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1 Introduction

The foundation of modern theory of option pricing is twofoln the one hand
pricing by no arbitrage arguments requires that the marl@dehmust not al-
low arbitrage opportunities within the investor’s subslagallowed self-financing
strategies. On the other hand one would like to hedge as nartingent claims
as possible to determine option prices unambiguously.Webl-known that the
classical Black-Scholes model does not permit arbitrdgme is not allowed to
use so-called doubling strategies. In this model this igk&in on strategies does
not destroy the completeness, i.e. all contingent clainmsheahedged, and the
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initial capital needed for the hedge gives the unique prazettie option. Note,

however, that, in more general situations, the no-arkétg@nciple and the hedg-
ing principle may put opposed requirements to the classeirestor’s allowed

strategies: While it is always possible to restrict the $eti@tegies in a way that
no arbitrage possibilities remain, the set of replicablgoms might become unin-
teresting, when one imposes too restrictive conditioniersét of allowed trading
strategies. Hence, in order to set up a sensible pricing hoogecan pose the fol-
lowing question: Given a model, is it possible to find a subglaf self-financing

strategies that is arbitrage-free and, at the same tinteeriough to be interesting
from the hedging point of view?

In this paper we construct such a class of strategies forilggseaon-
semimartingale models that have the same quadratic variasithe Black-Scholes
model or, more generally, as Brownian models with local tiit\astructures. To
explain the main ideas, let us have a look at the classicakB&choles model.

In this model the hedging of simple European options dependise volatility
parametetr through the Black-Scholes partial differential equationparticular,
the unique hedging price is independent of the drift. TheeBI&choles equation
is well known to be a consequence of I1td’s formula. Note, &wsv, that the Itd-
formula has the same form for any continuous process thaheasame pathwise
guadratic variation as the Brownian motion. This was olesa:by Follmer, and he
applied this observation to define stochastic integralsauit probability in [7]. By
using this pathwise Itd calculus Schoenmakers and Kloegtanded the hedging
of simple European options by allowing stochastic trendk wéro quadratic vari-
ation, see [15]. This type of extended models can, of colask the semimartin-
gale property as for example some models simultaneoushgrbly a Brownian
and a fractional Brownian motion do.

We extend the results of Schoenmakers and Kloeden to arceféais of path
dependent options, including e.g. Asian and lookback optidhis leads to a class
of hedging strategies, which depend in a smooth way on the, tim the spot of
the stock, and on ‘hindsight’ factors (see Definition 3 bélevinich include the
running minimum, running maximum and running average ofdfoek. We call
this class of strategies ‘allowed’. We believe that, apeoirf the idealization of
continuous readjustment of the portfolio, this class oftfatios is economically
meaningful, as it covers the hedges to many practicallywagleoptions. In par-
ticular we prove a robustness result, that basically sdyen bption (which is a
continuous functional of the stock path) can be replicati#d an allowed strategy
then the hedge and its initial capital, i.e. the hedgingeyraepend only on the
pathwise quadratic variation of the stock-price process.

As mentioned, we allow non-semimartingale models, whiettgpically ruled
out as sensible pricing models by the fundamental theoreassst pricing. This
theorem states that a notion of absence of arbitrage, naimelgroperty of ‘no
free lunch with vanishing risk’, is equivalent to the existe of equivalent local
martingale measures, see [4]. However, we show that thermafemtioned class of
allowed strategies is free of arbitrage for a large clasoofsemimartingale mod-
els. In particular this result covers the mixed fractioneEd&-Scholes model, our
prime example throughout the paper (see [1,12,20] foredlagsults on mixed
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fractional Brownian models). We hence contribute to theteatpe discussion re-
lated to fractional Brownian motion which has gained coesathle interest in re-
cent years (see also [8] for some discussion on arbitragésder pure fractional
models). Our no-arbitrage result shows that some non-dnfoottional behavior
is required to construct arbitrage via distributional grdjes, which is not inherent
in hedges of many interesting options. We even show that ¢tharbitrage result
still holds, if a portfolio is changed abruptly at stoppimgés from a reasonably
large class. In particular, our no-arbitrage results canany simple predictable
strategies. Therefore, by restricting trading to allowsdtegies, we put the in-
vestor in an environment, where prices for many relevaniboptcan be deter-
mined by replication and the no-arbitrage principle. We bagize that the option
prices essentially depend only on the quadratic variatibickvcan be viewed as
a path property. Therefore option prices are robust witpeesto probabilistic
properties. Finally, we notice that, when the model is a semimartingale, it will
allow for some sort of approximate arbitrage, and we show éiplicitly in the
context of the mixed fractional Black-Scholes model.

The paper is organized as follows: In Section 2 we review sfais on for-
ward integration and pathwise quadratic variation. Motiedses in dependence of
the local quadratic variation are introduced in Sectiom3Séction 4 we present
a no-arbitrage result for ‘smooth’ strategies, while rabveglication is studied in
Section 5. In Section 6 we discuss absence of arbitrage tpptes with stopping
times and exemplify approximate arbitrage. Section 7 aates.

2 Simple review of forward integration

We consider processes that are not semimartingales. Saclabsical stochastic
integration theory is not at our disposal. However, theamigconomically mean-
ingful notion of integral, viz. thdorward integral that can be applied for non-
semimartingales. Actually, there are many slightly diferversions of the for-
ward integral. In this paper we use a simplistic approactoihtced by [7]; see
also [16] for more information how this approach can be uséeithance. For dif-
ferent kinds of forward integrals we refer to [11], [14] ar2D].

Let T > 0 be fixed throughout the paper andfgt = {0 = t,0 < --- <
tn,k(n) = T} be such partitions db), 7] that

mesh(m,) == max |tnr —tnr—1] — 0
tn, kE€ETn
asn — oo. Suppos€ (2, F, (F;),P) is afiltered probability space satisfying the
usual conditions of completeness and right continuity effthration (7)o, 7}
Later we cannot assume that our processes are properlyabtegver the

entire intervall0, 7']. Thus we define the integrals over the subinter{@lg], ¢ <

T. The integral over the intervadl, T'] will be then interpreted as an improper
forward integral.

Definition 1 Lett < T and letX = (X;).c0,7) b€ a continuous process. The
forward integrabf a process” = (Y;).¢[o, ) With respect toX along the sequence
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(mn )Ly is

t
/ Y,dX, := lim Z Yiooa (th,k — th,k,l)a
0

n—oo
tn’kEﬂ'n
tp k<t
where the limit is assumed to exBta.s. The forward integral over the whole
interval [0, T'] is the improper forward integral

T t
/ Y,dX, := lim/ Y, dX,,
0 1T Jo

where the limit is again understood in tiiea.s. sense.

Definition 2 A processX = (X¢).c[o,7] iS @aquadratic variation process along the
sequencér,, )52, if for all ¢ < T the limit

(X)e = Z (th,k - th,k—l)Q

tn,kEﬂ'n
tn,kst

existsP-a.s., and is continuous in

Example 1(i) For standard Brownian motioi’ we haved(W), = dt if the se-
quencg, ) is refining. This follows from the Borel-Cantelli lemma.

(i) If Z is a continuous process with zero quadratic variation aleng and X is
a continuous quadratic variation process along) thend(X + 7); = d(X);.
This follows from the Cauchy-Schwartz inequality.

(iii) If X is a quadratic variation process along, ) andf € C'(R) thenY = foX
is also a quadratic variation process algng). Indeed,

Ad(Y)y = f1(Xe) d(X)e
(cf. [7] p. 148).

In what follows the sequende,,) will be fixed and omitted in the text.

The following Itd formula for the forward integral is a sifepgeneralization
of the theorem that can be found in [7] p. 144. The proof is Basea second
order multidimensional Taylor expansion. Actually, it iadically the same as in
the semimartingale case.

Lemma 1 (Itd formula) Let X be a continuous quadratic variation pro-
cess,Y',...,Y™ continuous bounded variation processes and suppbse
CH21([0,T) x R x R™). Let0 < s <t < T.Then

f(taXtal/;la-'-anm) :f(S,XS,szl,...7Y;m)
t

+ i &f(mXu,Yul,...,Ym)du

t

d

- X, Y . Y™ dX,
+\/; axf(uv P VA au)
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1 [t o? X

= t a m n
+§ :/ B flu, X, YL vy dy.
n=1v9% Jn

In particular, this formula implies the forward integral dhe right hand side exists
and has a continuous modification.

Remark 1n the remainder of the paper we choose continuous modgitsitbf
forward integrals, whenever possible.

Remark 2The forward integral with non-semimartingale integratoes not sat-
isfy a dominated convergence theorem. Therefore, we hanepose some conti-
nuity assumptions on the integrands (cf. Definition 3 of kigtt factors in Section
4). The lack of dominated convergence theorem may cause sornef approxi-

mate arbitrage, see Section 6.

3 Model classes

We now introduce model classes in dependence of the quadeatation. A dis-
countedmarket modeis a five-tuple($2, F, S, (F:), P) such that 2, F, (%), P)
is a filtered probability space satisfying the usual coodiiandS = (S;).c0, 1)
is an (F;)-progressively measurable quadratic variation procefls egintinuous
paths starting aty > 0.

Suppose a continuously differentiable functon R — R with linear growth
is given. The corresponding model clas$, will be defined via the quadratic
variation property

d(S); = o%(S;) dt P —as. Q)
and a non-degeneracy property. In order to formulate therlatroperty letf,
denote the unique solution of the ordinary differential&ipn

f'(@) =o(f(x)), f(0)=so.

Sinceo is continuously differentiablef,, belongs taC?(R) and
fo (@) = fo(x)o’ (fo (@) )
Define the space
Ca,so = {fU ofl; 0 ¢ C([OvT])a 9(0) = O} (3)

We assume that the following small ball condition is satifi@ivenn € C, 5,
ande >0
P(IIS = nl. <<) >0, (4)

where|| - ||, denotes the supremum norm on the inter@all’]. Summarizing
the foregoing, the model clagsl,, is defined to contain those discounted market
models which satisfy (1), (4) arld (S € Cy5,) = 1.

We illustrate this definition by an example.
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Example 2Supposer(x) = oz for some constant > 0. Obviously,
folx) = spe’®.

Hence, condition (4) means that the support of the stoehasticessS is the
space of nonnegative continuous functions startingyinin particular, the stan-
dard Black-Scholes model belongs to this clags.. We will consider its risk-
neutral version (i.e. with zero drift) as reference modeliy, because of its mar-
tingale property. A prominent non-semimartingale modehia classM,, is the
mixed fractional Black-Scholes model, where the Browniantion of the standard
Black-Scholes model is replaced by a sum of a Brownian matiahan indepen-
dent fractional Brownian motion with Hurst parametére (3, 3]. Recall that a
fractional Brownian motior¥ is a centred stationary increment Gaussian process
with varianceE(Z?) = ¢*/ for someH € (0,1), and forH € (3,1) it has zero
guadratic variation. Another way of characterizing thefi@nal Brownian motion
is to say that it is the unique (up to a multiplicative con$taantredH -self-similar
Gaussian process with stationary increments. It is knoamfi2] that the sum of
independent Brownian and fractional Brownian motion israisgartingale if and
onlyif H € (3,1).

Next we construct a reference model which plays the role efrigk-neutral
Black-Scholes model for gener&d,, . Supposéfz, F, P) is the canonical Wiener
space on the time intervéll, T, W;(w) = w(t) the coordinate process Brownian
motion and; the filtration generated by’. We impose the following standing
assumption:

(H) The process

wi=ew {3 [ mnan. - ¢ [ Gmtal

is well defined (i.e. the integrals exist) and is a martingeiderP.

Under hypothesiéH) we can define a probability meastPeon (2, Fr) by
P(A) = / Mr dp, Ae -7:—T-
A
Then(W;).e (0,7 given by
- 1 rt
Wt = Wt + 5/ U/(fa’(WT)) dr
0

is a Brownian motion unddP by the Girsanov theorem.
Define a discounted stock price By = f, (V). We obtain:

Lemma 2 (2, F, 8, (F;),P) € M, andS is amartingale. We call2, F, S, (F,),P)
thereference model
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Proof The small ball property is trivially satisfied undBrand hence undeP.
Moreover, Itd’s formula and (2) yield,

- t 1 t
5= st [ RV aW, 5 [ 50 (W) dr

t
:so+/ fA(W,) dW,

0

t

= So +/ G(gr) dWT
0

Thus, (1) is satisfied. Moreove¥ is a martingale undeP sinces is of linear
growth.

We now give an important example where conditfbh) is satisfied.

Example 3Suppose (z) = x5 (z) with & € C*(R) bounded andd’ (x) bounded.
Both boundedness conditions are met, whiés constant fotz| sufficiently large.
Theno'(z) = &(x) + 26’ (x) is bounded and consequen{iyl) follows from
Novikov’s condition. In this situation the reference moiedh risk neutral gener-
alized Black-Scholes model with stochastic volatility deding on the spot,

t
G, = s+ / 5(5.)8, IV,
0

These so-called local volatility models were suggestedéhyn order to capture
the implied volatility smile.

We conclude this section with an example on how to consturthér models
in M,.

Example 4SupposdV is a Brownian motion ori(2, F, (F;), P) andY is a con-
tinuous process with zero quadratic variation indepenaieiif which satisfies the
small ball condition

P(|Y. <z)>0.

For instance} could be a fractional Brownian motion with Hurst parameigr b
ger than a half. Definég; = f,(W; + Y:). Then(£2, F, S, (F:),P) belongs to
M. Indeed, the quadratic variation 6fis easily calculated by Example 1 and
from the small ball property of” around zero and the independence one obtains
(4). Observe that by Itd’s formula

t 1 t
Stzso—i—/ U(Sr)d(W+Y)r+§/ foWe +Y)o' (fo (W, +Y;)) dr.
0 0

More general drifts can be introduced by performing a Giesacthange of mea-
sure on the Brownian motion only. (Note, the law6femains unchanged by the
Girsanov transformation due to independence.)

Remark 3The introduction of time dependent local quadratic vasiafiunctions
o(t,x) does not cause any difficulties, but makes the presentatare oumber-
some.
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4 No-arbitrage with smooth strategies

We shall now derive a no-arbitrage result for strategiesdbpend in a determin-
istic and smooth way on time, the spot prigeand some additional economically
relevant factors such as e.g. the running maximum, mininamnd,average of the
stock.

We first specify some assumptions on the additional econfawiiors on which
the strategy may depend.

Definition 3 A mappingy : [0,T] x C, s, — R is ahindsight factoyif

(i) g(t.n) = g(t.77) whenevey(s) = 7j(s) forall 0 < s <,
(i) g(-;n) is of bounded variation and continuous for everg C, s,
(iii) there is a constanf< such that for every continuous functign

[ eatsan = [ storaaten| < K g 17601l = il ©)
0 0 STS

Property (i) is the natural assumption that the factors mastontain information

about the future stock prices. Properties (ii)—(iii) areht@ical assumptions which

we need since the forward integral is not continuous in teshtlse integrands.
The running maximum, minimum, and average are denotedgctsply,

*(t) = ,
n*(t) Srg[%fg}n(S)

«(1) == i ;
14 (t) Sg}g&ﬁ(ﬁ)

fmgw

(We do not include the factdr/¢ in the running average. This is just a matter of
convenience since one can always include the fagtom the ‘strategy function’

@in (8).)

Proposition 1 The running maximum, minimum, and average are hindsight fac
tors.

n(t) :

Proof Properties (i) and (ii) of Definition 3 are obviously satigfitor the run-
ning maximum, minimum, and average. Moreover, propertyifitrivial for the
running average. We now prove a somewhat stronger asséngon(iii) for the
running maximum. Supposg g, g are continuous functions df, ¢] and define

t
T(t:1.9) = [ f(s)dg" (o)
0
whereg*(s) = max,¢[o,s] g(u). We shall show that

Z(t; f,9) = Z(t £,9)] < 43?[%?%] |f(r)l Jnax lg(r) — g(r)|. (6)
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We first consider the case of hon-negatjivéSince
d(g*+9%) = dlg+9)",
we obtain for non-negativg the sub-additivity ofZ (¢; f, -):

I(t; f,9+ ) <Z(t; f,9) +Z(t; f, )

Hence
Z(t; f,9) = Z(t; f,9) <Z(t; f,9 — g)- (7

Using the Love-Young inequality (with sup-norm and totafigaon norm) and the
fact that the total variation of the running maximum is doatéd by two times the
running maximum, we have for general

IZ(t; f,9)| < Joax |f(r) TV 0,4(9%)

<2 .
<2 max |f(r)] Jnax, lg(r)]
Combining this with (7) the inequality (6) follows for noregativef with constant
2 instead of 4. From (7) and notiriy¢; f,g) = —Z(t; —f,g) we get for non-
positive f

which yields (6) for non-positivg with constant 2 instead of 4. The general case
with constant 4 follows now from the linearity @{¢; -, ¢) and the triangle inequal-
ity.

The analogous inequality of (6) for the running minimum canskraightfor-
wardly reduced to the case of the running maximum, since

/0 F(s) dga(s) = — / F(5)d(=g)"(s).

Suppose hindsight factogs, . . ., g, and a functiorp : [0, 7] x Rx R™ — R
is given. We consider strategies of the form

B, — <p(t, Si, g1 (t, S),...,gm(t,S)). 8)

Here &, denotes the number of stocks held at titnigy an investor. Hence, the
wealth process corresponding to the stratédy

t
Vi, 05 S) = v +/ B, dS,, )
0

wherevy € R denotes the investor’s initial capital. (Recall, the sestft integral
is defined as a limit of forward sums. Thus, this definitioneet$ the classical and
economically meaningful condition for a self-financing tolio.)
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Definition 4 A strategy® is calledsmoothif it is of form (8) withyp € C*([0, T'] x
R x R™) and it is nds-admissible (nds stands for no-doubling-sgas) in the
classical sense, i.e. there is a constant 0 such that for allt € [0, T

t
/ ®,dS, > —a P —as.
0
(Of course, the smoothness condition can be relaxed to,[G&] x Ry x R’
when one knows a priori, that the stock and the hindsighbfacire positive).
Recall that a strategy is anarbitragein the market mod€l2, F, S, (F:), P),
if
Vr(2,0;5) >0 P —as. and P(Vp(2,0;S) >0) > 0.

Next we prove a result on absence of arbitrage with sm@oth

Theorem 1 Suppose the standing assumptibt) holds. Let(2, F, S, (F;),P) €
M, and supposeb is smooth. Them> cannot be an arbitrage in the model
(‘Qafv Sv (ft)vp)

To prepare the proof we define an auxiliary wealth functidoet € [0, T by
v:[0,7] X Cysp X CH([0,7] x R x R™) — R
as the I1td formula suggests:
v(t,m30) i= u(t,n(t), g1(t:m), - .. gm(t; )

- Z/O %U(ﬁ n(r), g1(r;m)s - -, gm(rin)) dgn(r;n)

_/0 %u(r,n(r)vgl(ﬂn)a--'vgm(r;n))dr

1

=5 | a5, i) o)) dr. (10)

where .
u(taxaylvaym):/ (p(tvgaylvvym)dg (11)

50

The next crucial lemma shows thats a continuous wealth functional.

Lemma 3Let0 < ¢ < T and suppose is a smooth strategy induced byin the
market((2, F, S, (F;),P) € M,. Thenwe have, fat < ¢t < T,

Vi(D,v0;S) =vo+v(t,S; ) P —as.
Moreover, the mapping
60750 HC([O’T]L 77’—’1}('777? 90)

is continuous.
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Proof Applying Itd’s formula tou given by (11) we obtain fob < ¢ < 7 that

t
/ &,dS, =v(t,S;¢) P —as.
0
Hence,
Vt(QS,vo;S):vo—i-v(t,S;w) P —as.

To prove continuity ofv(¢, -; ¢) let (n,) C Co,s, be a sequence which converges
ton € C, s, in the sup-norm. Then,, andn take values in a compact sét C R.
Hence, due to (5) applied t6 = 1, there is a compact set C R such that for
allo < j <m,neNand0 <t <T g,(t,n,) andg;(t,n) take values inA.
Moreover, applying (5) again tp = 1 we see that

lg; (t;mn) — g5 ()| < K10 — 1| oo (12)

Thus, by the continuity op, (9/9z)¢, and(d/0t)u, the dominated convergence
theorem yields

S - [ Suseaar-; [ a%so(z(r 1)) (e (r) dr

~ ) - [ e [ o)
uniformly in ¢, where, for notational convenience,

To prove convergence of the integrals with respect to thedight factors we
decompose

(o) dgy i) = [ aiyjuw(r, n))dw(r;n)}

n) d(g;(r;m) — g5 (1))

+ / { B‘Zj <2<r,nn>>—aiyju<2<r,n>>}dgj<r;nn> — 1)+ (1)
By (5),
(1)< K g o750 )| o = il — 0.
Analogously,
(11) < K oo, [ a500) = 550500 e
0<r<T | Qy; 0y,

By (12), givend > 0, there is am such that for aln > ng, 0 < j < m and
0<r<T
9 (r,mn) — g;(r,m)| < 6.
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Exploiting the uniform continuity of9/0y;)u on the compact sé, T x Ay x A™
we deduce

0 0
OglraSXT a_yju(z(rv 77)) - a_yju(z(rv nn)) — 0.

Since||n, ||« is bounded(IT) — 0 uniformly in¢.
We now proceed with the proof of Theorem 1.

Proof (Proof of Theorem 1)et (2,7, 5,(F),P) € M, be the refer-
ence model and le(2, F,S,(%),P) € M, be some model. Consider
Dy = @(t,5:,91(t,9),...,gm(t,5)), with continuously differentiabler as a
strategy for the modé€l(2, 7, S, (F:), P). Further suppose the investor has initial
capital zero and

Vr($,0;5) >0 P —as. (13)
By Lemma 3
(T, S;¢) =Vr(2,0;S) P —as.

By the small ball condition (4) and the continuity ofT’, -, ) we see that the
inequality (13) holds in the functional sense:

o(T,m;0) >0

for all n € Cs5,. Indeed, otherwise (T, -; ¢) would be negative in some ball
in C,s, by continuity. Since all balls have positie-measure by the small ball
condition (4), the assumption (13) would be violated.

We hence obtain

o(T,S;0) >0 P —as.

Analogously, the nds-admissibility @fimplies for all¢ > 0

v(t,S;p) > —a P —as.

SinceP itself is an equivalent martingale measure forwe may conclude from
the classical no-arbitrage theory that

o(T,S;9) =0 P —as.
Interchanging the roles ¢f andS and applying the same argument as above yields
Vr(®,0;5)=0 P —as.

Hence@ is not an arbitrage.

Remark 4The most important ingredient for the proof of Theorem 1 is #x-
istence of a continuous wealth function&lt, -; ¢). This property remains un-
changed wherp is only piecewise smooth. Precisely suppfse sy < s1 <
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- < sy =Tandy; : [sj_1,5;] x R x R x R — R are continuously dif-
ferentiable in the firsin + 2 variables and continuous in the last one. Then the
no-arbitrage results holds true for strategies of the form

J
Dy = Z 1(53'71,53'] (t)s‘j] (ta St7 g1 (t7 S)a s ,gm(t7 S)a gj (S))a
Jj=1

whereg; : C, s, — Ris continuous ang, (n) depends on the segmeni(r); 0 <
r < s;_1} only. Note the introduction of the function&fs allows dependence of
the strategy on the discretely sampled maximum, minimurayerage.

We also note that the nds-admissibility can be relaxed to

t
/ &, dS, > —a(t,S;) P —as.
0

wherea : [0,T] x R — R is continuous ang s sup,¢ o 7y la(t, S,)|dP < oo.

5 Robust replication

In this section we discuss the robustness of hedges withiadehtlassM ,. Our
aim is to show that hedges for a large class of claims do nartepf the specific
model in M, as a functional of the stock. In particular we obtain thatittigal
capital for such a hedge does not depend on the chosen mod=nibination
with the no-arbitrage result (Theorem 1) this means thaffdiveprice of those
contingent claims coincides for all models from,,.

We first motivate a slight enhancement of the class of allosteategies. In
the standard Black-Scholes model the Black-Scholes PDIEsytee hedge for a
call option with strikeK” and maturity?” as a functiony(t, x) of time and spot.
This function fails to be continuous at= 7,z = K. More generally, hedges
which are obtained via PDEs often do not satisfy the smoasthigendition at
t = T. To overcome this difficulty we suggest to enlarge the cldsallowed
strategies in the following way: We relax the smoothnesglitmm of ¢ to ¢ €
CH([0,T) x R x R™ R). The next lemma explains what happens at the terminal
datet = T.

Lemma 4 Suppos@ is of the form (8) withp € C1([0,T) x Ry x R™). Then the
following assertions are equivalent:

(i) Forall (2, F,S,(F:),P) e M, andall0 <t < T the (improper) integral

t
/ B, dS,
0
exists.

(i) Thereis adense subsktc C, s, and a limiting wealth functionat’ : D — R
such that for all(2, 7, S, (F,),P) € M, we haveP(S € D) = 1 and for all
n € D we have

%%I;lv(t,n;cp) = F(n).
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Proof Let o € C([0,T) x Ry x R™). By Lemma 3 we have for every model
(2,F,S,(F),P) e M, andall0 <t < T that

t
/0 o, S g1 (1. S). - gm(r, S)) S, = v(t, S ). (14)

As we always choose continuous modifications of the forwamtkgrals
the above identity holds up t®-indistinguishably. Hence, for every model
(2,F,S,(F),P) € M, we may choose a sét' such that (14) holds of!
andP(£2!) = 1. Note also, that by (14) assertion (i) is equivalent to thisterce
of the corresponding improper forward integrals at 7.

Suppose now existence of a limiting functional, i.e. (iijorFa model
(02, F,S,(F),P) € M, set2? = 2' n S~1(D). Then2? has fullP-measure
and for eachw € 22 we have

t
lim (/ @(r, Sryg1(r,5), - .., gm (r, 5))d5r) (w) = limv(t, S(w); ) = F(w).
17 \ Jo ttT
This means that the integr%’r o(r, Spyg1(r, ), ..., gm/(r, S)) dS, exists in the
improper forward sense in the modg?, F, S, (F;),P) € M,, The claim (i)
follows.

We now suppose existence of the forward integrals, i.ea(iyl construct a
limiting functional. In view of (14), given a modél2, F, S, (F;),P) € M, we
find a set2? of full P-measure such that a@®

T
/ (,O(T,S,,«,gl(T,S),...,gm(T,S))dSr
0
exists and (14) holds. Define

D= U S(02°%).

(£2,7,5,(Ft),P)eMo

Forn € D choose a mod€l2, F, S, (F;),P) € M, such that) = S(w) with
w € 2% and define

T
F(n) = (/0 o(r, Sr,g1(r,S), ..y gm (1, S)) dST> (w).

Note, F' is well-defined due to (14) anf) is a dense set due to the small ball
condition (4).

The previous lemma characterizes the minimal assumptioexistence of
f(; &, dS, in terms of existence of a limiting functional oft, -; ©) ast 7 T. To
define allowed strategies we will strengthen this minimglieement by imposing
a continuity assumption on the limiting functional.

Definition 5 A strategy® is allowedfor the model clasa\,, if
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(A1) there is a finite number of hindsight variables . . ., g,, and a functionp €
CY([0,T) x R x R™) such that

Dy = p(t,St,91(t,S), ..., gm(t, S)).

(A2) There is a dense subsgt C C, 5, and a functionalF" : D — R such that
for all models(£2, F, S, (F:),P) € M, we haveP(S € D) = 1 and for all
n € D we have

%%I;lv(t,n;cp) = F(n).

Moreover, we assume thatis continuous inD.
(A3) There is a constant > 0 such thatforalld <t < T

¢
/ ®,dS, > —a P —a.s.
0

Recall that(A3) is the classical concept of nds-admissibility which is tgbly
imposed to exclude doubling strategies. AlsqAB) holds for one model then it
holds for all models (givenX1) and (A2)), as was shown in the proof of Theorem
1. Also note that ifA2) we do not assume thdt can be continuously extended
to the whole spacé, ,,.

Obviously A2) holds, if o € C*([0,T] x R x R™). Moreover, Theorem 1
carries over to allowed strategies without any additioniféitdlties:

Theorem 2 Suppose conditiofH). Then every model in,, is free of arbitrage
with allowed strategies.

The next theorem states that hedges are robust as funstioh#the stock
within the classM,,.

Theorem 3 Suppose conditiofH) holds and7 is a continuous functional ofy, s,
such thatG/(S) is replicableP-a.s. in the reference modé?, 7, S, (F;),P) €

M with an allowed strategy

QNS;" - w*(ta gtagl(tv‘g)a' .. agm(ta S))

and initial capitalvg. ThenG(S) is replicableP-a.s. in every modél?2, 7, S, (7;),P) €
M with the same initial capitaly, and the replicating allowed strategy is given
by

QS: = 90*(157 Stagl(ta S)v cee 7gm(ta S))v

i.e. replicating allowed strategies are, as functionaldted stock prices, indepen-
dent of the model.

The converse also holds, i.e. any ‘functional’ hedgé in some model
(2, F,S,(F:),P) € M, is also a ‘functional’ hedge for the reference model.
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Proof Given ¢* let F' be the limiting wealth functional on a dense fetas in
assumptiorfA2). Note that by Lemma 3

vo + F(S) = Vp(d*,v9; 5) = G(S), P-as.

Hence, . .
vo + F(S(@)) = G(5(@))
for all @ from a set2' of full P-measure such that(2') c D. Hence,F =
G —vp on D by the continuity of7 and(A2). Again by Lemma 3V (2%, vg; S) =
vo + F(S) = G(S) P-a.s.
For the converse one simply interchanges the rolesaridS.

Remark 5From the previous theorem and the classical no-arbitraggytwe may
derive the following result: With the notation from the pieys theorem the initial
capitalvg satisfies the inequality

vo > EP[G(S)].
Moreover identity holds, if and only ib(t, S; ¢*) is a martingale undeP. In
the latter caséEF[G(S)] is the fair price (by no-arbitrage arguments) relative
to the class of allowed strategies of the contingent clél(®) for all models
(2, F,S,(F),P) € M,.

We now give some sufficient conditions for hedgeability ahsorelevant op-
tions via PDEs. This PDE approach to robust replication was ¢onsidered in
[15] for European options.

Example 5Suppose € C(R*). We define an option by plugging the tinfe-
values of the spot, the running average, maximum, and miminmto the argu-
ments ofG. To construct robust hedges for this type of option Iigf¢, y2) U

Ia(t,ys) = {(z,y1); @ < 2, y1 < ty2}U{(@, y1); @ = ys, y1 > tys}t. Suppose
for0<t<T,0< y3 < 59 < Y2, and(x,yl) S Fl(t,yg) @] Fg(t,yg) the PDE

0 o(x) 0
EU(taxaylayQayi’)) - —T@U(f,%yhyz,ys)

0
—x—U(t,z,y1, 92,
A ( Y1,Y2 y3)

U(T,z,y1,92,93) = G(2, 91,92, Y3)
0
8_1/2U(t7 ) '7y27y3)|6F1(t,y2) =0

P
By; U692 08) 100 ) = 0

has a solutio/ € C*%1([0,T) x R*) N C([0,T] x R*) which is bounded from
below, i.e.U > —a for somea > 0. Let (2, F, S, (F:),P) € M,. By Itd’s
formula, for0 < ¢y < t < T, P-almost surely,

U(tv Sta gtv S;Fa S*,t) - U(tv Stov S’tm S:Oa S*,to)

t
+/ (%U(r, Sy Sy, S5, Sy )dS, (15)

to
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(Here, we used that

2 U(r,5,,5,, 5, 8,.)dS* =0
/ayz o)

by the boundary condition and similarly for the integrallwiespect to the mini-
mum.) Defined; = %U(t, St, St, S§, S« +). In particular we obtain by the usual
continuity argument fon € C, 5,

Ut n(t), n(t),n"(£),n«(t)) = U(0, 50,0, 50, s0) = v(t,7; (%U)'

This shows@, is an allowed strategy. Moreover formula (15) with= T' shows
that®, is a hedge fot7(S;, S;, S}, Sx.t)-

We note, the above PDE has two difficulties: (i) it is degetegparabolic, since
the second derivative i -direction does not appear; (ii) the boundary conditions
in terms of the derivatives in direction of the parametgrandys are a rather
unusual. Nonetheless there are some well known existesaéigdor practically
important exotic options such as lookback options (whigtes& on the maximum
or minimum only) and Asian options (which depend on the ayeranly). Of
course European options with continuous payoff functiorséso covered by this
PDE approach. For details we refer to [19].

Remark 6Theorem 3 requires that the option is continuous as a fumcfdhe
paths. The most prominent option which fails to satisfy #tssumption is the dig-
ital optionG'(n) = 1k o) (n(T')) with strike K. A straightforward modification
of the argument in Theorem 3 shows that hedges for the digitin are robust
in any subclass oM, which contains only models that satid®(S, = K) = 0.

A drawback of the results obtained so far is the followinge Thass of allowed
strategies (with respect to which we price), does not cartta realistic simple
predictable strategies of the form

> Bl
1=1

where ther;’s are stopping times bounded Byand®; areF,,-measurable. Hence,
it would be desirable to extend the no arbitrage result todendlass of strategies,
which

1. contains allowed strategies and typical simple prebietstrategies;
2. is alinear space (up to the nds-admissibility).

This program is carried out in the next section, partly uraletronger small ball
condition. We also discusgpproximate arbitrage
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6 Arbitrage opportunities
6.1 Results on no-arbitrage with stopping times

Note that by Remark 4 the arbitrage is excluded if one chatigesading strategy
at deterministicstopping times. It turns out that this extends to a certaas<bf
stopping times, having some weak continuity propertiesavaid technicalities
and to be able to use results from [9] we shall assume thautha&ibno, which
determines the quadratic variation structure of the modskcis chosen such that

Cos0 = {1 € C([0,T] x Ry );1(0) = s0}-

Here we recall that the spacg,,, was introduced in (3).
We shall also strengthen the small ball condition (4) aofad!:
We assume that the followirgpnditional small-ball propertys satisfied:

Pl sup [Si—n(t)| <e
telr,T]

f,) >0 (16)

P-a.s. for all stopping times < T, all pathsy > 0 such that)(r) = S, and
every positive.

So, we here work with a ‘conditional’ model class which istriesed only by
the conditional small ball property and an assumption orgtreratic variation.

Remark 7Here we do not discuss how to check the conditional smallpbaperty.
In a recent work by Guasoni et.al. [9] the authors show th@) fdllows from the
weaker condition

P( sup [Sy—n(t)|<e
te(u,T)

fu> >0, a7)

whereu € (0,T) is a deterministic time.

For example, ifS is the mixed fractional Black-Scholes model, i%. =
fo(X:), whereX = W + Z, W is a standard Brownian motiot% is a frac-
tional Brownian motion with Hurst indek > % independent ofV, then we can
prove (17) along the same lines as in [9]. Another argumenetdy (17) is to
check the condition with respect to filtratigi}V v FZ), where one can use the
independence df andZ, and then it will be true also with respect (&;*). As
mentioned, we do not want to go in details here.

Now we turn to continuity properties of stopping times. Wekwith [0, 7' x
Cs,s,, and consider this as a topological space, where the batis tdpology are
open sets of the forms. (o) x B~ (no) with

Be(to) = {t € [0, T] : [t —to| < e} and By (o) = {n € Co.s, : |[n =10l <7}

Let 7 be a stopping time with () < T. PutA = [[r, T]], where[[r, T] is the
stochastic interval

([, T]] = {(t;n) € [0,T] x Co50 s 7(n) <t < T}
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We have thatr(n) = inf{t : (t,n) € A}, so the setd is stopping sebf the
stopping timer.

Definition 6 Let X and Y be metric spaces. A functioh: X — Y is locally
continuoudf for all =z € X there exists an opeti, C X such thatx € U, and
f(z,) — f(x) whenever,, — xin U,.

Local continuity atc is continuity from the 'directionU,.. If € U, then local
continuity is continuity atr.

In the remainder of this section we will mainly work with ldigacontinuous
stopping times. In order to give examples of such stoppimgsi the following
lemma is useful. Its elementary proof is omitted.

Lemma 5 If the stopping setl = [[r, T']] is closed in the topology @, 7] X Cy s, »
thenr is lower semicontinuous, i.e.

liminf 7(n,) > 7(no)

if 7, — 10 INCo 5 -
We now give some examples of locally continuous stoppingsinvhich are
widely used.
Example &(i) For continuous functionsg, b, 0 < a < so < b, we consider
7(n) :=1inf{t > 0; n(t) < a(t)orn(t) >bt)} AT.
Note that the stopping set

([, T] = ({T} x{n: 7(n) = TH ULt n); nt) < a(t)}U{(E,n); n(t) = b(t)}

of 7 is closed and thereforeis lower semicontinuous. We fix some paghand
setty = 7(no). We treat the case thas > 0 andny(ty) = b(to). Then, we can
defineUy := {n; Ji<i, n(t) > b(t)}. Uy clearly is an open set itV 5, with
70 ON its boundary. Suppode),,) C Uy with 1, — ng. Thent(n,) < to, i.e.
limsup,,_, . 7(n,) < 7(no). From the lower semicontinuity af we derive that
Uy is a local continuity set for atry. The other cases are treated similarly.

Of course, one of the boundaries can be setdo.

(i) In an analogous way one can prove that, for continuouastionsa, b, 0 < a <
sg < b, the stopping time

inf{¢t > 0; oglirgltn(s) < a(t)and Orgggtn(s) >b(t)} AT

is locally continuous.

(i) With a little extra effort one can verify that a stoppgjrtime 7 is locally con-
tinuous, if its stopping séfr, T']] is of the form

[r. TN ={T} > {n:7(n) =T}HUU

whereU is the closure of an open stin the topology of0, 7] x C, s,. Many
more concrete examples of locally continuous stoppinggioa be derived from
this generic example.
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Definition 7 A trading strategy? is stopping-smootif it is of the form

= k
D= > 10, (),
k=1

where the?¥)’s are smooth, and;,’s are locally continuous.

The definition 7 is understood in the conditional sensedi‘®. may depend
ononX*,, andr,y; > 7 is locally continuous in the conditioned, or quotient,
spac&Cs, o[k, T1.

The next lemma is a stopping-smooth analogue to Lemma 3 wighacally
continuous stopping time. We emphasize that it holds truk thie simple small
ball property and does not require the conditional version.

Lemma6let0 < ¢ < T and supposel , is a stopping-smooth strategy
induced byy andr in the market({2, F, S, (), P) € M,. Then we have, for
0<t<T,

Vi(@1(g,7),v0; 8) = vo +v(1(S) At,S;¢) P —as.
Moreover, for every < ¢ < T', the mapping
Coso = R, m—o(r(n) At,m; )
is locally continuous, and the local continuity sets areapdndent of.

Proof The representation of the wealth process is a direct coesegof Lemma
3, since by the pathwise nature of the forward integral

Vi(@1 (0,71, v0; 5) = Vr(5)(®, v0; ).

To prove the continuity assertion, fix somes C, ,, and letU,, be a local conti-
nuity set at). For any sequena@),, )nen C U, with 1, — n we can write

[0(7 () Aty 1ns ) —o(T(n) At,n;0)
< S [v(s, 05 0) — v(8,m59)| + [v(T(nn) At m;50) —v(T(n) At,n;0)]

The first term does not depend on the stopping time and coaes¢ogzero by the
continuity property ofv proved in Lemma 3. The second term converges to zero,
sincew is continuous in the time variable andr,,) — 7(n). (Recall that the
sequence belongs to the local continuity set). Therdfgris a local continuity set

for the mapping

Coso = R, m—=o(r(n) At,m;0)
at the point; as well.

The previous lemma implies absence of arbitrage with stappmooth strate-
gies with one locally continuous stopping time for modelslasM,, .
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Theorem 4 Suppose conditiofH) is in force, and a mode{(2, F, S, (F;),P)
from classM,, is given. Then there is no-arbitrage in this model with siogp
smooth strategies of the fordrl g ..

Proof The same proof as for Theorem 1 applies with a minor moditicatrrom
v(7(9),8;0) = Vr(P10,1),0;8) >0 P —a.s.
one can obtain the functional inequality

v(T(n), ;) >0

for all n € C, s, as follows: Thanks to Lemma 6, we can consider a local con-
tinuity setU,, atn. Sincel,, is open withy in its closure, and due to the small
ball condition (4), we can retrieve a sequetieg) C (2 such thatS(w,) € U,
S(wy) — nand

v(7(S(wn)), S(wn); p) >0

for all n € N. This implies

o(r(n),m;¢) = Tim o(7(S(wn)), S(wn);¢) 2 0.
To obtain more general results we have to assume that theticorad small-
ball property (16) holds.

Theorem 5Assume the quadratic variation property (1) and tbenditional
small-ballproperty (16), and letP be a stopping-smooth strategy. Th&ns not
an arbitrage opportunity.

Proof With the conditional small ball property we can show, as irdiem 4 that
&M 1, ..., is notan arbitrage opportunity. Recall that héf&) can addition-
ally depend onF’, andr;1 > 75 is locally continuous in the conditioned, or
quotient, spac€s, o (tk,T].

But this means that

N
k
¢ = ZQE )1(7k77'k+1 ()
k=1

does not allow arbitrage on the interyal., 71, and hence does not allow arbi-
trage on the intervdD, T']

Remark 80ne can easily verify that Theorem 5 remains true if the abissrate-
gies is enriched to consist of sums of stopping-smooth dodedl strategies. This
class of strategies is linear up to nds-admissibility, aorg# many typical simple
predictable strategies and hedges for many relevant aption

Note thatin Theorem 5 one trades continuously between ta#lyocontinuous
stopping times. If we allow only simple strategies, we cdaxeven more on the
continuity properties of stopping times.
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Definition 8 Let X be a metric space and Ief be an ordered complete metric
space. A functiorf : X — Y is locally lower semi-continuous for all = €

X there exists an opeli, C X such thatr € U, andliminf f(z,) > f(z)
whenever,, — z in U,.

Definition 9 A trading® strategy issimpleif it is of the form

n

by = Z EkL(r mrsn)s

k=1

wherery, is locally lower semi-continuous stopping times (relative, 1), and
&,'s are F, measurable.

Theorem 6 Assumeonditional small-ball propert{16). Let® be a simple strat-
egy. Thenrb is not an arbitrage opportunity.

Remark 9Note that Theorem 6 is true without tlggiadratic variationcondition

(D).

Because of the “time-linearity” of the arbitrage and coiodial small-ball
property it is enough to show the following (see [18, TheokeétA*, p. 425]):

Lemma 7 Let7 be locally lower semi-continuous stopping time. Then
P(S; > s9) >0 and P(S; <sg)>0.

Proof We show thatP (S, > s¢) > 0; the caséP(S; < s¢) > 0 is symmetric.
We show that the s€tS; > so} = {n;n(7(n)) > so} contains a ball. Then the
claim will follow from the small-ball property.

Fix an increasing and concave pathwith 1,(0) = so and a local lower semi-
continuity setU/;,, of T atny. Sincer is lower semi-continuous ofi,,, we can find
suchare < 1/2 (no(7(no)) — so) thatr(n) > 1/27(ny) whenever € B, where
B is some ball contained iB,, (¢) N U,,. Sincen, is increasing and concave

n(T(m) > no(r(n)) —1/2 (no(7(n0)) — o)
>no (1/27(n0)) —1/2m0(7(n0)) +1/2 50
> 1/210(0) +1/2 59 = so.

So, the ballB is contained in the s€tS,; > s¢}, which implies thal?[S, >
So] > 0.

Remark 1(Recall that isF" is a closed set, then:= inf{t : n(t) € F'} is lower-
semicontinuous stopping time.

Remark 11The Lemma 7 is true with local lower semi-continuity replads a
weaker assumption aefdelay.
For all o there are positive = (1) andd = §(no) such that

T(n) > e whenn e B, (9).
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Remark 12Cheridito has studied the no-arbitrage with models driwefréctional
Brownian motion. Concerning arbitrage possibilities hevehithat for any: > 0
there exists an almost simple self-financing stratégyich that
1
P(Vp(#,0;5)>¢)>1——,

C

inf Vi(®,0;5) > —l;

te(0,T c
here almost simple is an extension of Definition 9 withreplaced by a finite
random integer and = eB"” whereB* is a fractional Brownian motion with
H € (0,1) \ {3}. Such a strategg is called - admissiblec-arbitrage strat-
egy (see [3, pp. 539- 540]). Note that model aIIowibgadmissiblec—arbitrage
strategies also have NFLVR asymptotic arbitrage, but dsmaoéssarily admit ar-
bitrage possibilities in the classical sense. Cheriditoistruction is based on the
fact that fractional Brownian motion with! € (0,1) \ {3} has either infinite or
zero quadratic variation. Since the construction of theittg times in [3] is not
explicit, it is not clear weather they are locally contingdn our sense. Since in
our caseS € M,, and thus has a non-trivial quadratic variation, the abare ¢
truction to obtain approximate arbitrage wiieh admissiblec- arbitrage strategies
is not applicable in the situation of Theorem 5.

Next, we consider no-arbitrage result in Theorem 6 and coeip#o the cor-
responding result in [3, Theorem 4.3, p.549]. We ask thastbek price process
has conditional small ball property, and geometric frawidBrownian motion has
this property. In this respect Theorem 6 is more general @laeridito’s result.
Moreover he proves the no-arbitrage property under thewsison that the stop-
ping times in the construction satisfy.11 — 7 > h, whereh > 0 is a fixed
and deterministic constant. We, on the other hand, assusméh stopping times
satisfy thez- delay (see Remark 11), and this is weaker than Cheriditoislition
with deterministich- delay.

6.2 Approximate arbitrage exemplified

For fractional Brownian motion several explicit arbitrag@portunities are known
(cf. [5,17]). These examples do not generate arbitrage énntixed fractional

Black-Scholes model. Below we give a sequence of (allowed)egies that gen-
erate arbitrage in the mixed model “in the limit”, althoudtete is no limiting

arbitrage strategy.

The basic idea of the no-arbitrage result in Theorem 1 wagtend absence
of arbitrage in the reference model by means of the contiswaalth functional.
This reasoning does not carry over to notions of approxiragigrage or similar
limiting procedures in general. Indeed, we will now showtttheere can exist an
approximate arbitrage in some modelsii,, which fail to be an approximate
arbitrage in the reference model. Although we think thatdbestruction below
is interesting in its own right, it also gives a clear hint la¢ fimitations of our
no-arbitrage pricing approach for non-semimartingales.
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Notice that our notion of approximate arbitrage is difféfeam the notion of
a free lunch with vanishing risk. However it admits to counstra very intuitive
example in the context of mixed fractional Black-Scholeslglo

Example 7Suppose that(z) = ox. Hence, the reference modé?, 7, S, (F;), P)
is the risk neutral Black-Scholes model. Now, the mixedtfoa@l Black-Scholes
model
dSt = O'St dXt

where X, = W, + Z, is a sum of an independent Brownian motion and a frac-
tional Brownian motion belongs to same class, if the Hurst parametef! of
the fractional Brownian motion satisfiés € (1/2,3/4).

We define a sequence of strategies via the functionals

n 2H—1 - H(Tkn;l) — H(T%)
" (t,n) =n kzzz I(T%j%](t) n(t) )

with 6(t) = log(n(t))/o + 1/20*t which fits into the context of Remark 4.

Write

Su"(t, ) = n*7 Zl(T%,Tr’i](t) (WT% - WTH)
k=2

n

n n

1Y U g0 (Zras = Zraca)
k=2

= K[+ L}.
SinceH € (4,32), S (t,S) converges uniformly to zero in probability with
respect tdP. (Indeed, this convergence holds " and L}"). Hence the risk of
the strategie®} = ¢"(t,.S) becomes smaller and smaller in the sense that the
number of risky assets held by the investor tends to zero.

We now decompose

T T T T T
/@gdst:/ deWt—i-/ Lgth+/ deZt—i—/ Ly dZ,.
0 0 0 0 0

The first and the second term go to zero in probability by TeeoH.11 in [13].
The third terms converges to zero in probability, since Heyindependence &1
andZ, and the stationarity of the incrementsléf,

T T
/ Krdz, LQ"V/ LrdW, —n2-17, (WTg - WTL)
0 O n n n

4n2H-1 (ZT — ZTf%) (WTJF% — WT) .

However, for the fourth term, we obtain,

T n—1
/ 12dz, = w0 N (Zpen = Zps ) (Zps = Zpss )

n—1

Law 1 )
= THEZ((ZkJrl —Zk) (Zk _Zk—l)) _}TQH(QQH 1 _1)
k=1
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in L'(P) by [10, Theorem 9.5.2., p. 479]. Note that this limit is thensafor
H < % too. Hence, the limiting wealth of the strategig’ is strictly positive,

namely,
T

lim Prds, = T*H (22H-1 1)
n—oo 0
in probability. We consider such sequenceapproximate arbitrage
Of course, the corresponding sequence of strategies dbesmstitute an ap-
proximate arbitrage in the reference model. As above, waiolthat

Sip"(t,8) = n?H 1 ;; Lipizs 7e(t) (WT’%] - WT%)

converges to zero uniformly in probability with respecfito Hence, withd? =
©"(t,9),

t t

lim [ ®&"dS, = lim [ oS;p"(t,S)dW, =0

as the Itd integral is continuous in terms of the integrand.

Remark 13The construction of the approximate arbitrage in the mixadtfonal
Black-Scholes model above follows an easy intuition. Duthtomemory of the
fractional Brownian motion the stock tends to increase, @lieady increased in
the previous time period. How to exploit this intuition is desprecise above. The
example also shows that integrals with respect to the misactibnal Brownian
motion withH € (1/2,3/4) are not continuous in terms of the integrands. Hence,
it may be considered a simple proof that mixed fractionaMBrian motion is not

a semimartingale for this range of the Hurst parameter. €ader is invited to
compare our argument with the proof by [2].

7 Conclusion

In this paper we discussed no-arbitrage pricing beyondehemartingale setting
for models with continuous trajectories. To this end we isgmbtwo conditions
on the models. The conditional small ball condition guagastabsence of arbi-
trage for a large class of simple predictable strategies ddndition is satisfied
e.g. in many log-Gaussian models such as the fractionakB3atoles model and
the mixed fractional Black-Scholes model. As mentioned @mark 12 our no-
arbitrage result (Theorem 6) admits trading with a somevelger class of simple
strategies than the class considered by Cheridito [3, Hmear.3] in the context
of the fractional Black-Scholes model.

Although simple predictable strategies are economicakaningful in the
sense that they cover all strategies that can be implemémtszhlity, they do
not include hedges for relevant options. Note also that@pprate hedging ar-
guments with respect to the class of simple predictabléesfies may induce ar-
bitrages (and are therefore meaningless from the perspeaxtno-arbitrage pric-
ing) in non-semimartingale models, because the forwarbnat with respect to
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the stock lacks continuity in the integrand. Therefore, deeal a condition on the
quadratic variation of the stock paths. It rules out all msddth zero quadratic
variation such as the fractional Black-Scholes model, tillissatisfied by many
non-semimartingale models, for example by the mixed foacti Black-Scholes
model. The condition on the quadratic variation ensuresttteamodel becomes
free of arbitrage with trading strategies that depend shigpon the spot and other
relevant quantities (hindsight factors) such as the rupni@ximum, minimum,
and average of the stock (Theorem 1). These strategies@rlcirom the per-
spective of hedging, as they cover hedges for many Eurofmadack, and Asian
options. In combination with the conditional small ball ditton, we can even
show that absence of arbitrage still holds, if one changestitategy abruptly at
stopping times (which satisfy a mild local continuity cotnain), and changes it
smoothly (as functional of the spot and hindsight factard)etween the stopping
times (Theorem 5). This is the main no-arbitrage result efgtesent paper, as it
holds for a class of trading strategies which is linear (upds-admissibility), con-
tains many realistic simple predictable strategies andiéebr relevant options.

Although one could think of larger classes of relevant stgyas (e.g. con-
taining simple strategies where the portfolio is readjdstea random, possibly
unbounded, number of stopping times), our no-arbitrageltrefiows to extend
no-arbitrage pricing for many options in a sensible way. \GWesider this a major
novelty, since no-arbitrage results on simple strategigseannot be used for pric-
ing purposes beyond semimartingales. We find that the quvneing no-arbitrage
replication prices of options depend essentially only @ghadratic variation. As
the quadratic variation is a path property, it does not telclmabout the proba-
bilistic structure. Because of this we can change the igional properties of the
Black-Scholes model (and, more general, of related lodaltNity models) with-
out changing the prices of the options. For example, thdifnaal Black-Scholes
model incorporates memory effects and modifies the variaitbeut any changes
in the quadratic variation. This example also shows thatthwariance structure
of the stock returns is not relevant for option pricing, e fjuadratic variation
is. So, one should not be surprised if the historical and imapVolatility do not
agree: The former is an estimate of the variance and the la® estimate of the
guadratic variation.
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