16)

P-a.s. for all stopping timesτ < T , all pathsη > 0 such thatη(τ) = Sτ , and
every positiveε.

So, we here work with a ‘conditional’ model class which is restricted only by
the conditional small ball property and an assumption on thequadratic variation.

Remark 7Here we do not discuss how to check the conditional small-ball property.
In a recent work by Guasoni et.al. [9] the authors show that (16) follows from the
weaker condition

P

(

sup
t∈[u,T ]

|St − η(t)| < ε

∣

∣

∣

∣

Fu

)

> 0, (17)

whereu ∈ (0, T ) is a deterministic time.
For example, ifS is the mixed fractional Black-Scholes model, i.e.St =

fσ(Xt), whereX = W + Z, W is a standard Brownian motion,Z is a frac-
tional Brownian motion with Hurst indexH > 1

2 , independent ofW , then we can
prove (17) along the same lines as in [9]. Another argument toverify (17) is to
check the condition with respect to filtration(FW

t ∨ FZ
T ), where one can use the

independence ofW andZ, and then it will be true also with respect to(FX
t ). As

mentioned, we do not want to go in details here.

Now we turn to continuity properties of stopping times. We work with [0, T ]×
Cσ,s0

, and consider this as a topological space, where the basis ofthe topology are
open sets of the formBε(t0) × Bγ(η0) with

Bε(t0) = {t ∈ [0, T ] : |t− t0| < ε} and Bγ(η0) = {η ∈ Cσ,s0
: ||η − η0|| < γ}.

Let τ be a stopping time withτ(η) ≤ T . PutA = [[τ, T ]], where[[τ, T ]] is the
stochastic interval

[[τ, T ]] = {(t, η) ∈ [0, T ]× Cσ,s0
: τ(η) ≤ t ≤ T }.
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We have thatτ(η) = inf{t : (t, η) ∈ A}, so the setA is stopping setof the
stopping timeτ .

Definition 6 Let X andY be metric spaces. A functionf : X → Y is locally
continuousif for all x ∈ X there exists an openUx ⊂ X such thatx ∈ Ūx and
f(xn) → f(x) wheneverxn → x in Ux.

Local continuity atx is continuity from the ’direction’Ux. If x ∈ Ux then local
continuity is continuity atx.

In the remainder of this section we will mainly work with locally continuous
stopping times. In order to give examples of such stopping times, the following
lemma is useful. Its elementary proof is omitted.

Lemma 5 If the stopping setA = [[τ, T ]] is closed in the topology of[0, T ]×Cσ,s0
,

thenτ is lower semicontinuous, i.e.

lim inf
n

τ(ηn) ≥ τ(η0)

if ηn → η0 in Cσ,s0
.

We now give some examples of locally continuous stopping times which are
widely used.

Example 6(i) For continuous functionsa, b, 0 ≤ a < s0 < b, we consider

τ(η) := inf{t ≥ 0; η(t) ≤ a(t) or η(t) ≥ b(t)} ∧ T.

Note that the stopping set

[[τ, T ]] = ({T }×{η : τ(η) = T })∪{(t, η); η(t) ≤ a(t)}∪{(t, η); η(t) ≥ b(t)}

of τ is closed and thereforeτ is lower semicontinuous. We fix some pathη0 and
sett0 = τ(η0). We treat the case thatt0 > 0 andη0(t0) = b(t0). Then, we can
defineU0 := {η; ∃t<t0 η(t) > b(t)}. U0 clearly is an open set inCσ,s0

with
η0 on its boundary. Suppose(ηn) ⊂ U0 with ηn → η0. Thenτ(ηn) < t0, i.e.
lim supn→∞ τ(ηn) ≤ τ(η0). From the lower semicontinuity ofτ we derive that
U0 is a local continuity set forτ atη0. The other cases are treated similarly.

Of course, one of the boundaries can be set to±∞.

(ii) In an analogous way one can prove that, for continuous functionsa, b, 0 < a <
s0 < b, the stopping time

inf{t ≥ 0; min
0≤s≤t

η(s) ≤ a(t) and max
0≤s≤t

η(s) ≥ b(t)} ∧ T

is locally continuous.

(iii) With a little extra effort one can verify that a stopping timeτ is locally con-
tinuous, if its stopping set[[τ, T ]] is of the form

[[τ, T ]] = ({T } × {η : τ(η) = T }) ∪ Ū

whereŪ is the closure of an open setU in the topology of[0, T ] × Cσ,s0
. Many

more concrete examples of locally continuous stopping times can be derived from
this generic example.



20 Christian Bender et al.

Definition 7 A trading strategyΦ is stopping-smoothif it is of the form

Φt =

n
∑

k=1

Φ
(k)
t 1(τk,τk+1](t),

where theΦ(k)’s are smooth, andτk ’s are locally continuous.

The definition 7 is understood in the conditional sense, i.e.Φ(k) may depend
on onFτk

andτk+1 ≥ τk is locally continuous in the conditioned, or quotient,
spaceCSτk

,σ[τk, T ].
The next lemma is a stopping-smooth analogue to Lemma 3 with one locally

continuous stopping time. We emphasize that it holds true with the simple small
ball property and does not require the conditional version.

Lemma 6 Let 0 ≤ t ≤ T and supposeΦ1(0,τ ] is a stopping-smooth strategy
induced byϕ andτ in the market(Ω,F , S, (Ft),P) ∈ Mσ. Then we have, for
0 ≤ t ≤ T ,

Vt(Φ1(0,τ ], v0; S) = v0 + v(τ(S) ∧ t, S; ϕ) P− a.s.

Moreover, for every0 ≤ t ≤ T , the mapping

Cσ,s0
→ R, η 7→ v(τ(η) ∧ t, η; ϕ)

is locally continuous, and the local continuity sets are independent oft.

Proof The representation of the wealth process is a direct consequence of Lemma
3, since by the pathwise nature of the forward integral

Vt(Φ1(0,τ ], v0; S) = Vτ(S)(Φ, v0; S).

To prove the continuity assertion, fix someη ∈ Cσ,s0
and letUη be a local conti-

nuity set atη. For any sequence(ηn)n∈N ⊂ Uη with ηn → η we can write

|v(τ(ηn) ∧ t, ηn; ϕ) − v(τ(η) ∧ t, η; ϕ)|

≤ sup
0≤s≤T

|v(s, ηn; ϕ) − v(s, η; ϕ)| + |v(τ(ηn) ∧ t, η; ϕ) − v(τ(η) ∧ t, η; ϕ)|

The first term does not depend on the stopping time and converges to zero by the
continuity property ofv proved in Lemma 3. The second term converges to zero,
sincev is continuous in the time variable andτ(ηm) → τ(η). (Recall that the
sequence belongs to the local continuity set). ThereforeUη is a local continuity set
for the mapping

Cσ,s0
→ R, η 7→ v(τ(η) ∧ t, η; ϕ)

at the pointη as well.

The previous lemma implies absence of arbitrage with stopping-smooth strate-
gies with one locally continuous stopping time for models ofclassMσ.



Pricing by hedging and no-arbitrage beyond semimartingales 21

Theorem 4Suppose condition(H) is in force, and a model(Ω,F , S, (Ft),P)
from classMσ is given. Then there is no-arbitrage in this model with stopping-
smooth strategies of the formΦ1(0,τ ].

Proof The same proof as for Theorem 1 applies with a minor modification: From

v(τ(S), S; ϕ) = VT (Φ1(0,T ], 0; S) ≥ 0 P − a.s.

one can obtain the functional inequality

v(τ(η), η; ϕ) ≥ 0

for all η ∈ Cσ,s0
as follows: Thanks to Lemma 6, we can consider a local con-

tinuity setUη at η. SinceUη is open withη in its closure, and due to the small
ball condition (4), we can retrieve a sequence(ωn) ⊂ Ω such thatS(ωn) ∈ Uη,
S(ωn) → η and

v(τ(S(ωn)), S(ωn); ϕ) ≥ 0

for all n ∈ N. This implies

v(τ(η), η; ϕ) = lim
n→∞

v(τ(S(ωn)), S(ωn); ϕ) ≥ 0.

To obtain more general results we have to assume that the conditional small-
ball property (16) holds.

Theorem 5Assume the quadratic variation property (1) and theconditional
small-ballproperty (16), and letΦ be a stopping-smooth strategy. ThenΦ is not
an arbitrage opportunity.

Proof With the conditional small ball property we can show, as in Theorem 4 that
Φ(k)

1(τk,τk+1] is not an arbitrage opportunity. Recall that hereΦ(k) can addition-
ally depend onFτk

andτk+1 > τk is locally continuous in the conditioned, or
quotient, spaceCSτk

,σ[τk, T ].
But this means that

Φ =

N
∑

k=1

Φ
(k)
t 1(τk,τk+1](·),

does not allow arbitrage on the interval(τk, τk+1], and hence does not allow arbi-
trage on the interval[0, T ]

Remark 8One can easily verify that Theorem 5 remains true if the classof strate-
gies is enriched to consist of sums of stopping-smooth and allowed strategies. This
class of strategies is linear up to nds-admissibility, contains many typical simple
predictable strategies and hedges for many relevant options.

Note that in Theorem 5 one trades continuously between the locally continuous
stopping times. If we allow only simple strategies, we can relax even more on the
continuity properties of stopping times.
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Definition 8 Let X be a metric space and letY be an ordered complete metric
space. A functionf : X → Y is locally lower semi-continuousif for all x ∈
X there exists an openUx ⊂ X such thatx ∈ Ūx and lim inf f(xn) ≥ f(x)
wheneverxn → x in Ux.

Definition 9 A tradingΦ strategy issimpleif it is of the form

Φt =

n
∑

k=1

ξk1(τk,τk+1],

whereτk is locally lower semi-continuous stopping times (relativeto τk−1), and
ξk ’s areFτk

measurable.

Theorem 6Assumeconditional small-ball property(16). LetΦ be a simple strat-
egy. ThenΦ is not an arbitrage opportunity.

Remark 9Note that Theorem 6 is true without thequadratic variationcondition
(1).

Because of the “time-linearity” of the arbitrage and conditional small-ball
property it is enough to show the following (see [18, TheoremV.2.A∗, p. 425]):

Lemma 7 Let τ be locally lower semi-continuous stopping time. Then

P(Sτ > s0) > 0 and P(Sτ < s0 ) > 0.

Proof We show thatP(Sτ > s0) > 0; the caseP(Sτ < s0) > 0 is symmetric.
We show that the set{Sτ > s0} = {η; η(τ(η)) > s0} contains a ball. Then the
claim will follow from the small-ball property.

Fix an increasing and concave pathη0 with η0(0) = s0 and a local lower semi-
continuity setUη0

of τ atη0. Sinceτ is lower semi-continuous onUη0
we can find

such anε < 1/2 (η0(τ(η0)) − s0) thatτ(η) ≥ 1/2 τ(η0) wheneverη ∈ B, where
B is some ball contained inBη0

(ε) ∩ Uη0
. Sinceη0 is increasing and concave

η(τ(η)) > η0(τ(η)) − 1/2 (η0(τ(η0)) − s0)

≥ η0 (1/2 τ(η0)) − 1/2 η0(τ(η0)) + 1/2 s0

≥ 1/2 η0(0) + 1/2 s0 = s0.

So, the ballB is contained in the set{Sτ > s0}, which implies thatP[Sτ >
s0] > 0.

Remark 10Recall that isF is a closed set, thenτ := inf{t : η(t) ∈ F} is lower-
semicontinuous stopping time.

Remark 11The Lemma 7 is true with local lower semi-continuity replaced by a
weaker assumption ofε-delay:

For allη0 there are positiveε = ε(η0) andδ = δ(η0) such that

τ(η) ≥ ε when η ∈ Bη0
(δ).
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Remark 12Cheridito has studied the no-arbitrage with models driven by fractional
Brownian motion. Concerning arbitrage possibilities he shows that for anyc > 0
there exists an almost simple self-financing strategyΦ such that

P(VT (Φ, 0; S) ≥ c) ≥ 1 −
1

c
,

inf
t∈(0,T ]

Vt(Φ, 0; S) ≥ −
1

c
;

here almost simple is an extension of Definition 9 withn replaced by a finite
random integer andS = eBH

, whereBH is a fractional Brownian motion with
H ∈ (0, 1) \ { 1

2}. Such a strategyΦ is called 1
c
- admissiblec-arbitrage strat-

egy (see [3, pp. 539- 540]). Note that model allowing1
c
- admissiblec-arbitrage

strategies also have NFLVR asymptotic arbitrage, but do notnecessarily admit ar-
bitrage possibilities in the classical sense. Cheridito’scontruction is based on the
fact that fractional Brownian motion withH ∈ (0, 1) \ { 1

2} has either infinite or
zero quadratic variation. Since the construction of the stopping times in [3] is not
explicit, it is not clear weather they are locally continuous in our sense. Since in
our caseS ∈ Mσ, and thus has a non-trivial quadratic variation, the above con-
truction to obtain approximate arbitrage with1

c
- admissiblec- arbitrage strategies

is not applicable in the situation of Theorem 5.
Next, we consider no-arbitrage result in Theorem 6 and compare it to the cor-

responding result in [3, Theorem 4.3, p.549]. We ask that thestock price process
has conditional small ball property, and geometric fractional Brownian motion has
this property. In this respect Theorem 6 is more general thanCheridito’s result.
Moreover he proves the no-arbitrage property under the assumption that the stop-
ping times in the construction satisfyτk+1 − τk ≥ h, whereh > 0 is a fixed
and deterministic constant. We, on the other hand, assume that the stopping times
satisfy theε- delay (see Remark 11), and this is weaker than Cheridito’s condition
with deterministich- delay.

6.2 Approximate arbitrage exemplified

For fractional Brownian motion several explicit arbitrageopportunities are known
(cf. [5,17]). These examples do not generate arbitrage in the mixed fractional
Black-Scholes model. Below we give a sequence of (allowed) strategies that gen-
erate arbitrage in the mixed model “in the limit”, although there is no limiting
arbitrage strategy.

The basic idea of the no-arbitrage result in Theorem 1 was to extend absence
of arbitrage in the reference model by means of the continuous wealth functional.
This reasoning does not carry over to notions of approximatearbitrage or similar
limiting procedures in general. Indeed, we will now show that there can exist an
approximate arbitrage in some models inMσ, which fail to be an approximate
arbitrage in the reference model. Although we think that theconstruction below
is interesting in its own right, it also gives a clear hint at the limitations of our
no-arbitrage pricing approach for non-semimartingales.
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Notice that our notion of approximate arbitrage is different from the notion of
a free lunch with vanishing risk. However it admits to construct a very intuitive
example in the context of mixed fractional Black-Scholes model.

Example 7Suppose thatσ(x) = σx. Hence, the reference model(Ω̃, F̃ , S̃, (F̃t), P̃)
is the risk neutral Black-Scholes model. Now, the mixed fractional Black-Scholes
model

dSt = σSt dXt

whereXt = Wt + Zt is a sum of an independent Brownian motion and a frac-
tional Brownian motion belongs to same classMσ if the Hurst parameterH of
the fractional Brownian motion satisfiesH ∈ (1/2, 3/4).

We define a sequence of strategies via the functionals

ϕn(t, η) = n2H−1
n
∑

k=2

1(T k−1

n
,T k

n ](t)
θ(T k−1

n
) − θ(T k−2

n
)

η(t)
,

with θ(t) = log(η(t))/σ + 1/2σ2t which fits into the context of Remark 4.
Write

Stϕ
n(t, S) = n2H−1

n
∑

k=2

1(T k−1

n
,T k

n ](t)
(

WT k−1

n
− WT k−2

n

)

+n2H−1
n
∑

k=2

1(T k−1

n
,T k

n ](t)
(

ZT k−1

n
− ZT k−2

n

)

=: Kn
t + Ln

t .

SinceH ∈ (1
2 , 3

4 ), Stϕ
n(t, S) converges uniformly to zero in probability with

respect toP. (Indeed, this convergence holds forKn
t andLn

t ). Hence the risk of
the strategiesΦn

t = ϕn(t, S) becomes smaller and smaller in the sense that the
number of risky assets held by the investor tends to zero.

We now decompose
∫ T

0

Φn
t dSt =

∫ T

0

Kn
t dWt +

∫ T

0

Ln
t dWt +

∫ T

0

Kn
t dZt +

∫ T

0

Ln
t dZt.

The first and the second term go to zero in probability by Theorem II.11 in [13].
The third terms converges to zero in probability, since, by the independence ofW
andZ, and the stationarity of the increments ofW ,

∫ T

0

Kn
t dZt

Law
=

∫ T

0

Ln
t dWt − n2H−1ZT

n

(

WT 2
n
− WT 1

n

)

+n2H−1
(

ZT − ZT−T
n

)(

WT+ T
n
− WT

)

.

However, for the fourth term, we obtain,
∫ T

0

Ln
s dZs = n2H−1

n−1
∑

k=1

(

ZT k+1

n
− ZT k

n

)(

ZT k
n
− ZT k−1

n

)

Law
= T H 1

n

n−1
∑

k=1

((Zk+1 − Zk) (Zk − Zk−1)) → T 2H(22H−1 − 1)
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in L1(P) by [10, Theorem 9.5.2., p. 479]. Note that this limit is the same for
H ≤ 1

2 , too. Hence, the limiting wealth of the strategiesΦn
t is strictly positive,

namely,

lim
n→∞

∫ T

0

Φn
t dSt = T 2H(22H−1 − 1)

in probability. We consider such sequence anapproximate arbitrage.
Of course, the corresponding sequence of strategies does not constitute an ap-

proximate arbitrage in the reference model. As above, we obtain that

S̃tϕ
n(t, S̃) = n2H−1

n
∑

k=2

1(T k−1

n
,T k

n ](t)
(

W̃T k−1

n
− W̃T k−2

n

)

converges to zero uniformly in probability with respect toP̃. Hence, withΦ̃n
t =

ϕn(t, S̃),

lim
n→∞

∫ t

0

Φ̃n
t dS̃t = lim

n→∞

∫ t

0

σS̃tϕ
n(t, S̃) dW̃t = 0

as the Itô integral is continuous in terms of the integrand.

Remark 13The construction of the approximate arbitrage in the mixed fractional
Black-Scholes model above follows an easy intuition. Due tothe memory of the
fractional Brownian motion the stock tends to increase, if it already increased in
the previous time period. How to exploit this intuition is made precise above. The
example also shows that integrals with respect to the mixed fractional Brownian
motion withH ∈ (1/2, 3/4) are not continuous in terms of the integrands. Hence,
it may be considered a simple proof that mixed fractional Brownian motion is not
a semimartingale for this range of the Hurst parameter. The reader is invited to
compare our argument with the proof by [2].

7 Conclusion

In this paper we discussed no-arbitrage pricing beyond the semimartingale setting
for models with continuous trajectories. To this end we imposed two conditions
on the models. The conditional small ball condition guarantees absence of arbi-
trage for a large class of simple predictable strategies. This condition is satisfied
e.g. in many log-Gaussian models such as the fractional Black-Scholes model and
the mixed fractional Black-Scholes model. As mentioned in Remark 12 our no-
arbitrage result (Theorem 6) admits trading with a somewhatlarger class of simple
strategies than the class considered by Cheridito [3, Theorem 4.3] in the context
of the fractional Black-Scholes model.

Although simple predictable strategies are economically meaningful in the
sense that they cover all strategies that can be implementedin reality, they do
not include hedges for relevant options. Note also that approximate hedging ar-
guments with respect to the class of simple predictable strategies may induce ar-
bitrages (and are therefore meaningless from the perspective of no-arbitrage pric-
ing) in non-semimartingale models, because the forward integral with respect to
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the stock lacks continuity in the integrand. Therefore, we added a condition on the
quadratic variation of the stock paths. It rules out all models with zero quadratic
variation such as the fractional Black-Scholes model, but still is satisfied by many
non-semimartingale models, for example by the mixed fractional Black-Scholes
model. The condition on the quadratic variation ensures that the model becomes
free of arbitrage with trading strategies that depend smoothly on the spot and other
relevant quantities (hindsight factors) such as the running maximum, minimum,
and average of the stock (Theorem 1). These strategies are crucial from the per-
spective of hedging, as they cover hedges for many European,lookback, and Asian
options. In combination with the conditional small ball condition, we can even
show that absence of arbitrage still holds, if one changes the strategy abruptly at
stopping times (which satisfy a mild local continuity condition), and changes it
smoothly (as functional of the spot and hindsight factors) in between the stopping
times (Theorem 5). This is the main no-arbitrage result of the present paper, as it
holds for a class of trading strategies which is linear (up tonds-admissibility), con-
tains many realistic simple predictable strategies and hedges for relevant options.

Although one could think of larger classes of relevant strategies (e.g. con-
taining simple strategies where the portfolio is readjusted at a random, possibly
unbounded, number of stopping times), our no-arbitrage result allows to extend
no-arbitrage pricing for many options in a sensible way. We consider this a major
novelty, since no-arbitrage results on simple strategies only cannot be used for pric-
ing purposes beyond semimartingales. We find that the corresponding no-arbitrage
replication prices of options depend essentially only on the quadratic variation. As
the quadratic variation is a path property, it does not tell much about the proba-
bilistic structure. Because of this we can change the distributional properties of the
Black-Scholes model (and, more general, of related local volatility models) with-
out changing the prices of the options. For example, the fractional Black-Scholes
model incorporates memory effects and modifies the variancewithout any changes
in the quadratic variation. This example also shows that thecovariance structure
of the stock returns is not relevant for option pricing, but the quadratic variation
is. So, one should not be surprised if the historical and implied volatility do not
agree: The former is an estimate of the variance and the latter is an estimate of the
quadratic variation.
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