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2 HARMONIC ANALYSIS

1. INTRODUCTION

This lecture note contains a sketch of the lectures. More illustrations
and examples are presented during the lectures.

The tools of the harmonic analysis have a wide spectrum of ap-
plications in mathematical theory. The theory has strong real world
applications at the background as well:

e Signal processing: Fourier transform, Fourier multipliers, Sin-
gular integrals.

e Solving PDEs: Poisson integral, Hilbert transform, Singular
integrals.

e Regularity of PDEs: Hardy-Littlewood maximal function, ap-
proximation by convolution, Calderén-Zygmund decomposition,
BMO.

Example 1.1. We consider a problem

Au=f in R"

where f € LP(R™). The solution u is of the form
u(z) = C’/ % dy.
R [ — Y

One of the questions in the reqularity theory of PDEs is, does u have
the second derivatives in LP i.e.

0%u
e LP(R")?
If we formally differentiate u, we get
0%u 0? 1
= dy.
83320% R” f(y) 833'1855] |_Q7 — y|n72 Y
|- 1<C/ ey
It follows that [, f(y 8xa(9x P y|" ——— dy defines a singular integral T f (z).
A typical theorem in the theory of singular integrals says
WA, < ClIfI,

and thus we can deduce that 5 8 as; € LP(R™).

Example 1.2. Suppose that we have three different signals f1, fa, f3
with different frequencies but only one channel, and that we receive

f=h+fot+f3

from the channel. The Fourier transform F(f) gives us a spectrum of
the signal f with three spikes in |F(f)|. We would like to recover the
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signal f1. Thus we take a multiplier (filter)
L, ye(ab),

0, otherwise,

a1(y) == X (a,b) (y) = {

where the interval (a,b) contains the frequency of fi. Thus formally by
taking the inverse Fourier transform, we get

fi=F HarF(f)) =Tf(x).

This, again formally, defines an operator T which turns out to be of

the form
sin(C'y)
—y)d
o [ T @)y

with some constants ¢, C'. This operator is of a convolution type. How-
ever, sin(Cy)/y is not integrable over the whole R, so this requires
some care!

2. HARDY-LITTLEWOOD MAXIMAL FUNCTION

Definition 2.1. Let f € L. (R™) and m a Lebesgue measure. A
Hardy-Littlewood maximal function M f : R™ — [0, o0] is

M) = sup o /u N%Wwfﬁ )| dy,

where the supremum is taken over all the cubes () with sides parallel
to the coordinate axis and that contain the point z. Above we used
the shorthand notation

][Qf(x)dx:@/q)f(m)dx

for the integral average.

Notation 2.2. We denote an open cube by
Q=Q(z,) ={y € R" : max |y, — x| <1/2},
[(Q) is a side length of the cube Q,
m(Q) = UQ)",
diam(Q) = 1(Q)V/7.
Example 2.3. f: R = R, f(z) = x@o1 ()

%, x> 1,
Mf(x) =<1, 0<z< 1,
ﬁ, r < 0.

Observe that f € L*(R) but M f ¢ L'(R).
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Remark 2.4. (i) M f is defined at every point z € R" and if f = ¢
almost everywhere (a.e.), then M f(z) = Mg(x) at every x € R".
(ii) It may well be that M f = oo for every x € R™. Let for example
n=1and f(z) = 22
(iii) There are several definitions in the literature which are often
equivalent. Let

NI f(x) = sup ][ £l dy,
>0 JQ(z,0)

where the supremum is taken over all cubes Q(z,[) centered at z.
Then clearly

Mf(z) < Mf(z)
for all z € R™. On the other hand, if ) is a cube such that x € @,
then Q = Q(zo,lo) C Q(z,2ly) and
m(Q(z,2ly)) 1

J[Q S AN R CIEE ) /Q@,%) )1 dy
< 2" M f(x)

because

m(Q(z,2b)) _ (2h)" _ .
m(Q(z, 1)) Iy '

It follows that M f(x) < 2"M f(z) and
Mf(x) < Mf(x) <2"M[(z)

for every x € R™. We obtain a similar result, if cubes are replaced
for example with balls.

Next we state some immediate properties of the maximal function.
The proofs are left for the reader.

Lemma 2.5. Let f,g € L}, (R"). Then

loc

(i)
M f(x) >0 for all x € R"™ (positivity).
(i)
M(f+g)(x) < Mf(x)+ Mg(x) (sublinearity)
(iii)
M(af)(z) = |a| M f(z), a € R (homogeneity).
(iv)

M(7yf) = (r,M f)(z) = M f(z +y) (translation invariance).
Lemma 2.6. If f € C(R"), then
|f ()] < Mf(z)
for all z € R™.
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Proof. Let f € C(R"), z € R". Then
Ve > 036> 0s.t. |f(z) — f(y)| < e whenever |z —y| <.

From this and the triangle inequality, it follows that

Lisela=1s] =7 | f (1r0 Mﬁfﬂ)
fuf|—U“Hdw§fu 2)] dy < e

whenever diam(Q) = v/n [(Q) < §. Thus
= g tim @y < f 17w dy=2p@). O

Remember that f: R™ — [—o0, o0] is lower semicontinuous if

{zeR": f(x) > A} = (A oq))

is open for all A € R. Thus for example, yy is lower semicontinuous
whenever U C R" is open. It also follows that if f is lower semicontin-
uous then it is measurable.

Lemma 2.7. M f is lower semicontinuous and thus measurable.
Proof. We denote
Ex={x € R" : Mf(z) > A}, A>0.

Whenever x € F), it follows that there exists () > x such that

lfﬁ@ﬂ@>A.
Q
zp;éuwn@>A

Q C E\. O

Further

for every z € (), and thus

Lemma 2.8. If f € L>*(R"), then M f € L>*(R") and
1Ml < 111l
Proof.

£ U@l dy <l f e =117
Q(x) Q

for every x € R™. From this it follows that
1M flloo < 1fll- U
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Lemma 2.9. Let E be a measurable set. Then for each 0 < p < o0,
we have

J @ e =p [“ 0 tm(te € B+ 1@ > A ay

Proof. Sketch:

|£ (@)
Pdr = MPtdad
/E|f($)| T /R" XE(IE)p/O T

Fubini > B
- p/ N 1/ X{zen: |f()>x} () dz dX
0 R»

= p/oo N ln({z € B |f(z)] > A} dA. O

0

Definition 2.10. Let f : R" — [—00, 00| be measurable. The function
f belongs to weak L'(R™) if there exists a constant C' such that 0 <
C' < oo such that

m({z € R : |f(z)] > A}) <

> Q

for all A > 0.

Remark 2.11. (i) L'(R") C weak L'(R"™) because

m({z e R" : ]f(x)]>)\}):/ ldz
{weR" s | f(2)[>A}
s/ @) gy < Wl
{weRm: |f@) >3 L A
>1

for every A > 0.
(ii) weak L'(R") is not included into L'(R™). This can be seen by
considering

fiR = [0,00], f(w) = Jo] .
Indeed,

1
/ |f ()] d= :/ lz| ™" da :/ / r="dS(x)dr
B(0,1) B(0,1) o Jos(o,)
1
:/ 7""/ 1dS(z) dr
0 \BB(O,T)

Wn—1rn~1

'
:wn_l/ —dr = o0,
0o T
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that is || f]|; = oo and thus f ¢ L'(R™). On the other hand for
every A > 0

m({z € R" : [f(2)| > A}) = m(B(0,A"")) = %

where ,, is a measure of a unit ball. Hence f € weak L'(R").

Theorem 2.12 (Hardy-Littlewood I). If f € L'(R"), then M f is in
weak L'(R™) and

577,
m({z € R+ Mf(z) > A}) < —Ifll,
for every 0 < A < oo.

In other words, the maximal functions maps L' to weak L.
The proof of this theorem uses the Vitali covering theorem.

Theorem 2.13 (Vitali covering). Let F be a family of cubes Q s.t.
diam( U Q) < 0.

QeF

Then there exist a countable number of disjoint cubes Q; € F, 1 =
1,2,... s.t.

UQCU5Qi

QEF i=1

Here 5Q); is a cube with the same center as (); whose side length is
multiplied by 5.

Proof. The idea is to choose cubes inductively at round ¢ by first throw-
ing away the ones intersecting the cubes Q)1,...,Q;_1 chosen at the
earlier rounds and then choosing the largest of the remaining cubes
not yet chosen. Because the largest cube was chosen at every round,
it follows that U§;115Qj will cover the cubes thrown away. However,
implementing this intuitive idea requires some care because there can
be infinitely many cubes in the family F. In particular, it may not be
possible to choose largest one, but we choose almost the largest one.

To work out the details, suppose that Q1,...,Q;_1 € F are chosen.
Define

i—1
L=sup{l(Q) : Qe Fand QN | JQ; =0}. (2.14)
j=1

Observe first that l; < oo, due to diam(Jger Q) < oo. If there is no a
cube ) € F such that

i—1

onlJe; =9,
j=1
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then the process will end and we have found the cubes @Q1,...,Q;_1.
Otherwise we choose Q; € F such that

i—1
1(Q;) > %li and  Q; N U Q=10

Jj=1

This is also how we choose the first cube. Observe further that this is
possible since 0 < [; < co. We have chosen the cubes so that they are
disjoint and it suffices to show the covering property.

Choose an arbitrary () € F. Then it follows that this () intersects
at least one of the chosen cubes ()1, (o, ..., because otherwise

QNQ;=0 forevery i=1,2,...
and thus the sup in (2.14) must be at least [(Q) so that
L >1(Q) forevery i=1,2,....

It follows that

for every i = 1,2, ..., so that

m(U Qi) = Z m(Q:)

where we also used the fact that the cubes are disjoint. This contradicts
the fact that m(|J;" Q;) < oo since |J;° Q; is a bounded set according
to assumption diam({Jyer @) < oo. Thus we have shown that @ in-

o0,

tersects a cube in ;, i = 1,2, .... Then there exists a smallest index i
so that
QNQ; #0.
implying
i—1
QnlJae;=0.
j=1

Furthermore, according to the procedure

Q) < 1; < 20(Q;)

and thus @) C 5Q); and moreover

UQCU5Q7;- g

QeF i=1
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Proof of Theorem 2.12. Remember the notation
Eyx={xeR": Mf(z) >}, A>0

so that = € E) implies that there exits a cube ), 3 x such that

f\ﬂwwm>A (2.15)

If Q, would cover FE,, then the result would follow by the estimate

m(Ey) < m(Q) < / Wl

However, this is not usually the case so we have to cover ) with cubes.
But then the overlap of cubes needs to be controlled, and here we utilize
the Vitali covering theorem.

In application of the Vitali covering theorem, there is also a technical
difficulty that F\ may not be bounded. This problem is treated by
looking at the

E\n B(0, k).

Let F be a collection of cubes with the property (2.15), and x € E\ N
B(0,k). Now for every ) € F it holds that

@y =m@ <y [ 150)

@ = (1"

Thus diam(UQe 7 @) < oo and the Vitali covering theorem implies

UQCU5Q1

QeF i=1

so that

Combining the facts, we have

m(Exn B(0,k) < m(| J Q) SZ (5Q:) = 5" > m(Qs)

QeF i=1 i=1
215 ) 5
ZJWf|@
cubes are disjoint " 5"
=" |f)] dy < Il -
)\ UsZ, Qi

Then we pass to the original E)

) o"
m(Ey) = lim m(Ex N B(0, k) < — ||f||1 [



10 HARMONIC ANALYSIS

Remark 2.16. Observe that f € L'(R") implies that M f(z) < oo
a.e. v € R" because

m({z e R" : Mf(x) =00} <m({x € R" : Mf(x) > \})

<2 o
as A — 00.
Definition 2.17. (i)
fe LR+ MR,  1<p<oc
if
f=g+h, geL'(R"), hel’R")
(ii)
T:L'(R") + LP(R") — measurable functions
is subadditive, if
T(f+9) @) < |Tf(@)]+|Tg(x)] ae zecR"

(iii) 7T is of strong type (p,p), 1 < p < oo, if there exists a constant C'
independent of functions f € LP(R") s.t.

T fIl, < ClIAI, -

for every f € LP(R™)
(iv) T is of weak type (p,p), 1 < p < o0, if there exists a constant C'
independent of functions f € LP(R") s.t.

m({r € R - Tf(a) > \)) < 171

for every f € LP(R™).

Remark 2.18. (i) Observe that the maximal operator is subaddi-
tive, of weak type (1,1) that is

m({e € RY 5 Mf() > M) < 21l

of strong type (0o, 00)
IMflloo < Cl s »

and nonlinear.
(ii) Strong (p,p) implies weak (p, p):
Chebysev ]

m({x eR" : Tf(x) >\}) < — |Tf|P da
W Jen

strong (p,p) ('
< + |fI? du.
)\p Rn
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Theorem 2.19 (Hardy-Littlewood II). If f € LP(R"), 1 < p < o0,
then M f € LP(R") and there exists C' = C(n,p) (meaning C depends
on n,p) such that

1M1, < ClIA -

This is not true, when p = 1, cf. Example 2.3. The proof is based
on the interpolation (Marcinkiewicz interpolation theorem, proven be-
low) between weak (1,1) and strong (0o,00). In the proof of the
Marcinkiewicz interpolation theorem, we use the following auxiliary
lemma.

Lemma 2.20. Let 1 <p <qg<oo. Then
LP(R™) Cc L'(R™) + LY(R™).
Proof. Let f € LP(R™), A > 0. We split f into two part as f = fi + fo
by setting
f(@), [f(x)] <A
0, |f()] > A,

fla), 11
0, |f(@) <A

J1(2) = fX{zerr: |f2)<n} () = {

8
=
V
>

fo(®) = fX{zern | f@)>2 () = {
We will show that f; € L? and f, € L*

/Rn | f1(z)|? dx:/Rn|f1(x)|q—p|fl(x)|p de

[f1l<A
< [ p@r da
R"l

[f11<If]
< ATl < oo,

dr = PP d
| sl de= [ 15l 1A

| f2|>A or f2=0 1
< A _p/ |f2I" da
R?’L

[f2|<|f
< A\ ||f||§ < 00. l

Theorem 2.21 (Marcinkiewicz interpolation theorem). Let 1 < ¢ <
oo}

T : L'(R™) + LYR"™) — measurable functions

18 subadditive, and
(1) T is of weak type (1,1)
(i1) T is of weak type (q,q), if ¢ < oo, and
T is of strong type (q,q), if ¢ = oc.

9.9.2010
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Then T is of strong type (p,p) for every 1 < p < q that is
T fll, < CIfll,
for every f € LP(R™).
Proof. Case q < 0. Let f = fi + f2 where as before
fo=Fxunen and fo= fxqrsa
and recall that f; € L? and f, € L!. Subadditivity implies
T <I|Tfil + 1T fo

for a.e. x € R™. Thus

m{z e R" : [Tf(x)] > A}) <m({z e R" : |Tfi(z)| > N/2})
+m({z e R : Isz( )l > A/2})

< (75 1ll, )"+ 55 el

2C
e F@))* dr
{zeR™: |f(z)|<A}
20,

‘ (@) .
{zeR™: |f(z)|>A}

Then by Lemma 2.9, it follows that
/ |Tf|” dx:p/ N Am({z e R ¢ |Tf(z)| > \)dA
R" 0

< (2C)p / N1 / F(2)[? dz dA
{zeR™ :|f(x)|<A}

+2pC’2/ AP 2/ |f(z)| dedA.
{zeR™:|f(z)[>A}

Further by Fubini’s theorem

/ Ap—q—l/ ()] ddi:/ |f(x)|q/ AL d) da
0 {weR" [ f(2)|<A) " /@)l

1 q T pP—q T
- | Ir@riapa
ﬁ @) da
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and
o0 [f ()]

/ )\”‘2/ |f(m)]dxd)\:/ |f(x)|/ N2\ da
0 {zeR™: |f(z)|>A} n 0

1 _
=1 ) ()P | f ()] da
1
=~ | 1@ ax
Thus we arrive at
20, (2040
p < p
Il <o (=5 + ) I

Case ¢ = 0o0. Suppose that

IT9llo < C2llgll
for every g € L>°(R"™). We again split f € LP(R") as f = f1+ fo where
fr=Fxansveenyy and  fo = fxqrsaeo)

and by Lemma 2.20, f; € L*® and f, € L'. We have a.e.

A A
T fi(2)] < |[|ITfilly < Collfill < 022—02 =5

Thus
m({z e R" : |[Tf(x)] > A}) <m({zeR": |zf1(x)] > \/2})

N

+m({z e R" ::|Tf2(:p)| > \/2}).
It follows that
m({z € R" : [T'f(z)] > A}) <m({z € R" : [Tfa(z)| > A/2})

weak (1,1) Cl

< 1

< L s
e

- F@)] de.
{zeR™: |f(z)|>A/(2C2)}

Then by using Lemma 2.9 again, we see that

/Rn T ()P dx = p/oo N lm({z € R” + |TF(x)] > A}) d)

0

< QC'lp/ AP_Z/ |f(z)| dzdA
0 {zeR™:|f(2)[>A/(2C2)}

wiyepto Lo [ r@p ar .
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Example 2.22 (Proof of the Sobolev’s inequality via the maximal
function). Suppose that v € CF°( R”). We immediately have

/ e (x 4+ rw)dr,

where w € 0B(0,1). Integrating this over the whole unit sphere

() = /a oy H)4S(0)

/8301/ —uas+m)d7“d5()
_/3301/ Vu(zr +rw) - wdrdS(w)

//3301 u(@ +rw) - wdS(w)dr

and changing variables so that y = z +rw, dS(y) =r""1dS(w), w =
(y =)/ |y —a|,r =y — x| we get

__ [T y -
Wp1u(x) = /0 /8B(0,r) Vu(y) \y — x\ = dS(y) dr

1 Vu(y) - (z —y)

n
Wn—1 JRrr |IL‘ - yl

o) < o [ VWL,
Wn—1 JRe |2 — Y|

which is so called Riesz potential. We split this into a bad part and a
good part as fRn = fB(x 5T fR"\B(x " By estimating the bad part over
the sets B(z,27'r) \ B(z,27""r) as

Vu(y) = [Vu(y)
Bz |2 — Y — JB@2-ir\B(z2-i-1r) |T — Y|

Vu
S,
Blaz,2-ir)\B(z,2-i-1r) (277717)

s Y. T
27'r B(z,27r) (2 zr)n

2"12ir][ | |Vu(y)| dy
B(xz,27r)

so that

u(r) = — dy.

Further

hE HMg

b
ﬁ

IA

M-

(2

C

IN

1=0

< C2" Y M |Vul (z 22 i
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we get

v
/ '“—@_'1 dy < CrM |Vu (z). (2.23)
Bla.r) |z — |

On the other hand, for the good part we use Hélder’s inequality with
the powers p and p/(p — 1) , where p < n, as

v
/ | U(yn)_\1 dy
R™\B(z,r) [T — Y|

1/p o/ (o (p=1)/p
<([ wurdy) ([ ey )
R™\B(z,r) R"\B(z,r)

Then we calculate

(r-1)/p
</ |3: _ yl(l—n)p/(p—l) dy)
R™\B(z,r)

& (p—1)/p
_ ( / w0y 1=/ (0-1) dp>

o (r—1)/p oo (r—1)/p
_ (WH / 1=/ (-1) dp> _ (wm / L+ (-1 dp> .

Combining the previous calculations, we get 14.9.2010

Vu(y _n
/R ’—(’n)‘ldy < C|IVull,r'"7, (2.24)

"\Bar) [T — Y

/n
with p < n. Choosing r = <||Vu||p /(M |Vul (x)))p as well as com-
bining the estimates (2.23) and (2.24), we get

ju() sc/R [Vl _,

vl =y
< C||Vul " M |Vl (z) /",
Then we take the power' np/(n — p) on both sides and end up with
fu()|"" P < C|Vully P M|Vl (@)
By recalling Hardy-Littlewood 11, we obtain
/ fu(z)[™ ") Ao < C |Vl |2/ /R M |Vu| (z)P da

2 n— n n—
< C||Vully /[ Vulp < O ||Vl [P0

This is so called Sobolev’s inequality

(/ (x| dx)l/p* < C(/R V()P dx)l/p,

which holds for every u € C°(R™) and p < n.

IThis is sometimes denoted by p* =np/(n — p) and called a Sobolev conjugate.
It satisfies 1/p+ 1/p* = 1/n.



16 HARMONIC ANALYSIS

3. APPROXIMATION BY CONVOLUTION

Definition 3.1 (Convolution). Suppose that f, g : R" — [—00, 00| are
Lebesgue-measurable functions. The convolution

(f*g)(r) = mf@mm—ynw

is defined if y — f(y)g(z — y) is integrable for almost every x € R".

Observe that: f,g € L'(R™) does not imply fg € L*(R™) which can

be seen by considering for example f =g = —X(O\’%(x)-

Theorem 3.2 (Minkowski’s/Young’s inequality). If f € LP(R"), 1 <
p < oo and g € LYR"), then (f * g)(x) exists for almost all x € R"
and

1+ gll, < [1£11, 19l -

Proof. Case p = 1: Because

(f % 9)()] < / £ @)l l9(z - v)| dy

n

we have

[ aua@lass [ [ irwllate - ) dyda
" [ ([ ot - vl de) dy
— [ Wl dy [ gt ds

= [[/11 lgll; -

Case p = oo

(f % 9)(@) s/ F@) gz — )| dy

n

< esssup |f(x)] lg(x —y)| dy
yeRn Rn

= [[fll Mgl -

Case 1 < p < oco: Set
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Then

(f * g)()] s/ F@)] l9(z —v)| dy

n

- /R 17t — ) Lyt = )77 dy

Holder

) </ M lote =) dy>1/p</ ote )l dy) "

= ([ 170 1ot =l ) " ol

Thus

[l sar as< il [ [ 17w ot -] dyas

Fubini

ik 1717 / F)P / 9( — y)| dedy
Rn n

— gl gl A1 = gl L1

because

11
P yl=p(-+-)=p. A
p p - p

We state the following simple properties of convolution without a
proof.

Then

(i) fxg=gxf.
(i) [+ (g*h) = (f*g)*h.
(iii) (af + Bg) «h=a(f «h)+ B(g*h), o, B € R™.

For ¢ € L*(R"), € > 0, we denote

Lemma 3.3 (Basic properties of convolution). Let f,g,h € L'(R").

¢=(z)

inqs(f), z€R" (3.4)
£ g

Example 3.5. (i) Let ¢(v) = XB(O(B)(I)i Then

bo(a) = = XBODE) . Xpoow)
enm(B(0,1))  m(B(0,¢))
Then for f € LY(R™), a mollification

(f * (bs)(a:) = R f(y)(bs(x - y) dy

= ][ f(y)dy.
B(z,e)
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turns out to be useful. Observe also that ||¢.||, =1 for any e > 0
so that

1 @elly < NI el = 111 -
(i)

B {exp <|m‘2;_1> , =€ B(0,1)
(p_

0, else.

It holds that ¢ € C°(R™) and thus also ¢ € L*(R"). Let

lell,
Then ¢. € C°(R™), spt(¢.) C B(0,¢), and

:—/ o(x/e)da

z d:r; E"dy 1

. P(y)e" dy

for all e > 0. The function ¢. is called a standard mollifier in
this case. As before, if f € LY(R™), then

1 @elly < [1f1]; -
Lemma 3.6. Let ¢ € L'(R") and recall that ¢-(x) = =¢(%). Then
(i)
¢=(v) dr = ¢( )dz
R”

for every € > 0.

(i)

lim/ |pe(z)] dz =0
e20 Jrm\B(0,r)

for every r > 0.

Proof. (i) Change of variables, see above.
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(i) We calculate

[ je@ld=— 6(a/2)] da
R"\B(0,r)

€" JR\B(0,r)

y=%, de=e" dy
= o(y) dy
R™\B(0,r/¢)
= / O(Y)XRm\B(0,r/e) Ay — 0

as € — 0 by Lebesgue’s dominated convergence theorem. U

Theorem 3.7. Let ¢ € L'(R"),

a= o(x)dx
RTL
and f € LP(R"), 1 <p < oo. Then
||¢€*f_af||p—>0
ase — 0.

Notice that the statement is invalid if p = cc.

Proof. We will work out the details below, but the idea in the proof is
that by using the definition of the convolution together with Holder’s
inequality and Fubini’s theorem, we obtain

|10 00@) - af@) ds
<liell” [ tocl ([ 1= = o)l de) dy
=16l [ ol ([ 1) sl ) dy

ol [ el ([ 159~ ) ) dy

= [1 + [27
(3.8)

where 1/p+1/p’ = 1. The first term on the right hand side, I, is small

when 7 is small because intuitively then f(z —y) only differs little from

f(z). On the other hand, the second integral, I, is small for small

enough ¢ > 0 for any r because ¢. gets more and more concentrated.  16.9.2010
Next we work out the details. By the previous lemma

af(z) = f(z) - P(y) dy = (z)9:(y) dy.

R
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Thus

/Rn I(f % ¢e)(x) — af ()| da
:/ . / (fle=y) = F@)oe(y) dy
= /n (/ [f(x—y) = F@)| o= |e=(n)[” dy>pdg;

- Jr
Hblder p/p

< e —n-s@rieia [ ewla)" a
"ol [ ol ([ 1@ =)= f)p do)dy

This confirms (3.8), and we start estimating /o and I;.

Fix n > 0. First we estimate I;. By a well-known result in LP-
theory, Co(R™) (compactly supported continuous functions) are dense
in LP(R™) meaning that we can choose g € Co(R"™) such that

| 5@ - g@l e <,

p

dx

Moreover, as ¢ is uniformly continuous because it is compactly sup-
ported, so that we can choose small enough r > 0 to have

/n lg(x —y) — g(x)]" dz < n,

for any y € B(0,r). Also recall that by convexity of z?,p > 1 for
some a,b € R we have |a+b]" < (Ja| + [b])P = (32]a] + 32[b])P <
$(2al)P + (2 1b])P = 277 |a]” + 2P [b]". By using these tools, and by
adding and subtracting g, we can estimate

| 1=~ @ d

< [ 1o =)= glo =)+ 9le )~ 9le) + 9(a) - F@) da
ConvﬁeXityC/n [z —y) —gle—y)l" dz
0 [ o =)= 9@ de+C [ o) = )l da < 3

for any y € B(0,r). Thus
_ p/Y P
L=l [ el ([ 150~ e @) ay

< Il / 16.(9)| 3ndy < Cnp.
B(0,r)
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Next we estimate I. By the previous lemma (Lemma 3.6 (ii)), for
any r > 0, there exists ¢’ > 0 such that

/ |p<(y)| dy <,
R"\B(0,r)

for every 0 < & < &’. Thus since

| 1= = f@p de <t [ ff@ -yl do

n

+2p_1/n\f(x)|p dr < o0

for f € LP, we see that
L=l [ ol ([ 15— 9) - f@l do)dy
R™\B(0,r) n
<c [ Jedyldy<cn
R™\B(0,r)
where C' = Hng’l’/p/ 27([f][>. Thus for any 1 > 0 we get an estimate

|1 %00@) -~ af@P do < L+ B < Cy

with C' independent of 7, by first choosing small enough r so that I is
small, and then for this fixed r > 0 by choosing ¢ small enough so that
15 is small. O

Remark 3.9. Similarly, we can prove that for ¢ € L*(R") and a =
Jan ¢ dz, we have

(i) If f € C(R™) N L=(R"), then
[*¢. —af

as € — 0 uniformly on compact subsets of R".
(ii) If f € L>*(R") is in addition uniformly continuous, then f * ¢,
converges uniformly to af in the whole of R", that is,

as € — 0.

Theorem 3.10. Let ¢ € L*(R™) be such that
(i) ¢(x) > 0 a.e. z € R".
(i1) ¢ is radial, i.e. ¢p(x) = ¢(|z|)

(1ii) ¢ is radially decreasing, i.e.,

2] >yl = é(x) < o(y).
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Then there ezists C' = C(n, ¢) such that
sup [((f * ¢ )(2)| < OM f(x)

forallz e R" and f € LP, 1 <p < 0.

Proof. First we will show by a direct computation utilizing the defini-
tion of convolution, that this holds for radial functions with relatively
simple structure. Then we obtain the general case by approximation
argument. To this end, let us first assume that ¢ is a radial function
of the form

= ZaiXB(O,ri); a; > 0.
Then

dx—Zal B(0,1;))

Thus we can calculate

|(f * de)(2)] =

[t o)

1
8”

[t nodha)

z=y/57g=5n dz flx —e2)p(z)dz

Rn

k

Z/B(o,n) flz —ez)a; dz

i=1
k

szai/B(On)w(x—ez)r dz

i=1

k
Z B(0,r;) ][ |f(x —e2)| dz.
i=1 B(O,’f‘l)

By a change of variables y =z — ez, 2z = (x —y)/e, dz = dy/e" we
see that

1
]{3(07”) ’f(l’ — 82)‘ dz = m /B(%Wi) |f(y)] dy

= B fo W
m(Q(z, 2er;)) 1

= m(B(0,2r,)) m(Q(x, 2:13) /Q@,ng‘f(y)' dy
< C(n)Mf(x).
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Combining the facts, we get

k
(% 90)(a)| < 3 am(BO,r)C(n)M f(2)
= C(n) 161}, M f(2).

Next we go to the general case. As ¢ is nonnegative, radial, and
radially decreasing, there exists a sequence ¢;,j = 1,2, ... of function
as above such that ¢; < ¢ < ... and

¢j(x) = ¢(x) ae. ze€R",

as j — 0o. Now

(Fo)@I < [ 1 -)low)ds

n

_ /R |flz — y)|jli_glo(¢j)e(y) dy

N him [ [f@— )] (9)-(y) dy

< C(n) Jim [Joyll, M (@)

Y2¥ o) l|ell, Mf(x)

for every x € R". In the calculation above, MON stands for the
Lebesgue monotone convergence theorem. O

Remark 3.11. If ¢ is not radial or nonnegative, then we can use radial
majorant

o(x) = sup |o(y)|

ly|>]z|

which is nonnegative, radial and radially decreasing. Thus if <;~5 €
L'(R™), then the previous theorem, as well as the next theorem holds.
Theorem 3.12. Let ¢ € L'(R™) be as in Theorem 5.10 that is

(i) ¢(x) > 0 a.e. x € R".

(i1) ¢ is radial, i.e. ¢p(x) = ¢(|z|)

(11i) ¢ is radially decreasing, i.e.,

z[ >yl = o(z) < o).

and a = ||¢||,. If f € LP(R™), 1 <p < o0, then

m(f *¢e)(x) = af(x)

li
e—0

for almost all x € R".
21.9.2010
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Proof. The sketch of the proof: By a density of continuous functions
in P, we can choose g € Co(R") so that [|f — g|, is small. By adding
and subtracting g, we can estimate

|(f * ¢2)(2) = af(2)] < ¢ * (f = 9)(x) = a(f = g)(2)]
+ (g% ¢:)(x) = ag(z)] .
Since g € Cp(R"), the second term tends to zero as ¢ — 0. Thus

we can focus attention on the first term on the right hand side. By
Theorem 3.10, we can estimate

[(f * ¢e)(@) — af (@)| < | * (f — 9)(x) — a(f — g)(@)]
< M(f —g)(@) +al(f — g)(x)].

(3.13)

Finally, we can show by using the weak type estimates that the quan-
tities on the right hand side get small almost everywhere.

Details: Case 1 < p < oo:
As sketched above the weak type estimates play a key role. Theorem
Hardy-Littlewood I (Theorem 2.12) implies

m({e € R" : Mf(2) > A}) < < |I/]], (3.14)

> Q

for A > 0, and Hardy-Littlewood II (Theorem

[\]

.19) imply

Chebyshev

C H-L II
m{z e R Mf(@) > ) £ SIMAEL S ClAI. (315)

As g is continuous at x € R" it follows that for every n > 0 there
exists ¢ > 0 such that

lg(x —y) — g(x)] <n whenever |y| <.

Thus

n

< 77/ o-(y) dy +2|g]l.. / ¢ (x)dy .
B(0,5) R\ B(0,6)
—_——— —

(g * 6:)(z) — ag(z)| < / 9z — y) — 9(@)] éey) dy

(.

-
<ll¢lly —0 as e—0 by Lemma 3.6

Since 1 was arbitrary, it follows that
lim | (g + 6.)(x) — ag(z)| = 0
e—0

for all z € R".
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This in mind we can estimate

liri_a sup [(f * @) (z) — af(z)]
<limsup |((f — g) * ¢=) () — a(f — g)(=)]

e—0
+ limsup |(g * ¢)(x) — ag(x)|
o ) (3.16)

=0

< sup |((f = g) * @) (@) + a|(f — g)(z)|

e>0
Theorem 3.10

< CM(f-g)(x)+al(f—g))].

Next we define

A= {r e R lmsup|(7 * 6.)(x) — af(2)] > 1}

e—0

By the previous estimate,

1 1
AiC{r e R" : OM(f —g)(x) > Z}U{x eR" : alf(z) —g(x)| > Z}’
fori=1,2,.... Let n > 0, and let g € Cy(R") be such that (density)
1f = gll, <n-

This and the previous inclusion imply

m(A) <m({z € R" : CM(f — g)(x) > 1) +m({z € R" : a|f(z) — g(x)] >

2i
(3.14),(3.15) ) ‘ ,
< C"|lf —gll, + C"I|f = gll,
<GP f —gllh < City?
for every n, i =1,2,.... Thus

and
m(U24;) <) m(A;) =0.
i=1
This gives us
m({z € R" : limsup |(f * ¢c)(z) — af(x)| > 0}) =0
e—0
which proofs the claim
1i_r)r[1)|(f x ¢ )(x) —af(x)] =0 ae zeR"™

Case p = oco: Now f € L>°(R™). We show that

m(f *o:)(r) = af(z)

li
e—0

1
o2
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for almost every x € B(0,7),7 > 0. Let

B ) f(x), xeB(0,r+1)
i (x) = fXB(o,r+1)(9C) = {0’ otherwise,
and fo = f — f1. Now f; € L'(R") and by the previous case
lim(fy « 6:)(x) = afy ()

for almost every x € R"™. By utilizing this, we obtain for almost every
x € B(0,r) that

lim(f  6.)(x) = lim(fy % 6:)(x) + lim(fo * 6.) ()
= af(x) + lim(fo * 6.)(x).

and it remains to show that lim._,o(f2 * ¢.)(z) = 0 for almost all z €
B(0,r). To this end, let z € B(0,r) so that fo(x—y) = 0fory € B(0,1)
and calculate

|(f2 % de) ()| =

[ e = o

[ he=ve) dy\
R\ B(0,1)

- Hle!oo/ 6-(y) dy — 0
R”\B(O,l)

as ¢ — 0. O

By choosing
¢(x) = Xp(,)(x)/m(B(0,1)),

so that
9e(x) = XB(0,e)/ ("m(B(0,1))) = XB(0,5)/m(B(0,€)),

we immediately obtain

Theorem 3.17 (Lebesgue density theorem). If f € L} (R"), then
lim fly)dy = f(x)
r—0 B(CL’,R)

for almost every x € R".

Example 3.18. Let

C(n)
= P =

where the constant is chosen so that

/nP(x)dle.
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Next we define

1 =z t
Pt(ﬁ) = —P(—) = C(n)(|x|2 n t2)(n+1)/27 t>0

and

a(a,t) = (f * P)(x) = / Pz — y)f(y) dy.

This s called the Poisson integral for f. It has the following properties
(i) Au:%+%+...+%:0 and
(1) limy_ou(z,t) = f(x) for almost every x € R™ by Theorem 3.12.
Let
R = {(z1,22,...,t) e R"™ 1 £ >0}

denote the upper half space. As stated above u is harmonic in RT“I S0
that u(z,t) = [g. Pi(z —y)f(y) dy solves

Au(z,t) =0, (x,t) € R
u(z,0) = f(z), =€ R} =R",

where the boundary condition is obtained in the sense

li =

lim (e, 1) = f(2)
almost everywhere on R™. As (z,t) — (x,0) along a perpendicular
axis, we call this radial convergence.

Question Does the Poisson integral converge better than radially?

Definition 3.19. Let z € R" and a > 0. Then
(i) We define a cone
La(@) = {(3:1) € RE™ : |o —y| < at}.

(ii) Function u(x,t) converges nontangentially, if u(y,t) — f(x) and
(y,t) — (2,0) so that (y,?) remains inside the cone I', ().

Theorem 3.20. Let f € LP(R"), 1 < p < o0, andu(z,t) = (f*P)(x).
Then for every a > 0, there exists C' = C(n,«) such that

ui(z):=  swp  fu(y,t) < CMf()
(y,t)€la(z)

for every x € R™.

u* is called a nontangential maximal function. 23.9.2010
Proof. First we show that

Py —z2) < C(a,n)P(x —z) forevery (y,t) € I'n(x), z € R"™
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To establish this, we calculate

o — 2" < (lz =yl + |y — 2I)?

convexity

< 2z =yl +ly — =)
< 2((at)® + |y — 2[*).
Thus
|z — 2P + 12 < (202 + D2+ 2|y — 2|
< max(2,202 + 1)(Jy — 2> + t?)
so that
|z — 2|” + 12

<(ly—z)* +1%).
max(2,2a2+1)_(|y A+t

We apply this and deduce
t
(ly = = + &)+

By —z) = C(n)

t
(| — z|2 + 2)(n+1)/2

< C(n) max(2,2a* 4 1)"+D/2

= C(n,a)P(z — 2).

Utilizing this result we attack the original question and estimate

)] < | 1FG) Py 2)ds

< Cla,n) /R fE) A - =) ds
— Cla.n)(|f] * P)(2)
< C(a,n) S;gg(lﬂ * Py)(x)

Theorem 3.10

< Cla,n)Mf(x).
This concludes the proof giving

sup  u(y,t)| < cMf(x).
(z,t)ela ()

Corollary 3.21. If f € LP(R"), 1 < p < o0, then
(f = P)(y) — f(z)
nontangentially for almost every x € R™.

Proof. Replace in (3.16) the use of Theorem 3.10 by the above estimate.
O
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Remark 3.22. By considering a discontinuous f € LP, we see that

(f % P.,)(yn) does not converge to f(x) for every sequence (yy,t,) —

(x,0). The cone is not the whole of the half space i.e. & must be finite!
Nevertheless, if f € C(R") N L>(R"), it follows that

u(y,t) = (f * B)(y) = f(z)

when (y,t) — (2,0) in R7™ without further restrictions. This is a
consequence of Remark 3.9.

4. MUCKENHOUPT WEIGHTS

A weight is a function w € L{ _(R™), such that w > 0 a.e. We have
already seen that strong (p,p) property for a Hardy-Littlewood maxi-
mal function is an important tool in many applications. Next we study
the question in the weighted case:

Let 1 < p < co. Which weights w € L] (R") satisfy

/H(Mf(x))pw(a:) dz < C’/n |f(2)]P w(x)dz? (4.1)

for every f € Li (R™). As before

— d
M f(x) = s /|f )| dy

is a Hardy-Littlewood maximal function.
This estimate implies the weak (p, p) estimate. Indeed,

M
/ w(z) dz 5/ ( f(x)>pw(x) dz
{zeR": M f(x)>A\} {zeR™: M f(x)>A\} A

< — [ (Mf(x)’w(x)dz (4.2)

If we define a measure

then the weighted strong (p,p) estimate (4.1) can be written as

| us@yansc [ 5@r a (1.3

First, we derive some consequences for the weighted weak (p, p) esti-
mate. Thus we also obtain some necessary conditions for the question:
Which weights w € L (R") satisfy weak (p, p) type estimate?



30 HARMONIC ANALYSIS

Lemma 4.4. Suppose that the weighted weak (p, p) estimate (4.2) holds
for some p, 1 < p < oo. Then

1 P C »
(g L1 ) < - [ st an
for all cubes Q C R™ and f € L} (R™).

loc

Proof. Fix a cube. If [, |f(z)] dz = 0 or [, |f(z)| du(z) = oo then
the result immediately follows. Thus we may assume

1
W/Q|f(x)|dx>)\>0

which implies according to the definition of the maximal function that
Mf(z)>A>0
for every z € ). In other words,

QCc{xeR": Mf(x)> A}

so that
w@) < p{z e R" + Mf(z) > A})
(42) O
< o @
R'n.

If we replace f by fx¢q then this gives

C
H@ < 5 [ 5@
Q
and by recalling the definition of A we get the claim. U

Remark 4.5. By analyzing the previous result, we see some of the
properties of weights we are studying. Let us choose f = xg, £ C Q) a
measurable set, in the previous lemma. Then the lemma gives
m(E)\»
uQ(—) < Cu(E). 4.6

@ (o (B) (16)

This implies
(i) Either w =0 a.e. or w > 0 a.e. in @

Indeed, otherwise it would hold for
E={zxe@ : w(x)=0}
that
m(E),m(Q\ E) >0
(if 7w = 0 a.e. in Q" is false, then m(Q \ E) > 0 and similarly
for the other case) and further by m(Q \ E) > 0 it follows that

1(Q) > 0.
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Then the right hand side would be zero (clearly u(E) = [, w(z) dz =
/, (w=0} W dz = 0) whereas the left hand side would be positive. A

contradiction.
(ii) By choosing @ = Q(x,2l) and E = Q(x,1), we see that

p(Q(x,2)) < Cp(Q(x, 1)),

because m(Q(z,1))/m(Q(z,2l)) = 2". Measures with this prop-
erty are called doubling measures.
(iii) Either w = oo a.e. or w € L _(R™).

loc

If there would be a set
E C @ such that w(z) < co and m(E) > 0,

by (4.6) it follows that u(Q) = fQ

w e LYQ)

and by choosing larger cubes, we get w € L{ _(R™). Thus the
result follows.

Observe that w € L{ _(R™) was one of our assumptions when
defining weights, but it would be possible to take the weak type
estimate as a starting point and then derive this as a result as

shown above.

w(x) dzx is finite, and thus

Next we derive a necessary condition for weak (1, 1) estimate to
hold.
Case p = 1: We shall use notation

ess glfw(x) =sup{m € R : w(z) >m ae. z€Q}
re

and define a set
E.={z€Q : w(x)< essiélfw(y) + ¢}
ye

for some ¢ > 0. By definition of essinf, we have m(E.) > 0.
Now by (4.6),

pQ) _ o n(E)

m(Q) —  m(E;)
defofpy C )
= (B /EE w(x)dr < C’(esyselc?fw(y) +¢).

By passing to a zero with ¢, and recalling that u(Q) = fQ w(z)dz, we
get Muckenhoupt A;-condition
1

W/Qw(x) dz < Cesyseglfw(y). (4.7)

If this condition holds we denote w € Aj;.
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Lemma 4.8. A weight w satisfies Muckenhoupt Ai-condition if and
only if
Muw(z) < Cw(x)

for almost every x € R".

On the other hand from the Lebesgue density theorem, we get w(x) <
Muw(zx) for almost every € R" so that

w(z) < Mw(x) < Cw(x).

Proof. 7<= Suppose that Mw(z) < Cw(x) for almost every x € R".
Then
o
—— [ w(y)dy < Cw(z) a.e. z € Q,
m(Q) Jo
and thus

1 .
W/Qw(y) dy < C’esxseglfw(a:).

”=" Suppose that w € A; so that % fQ w(y)dy < Cessinf,cqw(z).
We shall show that

m({z € R" : Mw(z) > Cw(x)}) =0.

Choose a point z € {x € R" : Mw(z) > Cw(z)} so that Mw(z) >
Cw(z). Then there exists a cube () 5 x such that

1
m/@w(y} dy > Cw(x).

Without loss of generality we may choose this cube so that the corners
lie in the rational points. Thus
1 Ay
Cw(r) < —= [ w(y)dy < C'essinfw
)< iy Jo ) v 2 Cossintuty)
so that

< essinf )
w(z) < essinfw(y)

For this cube, we denote by

Eq=1{z€Q : w(z) <essinfu(y)})

which is of measure zero. Now we repeat the process for each = € {z €
R" : Mw(xz) > Cw(z)} and as we restricted ourselves to a countable
family of cubes with corners at rational points, we have

m(| JEq) =0

because countable union of zero measurable sets has a measure zero.

g
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Observe/recall that uncountable union of zero measurable sets is
not necessarily zero measurable, cf. m(Uzeco1){z}) = 1. Therefore the
restriction on the countable set of cubes was necessary above.

Example 4.9. w(z) = |z| %, 0 < a < n, x € R", belongs to A;.
Indeed, let x € R"\{0}, z € Q. Then by choosing a radius r = 1(Q)\/n,
we see that

Q C B(z,r).

We calculate
—/ w(y)dy < ¢ / w(y) dy
m(Q) Josa = B(z,7) JB@m

2=y =zl dy=la|" dz

Thus by taking a supremum over Q) such that x € @), we see that
Muw(x) < Cw(z),
so that by Lemma 4.8, w € Ay. Also calculate :/:B(O " wdz.

Next we derive a necessary condition for weak (p,p) estimate to
hold.
Lemma 4.4 gives us the estimate

W@ (g 1@ dn)" < [ (P dn

We choose f(z) = w'™(z), where 1/p/ +1/p = 1ie. p = p/(p—1).
Recalling that u(Q) = [, w(z)dz, we get

/Qw(x) dx(m(lQ)/le_p/(x) dx)ng/Qw(l_pl)p(x)w(:v) dz
— C’/Qw(:v)(lpl)p“ de.

A short calculation (1 —p)p+1=(1—-p/(p—1))p+1=((p—1-
p)/p—1))p+1=—-p/(p—1)+1=1-—7p') shows that

Q-pp+1=1-p
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so that if we divide by the integral on the right hand side the above
inequality, we get

@ /Q w(x) d%@ /Q 0D @) ar)" <

This is called the Muckenhoupt A,-condition.
Observe that above, we implicitly use w!'™? € L} (R™). If this is
not the case, we can consider

f=(w+ e)l_p,,
derive the above estimate, and let finally ¢ — 0. After this argument,
as w > 0 a.e., (4.10) implies that w'™* € LL_(R").

loc

or

Example 4.11. w(z) = 2| %, 0 < a <n, x € R", belongs to A,. It
might also be instructive to calculate

: / ! / ) g\
_— wdzy| ——— W P) dg )
m(B(0,7) Jpor <m(B(0> 7)) JB(0.r) )

Let us collect the above definitions.

Definition 4.12 (Muckenhoupt 1972). Let w € L} .(R"), w > 0 a.e.

loc

Then w satisfies A;-condition if there exists C' > 0 s.t.

/ w(x)dr < Cessinf w(y).
Q

yeQ

for all cubes @ C R™. For 1 < p < oo, w satisfies A,-condition if there
exists C' > 0 s.t.

]- ]. v p_]-
@ Jy gy [ ae)” <0
for all cubes Q C R™.

Remark 4.13. (i) 1—-p' =1/(1-p) <0, w7 € L} _(R")
(ii) Let p = 2. Then

1 1 1
W/Qw(x)dxm(cg)/czw@) de < C

(iii)
— Upy,=1/p g
m(Q) /Q wPw x

Higer ( / P (1/P) dx>”p< / WP (1) dx>”p
Q Q
1/p - 1/p
:(/wdx) (/wpdx> :
Q Q

/
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Dividing by m(Q) = m(Q)"*m(Q)"?" and then taking power p
on both sides we get

so that

Qﬁjéwﬁmfwgﬁbxfwﬂw

This was (a consequence of) Holder’s inequality. On the other
hand, by looking at the A, condition, we see that the inequality
is reversed. Thus A, condition is a reverse Holder’s inequality.

Theorem 4.15. A, C A, 1 <p<q.

Proof. Case 1 < p < co. We recall that ¢/ —1=1/(q — 1).

(i [, (24"

. p—1
) (L) ) e
m(Q) Q W

=o( ()" ) @

we Ay 1 -1
< G fp )

which proves the claim in this case.
Case p=1.

(g [, (2" ) < om

1 wE Ay C
- - "% O
essinfow T fowdz

Theorem 4.16. Let 1 < p < oo, and w € L} (R"), w < 0 a.e. Then
w € A, if and only if

loc

(ﬁQQMWW%i%bmww

for every f € L}, (R") and Q C R".

loc

Proof. Case 1 < p < o0.

”«<" was already proven before (4.10).
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”=" First we use Holder’s inequality
1 _ 1 1/p L e
;ﬁjéuuwu—m@%émmmu>(ww) da

< @(/Qu(x)m(@ dx)l/p(/Q (ng))p//pdx)l/p,,

for 1/p" + 1/p = 1. By taking the power p on both sides, using the
definition of p, arranging terms, using p/p’ =p—1, —p'/p = 1/(1 —p),
and A, condition, we get

@ (g [ ) < s ([ rwr e ae)

./Qw(:t) da:(/Qw(x)l/(l—p) dx>p1

J

w e Ap
< Cm(Q)P

<c [ i@ au
Q

Case p=1.

7«<" was already proven before (4.7).

"= Let w € A; i.e.

1 .
W/Qw(x) dz < Cessinfw(z).

Then
1 1
M@)oy [N e < s [ 1@l ar

w€A1 .
sléumwgyw@Mx
<C )| w(x)dz

< Au<n<>

scéumnw. 0

We aim at proving that the weighted weak/strong type estimate and
A, condition are equivalent. To establish this, we next study Calderén-
Zygmund decomposition. It is an important tool both in harmonic
30.9.2010 analysis and in the theory of PDEs.

4.1. Calderén-Zygmund decomposition. In this section we inte-
grate with respect to the measure m only, and thus we recall the nota-

tion fo, = sl [
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Next we introduce dyadic cubes, which are generated using powers
of 2.

Definition 4.17 (Dyadic cubes). A dyadic interval on R is
(27", (m +1)27")
where m, k € Z. A dyadic cube in R" is

[Tim2", (m; + 1)27%)
where my, mo, ..., my, k € Z.

Observe that corners lie at 27¥Z" and side length is 27%. Dyadic
cubes have an important property that they are either disjoint or one
is contained into another.

Notations
Dy, = "a collection of dyadic cubes with side length 27%. ”

A collection of all the dyadic cubes is denoted by

D:UDk.

keZ

Theorem 4.18 (Local Calderén-Zygmund decomposition). Let Qo C
R" be a dyadic cube, and f € L'(Qo). Then if

A2 5@ da
0
there exists a collection of dyadic cubes
F\={Q,; :7=12, ..}
such that
(i)
Q5N Qx = 0 when j # F,
(ii)
)\<][ |f(z)] de < 2N\, j=1,2,...,
and
(111)
|f(@)| < A fora.e. v € Qo \ U2, Q.
Remark 4.19. Naturally, if |f(x)] < A, then F\ = (). Notice also
the assumption that g is dyadic could be dropped, and that if the

condition A > f o |/ (%)| dz does not hold, then we can choose a larger
cube to begin with so that this condition is satisfied.
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Proof of Theorem 4.18. Clearly, Qo ¢ F) because of our assumption.
We split @y into 2™ dyadic cubes with side length 1(Qg)/2. Then we
choose to F), the cubes for which

)\<]{2|f(x)| dz.

Observe that (i) holds because we use dyadic cubes, and because of the

estimate
)| dx m(Qo) z)| dx
@< T8 L (sl

m(Q)

(4.20)
< 2n][ ()] da < 27N,
Qo

also the upper bound in (7i) holds. For the cubes that were not chosen
i.e. for which

it ae <

we continue the process. Then the estimate (ii) holds for all the cubes
that were chosen at some round. On the other hand, according to
Lebesgue’s density theorem

Q*) was not chosen

f@)=tm { lwlay T
—00 Q)
for a.e. z € R™ \ Uger, Q. O

Next we prove a global version of the Calderén-Zygmund decompo-
sition. The idea in the proof is similar to the local version, but as we
work in the whole of R", there is no initial cube Q).

Theorem 4.21 (Global Calderén-Zygmund decomposition). Let f €
LYR™) and X\ > 0. Then there exists a collection of dyadic cubes

F)\:{Q] ]:1727 }
such that
(i)
Q; N Qr =0 when j # k,
(it)
A< |f(x) de <2\, j7=1,2,...,
Qj
and
(iii)
|f(z)| < A for a.e. v € R\ U2, Q.
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Proof. We study a subcollection
F,CD

of dyadic cubes, which are the largest possible cubes such that

][ |f(z)] dz > A (4.22)
Q

holds. In other words, @ € Fy if @ € Dy for some k, if (4.22) holds
and for all the larger dyadic cubes @), @ C @, it holds that

f|f<y>| dy < \

The largest cube exists, if (4.22) holds for @), because

sl
][ fla i

as m(Q) — oo because f € L'(R™). As the cubes in F) are maximal,
they are disjoint, because if this were not the case the smaller cube
would be contained to larger one as they are dyadic and thus we could
replace it by the larger one. A similar calculation as in (4.20) shows that
also the upper bound in (7i) holds. The proof is completed similarly
as in the local version: (iii) is a consequence of Lebesgue’s density
theorem Theorem 3.17. O

Example 4.23. Calderon-Zygmund decomposition for
fiR = (0,00, f(z) = |
with A = 1.

Example 4.24. By using the Calderon-Zygmund decomposition, we
can split any f € L*(R™) into a good and a bad part as (further details
during the lecture)

f=g+0b
as
{f@;), r € R\ UX,Q;,
fQ )dy, =€ Qj € Fy
and

= ij(f)

bj(z) = (f(z) — f(y)dy)XQer)
Observe that g < 2"\ and fQ dy =0. Split f : R — [0,00], f(x)=

1/2

|z| ™7 in this way with A = 1.
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Lemma 4.25. Let f € L'(R") and
F\={Q; :7=12, ..}
Calderon-Zygmund decomposition with X\ > 0 from Theorem 4.21. Then
{r e R" : Mf(zx) >4"\} C UZ,3Q;.
Proof. The Calderén-Zygmund decomposition gives bounds for the av-

erages, so our task is passing from the averages to the maximal function.
To this end, let

r € R\ UX,3Q;

and @@ C R" is a cube (not necessarily dyadic) s.t. z € Q. If we choose,
k so that

2 < Q) < 27,
then there exists at the most 2" dyadic cubes Ry, ... R; € Dy such that
R,NQ#D, m=1,...,1.

Because R, and @ intersect, () C 3R,,. On the other hand R,, is not
contained to any ); € F), because otherwise we would have z € Q) C
3@Q; which contradicts our assumption x € R™\ U52,3Q;. As R,, is not
in F), it follows by definition that

form=1,...,[. Thus

Moreover,
_SUP][ |f(y)] dy < 4"A
Q3
for every r € R™ \ U32,3Q);. Thus

R"\UZ,3Q; C{r e R" : Mf(x) <4"\}. O

Corollary 4.26. Let f € L*(R") and
P\={Q; :j=12,...}

Calderon-Zygmund decomposition with A > 0 from Theorem 4.21. Then
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(i)
{reR" : Mf(z) > 4"\} C UZ,3Q;.

and
(ii)
U2,Q; C{z € R" : Mf(x) > A}

Proof. (i) The previous lemma.

(i) Q; € F\ implies
# 17 dy >
Qj

Mf(x) > A

and thus

for every x € @);. Thus
U2,Q; C{z € R" : Mf(x) > A} O

4.2. Connection of A, to weak and strong type estimates. Now,
we return to A,-weights.

Theorem 4.27. Letw € L;,(R"), and1 < p < co. Then the following
are equivalent

(i) we A,
(ii) :
pl{z €R™ : Mf(@)> ) < o / ()P dn

for every f € L, (R™), X\ > 0.

loc

Proof. 1t was shown above (4.10) in case 1 < p < oo and in the case
p =1 above (4.7), that (i7) = (7).

Then we aim at showing that (i) = (iz). The idea is to use Lemma 4.25
and to estimate

p({z € R : Mf(x)>4"A}) <) u(3Q;), (4.28)
J=1
for Calderén-Zygmund cubes at the level A and for f € L'(R™). Fur-

ther, we have shown that w € A, implies that  is a doubling measure.
Thus

1(3Q;) < (@)

Theoregm 416 C(éj | f ()] d:l:) - /Qj |f (@) dp()

Qj is a Calderén-Zygmund cube (Y

< w |, W@ dute)
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Using this in (4.28), we get

o € R 5 M) > ) £ 32 (30,

_Ap /|f e

Qj are dlSJOll’lt C
< — P dq
< 5 L@ au).

and then replacing 4"\ by A gives the result.

However, in the statement, we only assumed that f € L] _(R") and
in the above argument that f € L'(R"). We treat this difficulty by
considering

uMg

f fXBOZ 12

and then passing to a limit ¢ — oo with the help of Lebesgue’s mono-
tone convergence theorem. To be more precise, repeating the above
argument, we get

u({e € R - M) > 4} < & | @ dua)
Since
{r eR" : Mf(x) >4"\} =UZ {x e R" : Mfi(z)>4"\}

the basic properties of measure and the above estimate imply
p{z e R™ : Mf(zx) >4"\}) = lim p({z e R™ : Mfi(x) > 4"\})

< lim & / @) du

i—oco0 \P

MON C
)\p

Next we show that w € A, satlsﬁes a reverse Holder’s inequality.
First, by the usual Holder’s inequality, we get

gy Lirorar < o ([iswran) ([ v
QF ([ 1 ar)
< ( ]{? fa)r dr) "

(f uran)” <c(f r@r )™ a>p

| (@)|” dp. O

Similarly
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Thus it is natural, to call inequality in which the power on the left hand
side is larger the reverse Holder inequality. Reverse Holder inequalities
tell, in general, that a function is more integrable than it first appears.
We will need the following deep result of Gehring (1973). We skip the
lengthy proof.

Lemma 4.29 (Gehring’s lemma). Suppose that for p, 1 < p < oo,
there exists C' > 1 such that

» 1/p
(fuara)”<cf )i

for all cubes Q C R™. Then there exists ¢ > p such that

q 1/q
(fLuer ) <cf irw)a

for all cubes Q@ C R™.

Theorem 4.30 (reverse Holder’s inequality). Suppose that w € A,
1 <p < oo. Then there exists 6 >0 and C' > 0 s.t.

<@/le+6 d$>1/(1+6) < %/@wdx

for all cubes Q@ C R™.

Proof. Since w € A,, we have

On the other hand Hoélder’s inequality implies for any measurable f > 0
(choose p = p/ = 2 in (4.14)) that

/f (IQ)/Q%dx>Zl

Then we set f = wl/ »=1) and get

< [t (1))

Combining the inequalities for w , we get

1 1 1/(1—p P
m<@>/Q‘”dZ(m<Q>/Qw/( )
1/(p—1 el 1 1/(1—p p-l
< (- [ty (o [wtnas)™

1 C 1(p—1 p-1
W/dexg(m/cgw/( )dx>

so that
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or recalling f

1 L \VeD _C
(@ ;7)< [, 1o

Now, we may suppose that p > 2 because due to Theorem 4.15, we
have A, C A;, 1 < p < ¢, and by this assumption p — 1 > 1. By
Gehring’s lemma Lemma 4.29, there exists ¢ > p — 1 such that

1 ‘ 1/q C
(i@ L, 74) " < iy 7

or again recalling f and taking power p — 1 on both sides

The right hand side is estimated by using Holder’s inequality as

1 1/(p—1 Pl 1
(W/Qw/( )da:) gm/cgwdx

and the proof is completed by choosing § such that 146 = ¢/(p—1). O
Theorem 4.31. If w € A, then w € A,_. for some € > 0.
Proof. First we observe that if w € A,, then (4. Exercise, problem 4)

o
wl p EAp/.

w 9

'—1 1/(p—1)
Utilizing the previous theorem (Theorem 4.30) for <%>p = <l> "

we see that

(@/Q<%)(1+5)/(p—1)dx)(p—l)/(lJré)S (%/@(%)U(p—l)dx)p—l.

Now we can choose € > 0 such that

p—1
eI

We utilize this and multiply the previous inequality by @ /. o wdz to
have

1 1 1\ 1/((p—e)-1) (p—e)—1
v LG LG )

1 C 1\ V-1) p—1
<o G )

wE Ay

< C
Thus w € A,_.. 0

Next we answer the original question.
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Theorem 4.32 (Muckenhoupt). Let 1 < p < co. Then there erists
C >0 s.t.

/n (Mf(l’))pw(x) dz < (J/n (@) w(z) dz

if and only if w € A,.

Proof. ”=" has already been proven.

7«<” We know that w > 0 a.e. so that
0 = p(E) :/w(x) de < m(E)=0.
E
and thus
def . n
oy = If{A = p({z € R" : |f(2)] > A}) = 0}
=inf{\ : m({z € R" : |f(x)] > \}) =0}
= |[flls
Then

Lemma 2.8
UM fll ooy = IM flls < Nflloe = 1 f1l oo

so that M is of a weighted strong type (co,00). On the other hand,
by Theorem 4.27 implies that M is of weak type (p,p). Moreover, the
Marcinkiewicz interpolation theorem Theorem 2.21 holds for all the
measures. Thus M is of strong type (¢, q) with ¢ > p

M fl pagey < ClF M Lo -

By the previous theorem w € A, implies that w € A,_.. Thus we can
repeat the above argument starting with p — € to see that

UM fll 2oy < C M Lo

with the original p. O

5. FOURIER TRANSFORM
5.1. On rapidly decreasing functions. We define a Fourier trans-
form of f € L'(R) as
:]E /f —27rwc§daj (51)

Remark 5.2. (i) e72™% = cos(2nx€) — isin(2rz€), (even part in
real, and odd in imaginary).
(ii) Theory generalizes to R™ (then x-& = Y | x;&; and e™27¢).

7.10.2010
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Example 5.3 (Warning). The Fourier transform is well defined for
f € LY(R) because

|f(z)e™*m¢| = |f ()]

which s integrable. However, nothing guarantees that f (&) would be
in L'(R). Indeed let f: R — R, f(x) = x{-1/2.1/23(x), which is in
LY(R). Then for & #0,

:/ f(x)e_%m&dw
R
1/2 '
:/ efQﬂlxﬁdx
~1/2

1/2 1/2
:/ cos(2mx€) dr — z/ sin(2mzf) dx

1/2 —-1/2

J/

g

=0

/1/2 sin 27m§

1/2 27r§
_ 2sin(mg)  sin(7€)
e wE
but % is not integrable (the integral of the positive part = oo and
the integral over the negative part = —oo over any interval (a,o0]).

Later, we would like to write

:/ f(x)eQ’mg dz
R

for the inverse Fourier transform, which however makes no sense as
such for the function that is not integrable.

The problem described in the example above does not appear for
the functions that are smooth and decay rapidly at the infinity, the so
called Schwartz class. Later we use the functions on the Schwartz class
to define Fourier transform in L? and further in LP.

Definition 5.4. A function f is in the Schwartz class S(R) if
(i) f € C*(R)
(i)

d f ( )

< oo, forevery k,1>0.

sup | "
zeR

In other words, every derivative decays at least as fast as any
power of |z|.
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Example 5.5. The standard mollifier (as well as all of C°(R))

oo {exp (le%l) , xe(-1,1)

0, else.

is in S(R). Also for the Gaussian

2

flz)=€e" € S(R).
Indeed,

df (z)
dx

and so forth so that all the derivatives will be of the form

— 2y = —2zf(x)

polynomial - f(x)

and

|2|" |polynomial - f(z)| < |polynomial| | f(z)] .
Thus as e decays faster than any polynomial, we see that e~
S(R).

Lemma 5.6. Suppose that f € S(R). Then
(i) (of + Bg) = af + 5.

(i) (£)(&) = 2mit f(©).

(idi) GE(&) = (=2mixf)(€),

(iv) f is continuous,

(@) 1flle < 1711

(vi) flex) = LF(E) = f(€),e >0,

o — ~

(vii) [{a 1 h) = f(E)em,

~

(viii) f(z)em* = f(§ = h),
Proof. (i) Integral is linear.
(i)

—

(B)o- ()

integrate by parts d I,y
grate by _ f(l‘)—e 27rzw§dx
R d$

= 2mif /R Flx)e 2™ dx = 2mie f(€).

2

47

€
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(iii)
df

_ i —2mix§
O =3 [t

_ i —2mixg

—/Rf(x)dge dz

= —/ f(z)2mize*™*¢ dg
R

— (—2mizf)(E).

The interchange of the derivative and integral is ok as f € S(R):
in the detailed proof one can write down the difference quotient
and estimate it by definition of S(R).

(iv)

: £ 1 —2mixz(€+h)
tim ¢+ ) = Jim [ (o)e da

DOM, |f(z)e~2mie(@ith) | <|f(x)] , A
| _ | / f(flf) lim 6—27rzx(f+h) dr = f(f)

(v)
/R f(z)e™ 2™ dy

)| e 2| dx.
SAJﬂM\ZI{d
(vi)

ﬁa?)z/Rf(ax)e_z’mgdx

=cx,dy=cdz 1 _omi e 1.
et 2 gy = 1),
e Jr g e
(vii)
ft+h) = / f(x + hye %€ de
R
=x+h,dy=dz —9i(y— o -
et [ ey = fe)e
R

(viii)

—

f(x)e%i’w:/ f(x)ezmhwe_%mfdx
R
= [ fape N do = (e - 1),
R

Example 5.7. If
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then its Fourier transform is

~

fle)=e¢

By using complex integration around a rectangle and recalling that e~

is analytic function, we could calculate [g e~ e2miTE Q3 directly by
using complex integration. We however follow a strategy that does not
require complex integration and observe that f(x) = e ™ solves the
differential equation

' +2mxf=0
f(0) = 1.

By taking Fourier transform of f' + 2nxf = 0 and using Lemma 5.6,
we obtain

£

0=F(f +2naf) = f' + 2naf = 2mief — f7 =i(2r&f + f).

And

because

2 2 2 2
</ e ™ dac) :/ / e e ™ dady
R R /R
:/ / e ™ drdsS
0 0B(0,r)

= / e dr
0
= — / e = 1.
0

Thus f satisfies the same differential equation and the uniqueness of
such a solution implies the claim.

Theorem 5.8. If f € S(R), then

(i) f € S(R) (similar result does not hold in L),
(i)

F(f) = /R F(6) i de € S(R)

whenever f € S(R).
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Proof. (i) Recall that by Lemma 5.6, f is continuous and for any pair
of integers k, [

F (ﬁ ((%) k(—QWix)lf(x)> — ﬁ}? ( (d%) k(—ZWix)lf(x))

=~ G (27ri§)’“F<(—27Ti$)lf (x))

Therefore

(50) 7@

- ‘F( e () Coriat ) |

k
e 20 ﬁ(%ﬂ) (=2miz)f(@)]| < oo

1

so that f € S(R).
(ii) This follows from the previous by a change of variable.

Lemma 5.9. If f,g € S(R), then

/R F(@)g(w) dz = /R F()3(x) dz

/R fWgly)dy = /R /R f(x)e™™™ da g(y) dy
e /R f(z) /R e g(y) dy du
- [ s@ite)as. O

Next one of the main results of the section: inversion formula for the
rapidly decreasing functions:

Proof.

Theorem 5.10 (Fourier inversion). If f € S(R), then

/ Fly)ermie de,

or with the other notation f(z) = (F(f)) = FL(f).
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Proof. First we show that
f(0) = fA dy. 5.11
(0) /R (y) dy ( )

To see this let ¢ € S(R) and define h(y) = f(—y). Then ¢ € S(R)
and by the convergence result Theorem 3.12 (and the remark after the
theorem)

tim | h(=9)0-(9) dy = Tim(h + 6.(0) = h(0) = ().

On the other hand, by Lemma 5.6 and the previous lemma
iy [ h(=)de(y) dy = liny | FCg)oley) dy
e=0 Jr e=0 Jp
h(=y)=F(y) . s
iy [ fg)o(ey) dy
e—0 R
Let ¢(z) = e=™, then
lmo(er) =1, |fm)oley)| <

It follows that
. A DOM 7 .
ing [ Foten) du "2 [ (o) tim o) dy

e—0
N—_——
=1

fe)|.

proving (5.11). Then defining g(x) := f(z+h) and using from Lemma 5.6

A~

the fact that §(y) = f(x + h) = f(y)e*™ and observing g(0) = f(h),
the equation (5.11) implies

f(h) = /R Fly)erm dy,

hich he claim.
which proves the claim 12.10.2010

Corollary 5.12. Let f € S(R). Then by taking consecutive Fourier
transforms, we obtain

F(@) = f(©) = f(=2) 5 f(=€) 5 f(2).
In particular, F~(f) = F(F(F(f))).

Proof. The second arrow:

/ f(g)ef%rizf df f:—C/ fA(_C)627rimC dC
R R

:/ / f(y)e—Zm'y(—C) dy 627riw< dC

RJR

y_—z/ / f(_z)672m'z( dz 6271'1':1:( dC — f(_$)
RJR

The other arrows are easier. O
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Lemma 5.13. If f,g € S(R), then

——

frg=1fq

Proof. The proof is based on Fubini’s theorem. To this end, observe
that by the proof of Young’s inequality for convolution, Theorem 3.2,
we have

[ 1t@ata =) =] ayae = [ 11l [ lote =)l dedy < .

Now we can calculate

fxg= / / F)gla —y)dy e da
RJR
Fugni/ () / gz —y)e ™ dzdy
R R
m_y:z’,—d:ﬂ: dz —2mi(z+y)§
X / f(y)/ g(2)e dzdy
R R

_ / Fly)e 2 dy / g(2)e = dz = fg. 0
R R

Next we prove Plancherel’s theorem. The theorem plays a central
role, when extending the definition of the Fourier transform to the
L?-functions. It will also be needed in connection to singular integrals.

Theorem 5.14 (Plancherel). If f € S(R), then
1£1l, = [1 /12 (5.15)

Proof. Set g = f Then § = f. To see this, we first calculate

g=F= | fla)emistds

/
:/7(:76)62’”‘””€ dx

= [ T o ar = F(-g)

and thus by Corollary 5.12

~

g(z) = F(f(=&)(z) =

Utilizing this and Lemma 5.9, we have

17l = | @) dx—/f

Lemma5 / dl’—/f dl’—HfHQ 0

|
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5.2. On L'. As stated above for f € L'(R), the Fourier transform
f(&) = [g f@)e € dx is well defined but it might well be that
f¢L'(R). A .
Question: Then how do we obtain f from f in this case as [ f(§)e*™** d¢
might not be well defined?

The answer is that we can make sure that the inversion formula
makes sense by multiplying by a bumb function which makes sure that
the integrand gets small enough values far away, and then pass to a
limit.

Theorem 5.16. Let ¢ € L'(R), be bounded and continuous with b€
L'R), ||o|ly =1 . Then

=0.
1

lim
e—0

/ (€)= (— ) dé — f(a)
R

—71'12

A suitable ¢ in the theorem above is for example ¢(z) = e
Example 5.7.

, see

Proof. First, we show that
[ F@emo(—e6) de = (b} o)
To this end, recall that gb@) = ¢.(—¢€) and f(E(;?\m"m = f(€ —h)

by Lemma 5.6. Observe that these results hold also for L' functions.
Since ¢ is bounded also the proof of Lemma 5.9 holds. Thus

/ F(€)e2 e §(—e) de = / / Fly)e 2™ dy AT g(—e€) de
R RJR
Lemma 5.9 2mixé 10 —2miy&
m /R () /R (777 p(—c)) e 2E dg dy

= [ F) Pt ) dy (517)
Lemma 5.6:(vi),(viii) i
S ) bula = )y
R
= (f * e)(@).
When dealing with convolutions, we showed in Theorem 3.7 that
(f % 0)(z) = f(z) in L'(R). O
If f € L'(R), then the inversion formula f(z) = [ f(£)e* ¢ d¢
works as such. This can be seen by adding a condition ¢(0) = 1

for the bumb function and passing to limit in (5.17) using Lebesgue’s
dominated convergence on the left.
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5.3. On L2

Theorem 5.18. Let f € L*(R"), and ¢; € S(R), j = 1,2,... such
that

Jlim {|¢; — fll, = 0.

Then there exists a limit which we denote by f such that
Jlim [|¢; — fll2 = 0.

The function f is called a Fourier transform of f € L*(R).

Proof. First of all, there exists a sequence ¢; € S(R), 7 =1,2,... such
that

lim {|¢; — fll, =0

because S(R) is dense in L?(R): We have already seen that Cy(R)
is dense in L?*(R). On the other hand, if f € Cy(R) then C§°(R) >
f*¢. — fin L*(R), where ¢. is a standard mollifier, and we see that
Cs°(R) is dense in L*(R), which is contained in S(R).

Then by Plancherel’s theorem

|6; — dkll2 = |65 — drll, — 0

as j,k — oo and thus ngSj, J = 1,2,... is a Cauchy sequence. Since

L?*(R) is complete, ngSj converges to a limit, which we denote by f .
Next we show that the limit is independent of the approximating
sequence. Let ¢; be another sequence such that

pj— f in L*R)

and let g € L?(R) be the limit
¢; —~g in L*(R).
Then
0

Plancherel ;.

I . N 7 ¢
i [lo; = ¢sll, ="l [[@; — ¢jll = [lg — fll. O

Similarly we obtain a unique inverse Fourier transform of any L?2-
function.
We state separately a result from the previous proof.

Corollary 5.19 (Plancerel in L?). If f € L*(R), then

[1/1l = 11f1l2-
Proof.
11l = lim 1611, = limn 19512 = 171
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We also obtain formulas for calculating the Fourier transform and
the inverse Fourier transform for L?-functions. Observe that in the
corollary below, xp(o.r)f € L'(R) N L*(R) by Holder’s inequality since

filfl dz < (f5 1117 de)"”*.
Corollary 5.20. If f € L*(R), then

lim ’/ f(z)e 2™ dy — fll =o,
F=oo || J{|z|<R) 5
and
lim ‘ / f(e)e*m=E dg — f(x)|| = 0.
R=oo |[J{le|<Ry 5

Proof. Recall that if f € L*(R), then xporf — f in L*(R) by
Lebesgue’s monotone/dominated convergence theorem. Let us denote

lim f(x)e ™ de = lim F(fxp.r)-

The convergence F(fxpo,r) — f follows from the Plancherel’s theo-
rem, because the right hand side of

[F(xsem) = f||, = 1xs0.m - 11,

can be made as small as we please by choosing R large enough. The
proof of the inversion formula is similar. O

54. On L?, 1 < p < 2. Fourier transform is a linear operator and
thus for f € LP(R), 1 < p < 2, we have

f= I+ fa=Fxursay + fxanen € L+ L2
we have f = fi + fo € L® + L? and

lim / f(z)e 2™ d,
R=00 J{|z|<R}

can also be utilized here. However by a special case of the Riesz-Thorin
interpolation theorem we obtain even better. We omit the proof.

Theorem 5.21 (Riesz-Thorin interpolation). Let T' be a linear opera-
tor

T:L'(R)+ L*(R) — L*(R) + L*(R)
such that
ITfill < Cillfall;
for every fi € LY(R), and
T folly < Collfally
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for every fo € L*(R). Then
1-2/p' ~2/p'
ITfll, < e Al
where 1/p+1/p' = 1.

Corollary 5.22 (Hausdorff-Young inequality). If f € LP(R), 1 <p <
2, then f € L” (R) and

F 1l < (1£1,-
Proof. By Lemma 5.6, we have HfH < ||f|l; and by Plancherel’s
theorem H f H = ||f|l,. Thus we can use Riesz-Thorin interpolation.
2
U

Observe however that obtaining f from f by using

~

f(§) = lim fa)e > du,

=00 J{lal<R)
is a nontrivial problem. For example in the case p = 1 the Fourier
transform of xp(o g is not in L' as shown in Example 5.3, it does not
satisfy the assumptions of Theorem 5.16, and thus our results do not
imply the convergence. In higher dimensions there is no, in general,
the convergence in LP, p # 2, as R — oo.
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6. SINGULAR INTEGRALS

In this section we consider integral operators of type

750 = [ K@)y aa.

n |z =yl

If K(z,y) = K(x —1y), we say that the operator is of convolution type.

Let us motivate the study of such operators. Indeed, integral op-
erators naturally arise in the analysis of partial differential equations.
Consider, for example, the Poisson equation

—Au=f in R", n >3,

where, for simplicity, we assume that f : R® — R is smooth com-
pactly supported function. Then the global solution is obtained via
convolution

Here ¢,, is a constant depending on the dimension n. Proceeding for-
mally, we may take the k' partial derivative and obtain

ou B o N
a—xk(ff) = ¢y - f(y)a—m|$—y| dy =: I,(f)
and
0%u o2 -
Dy, ) = R T g ge 1w =" dy = Lan(f)(2).

A direct calculation gives

0 92— T — Yk
— |y = n -9
Gl = -2
and
a 2 1 (e — y) (@ — Ym)
— =y = —(n—2) Gt n(n—2 ,
axkaxm|x vl (n )IfE — gy Fnn=2) |z — y|+2

where 0;,, stands for the Kronecker delta function. Observe that the
kernel of [;; is not in L'(R™) and we need to carefully define in what
sense the operator takes values.

Now, when considering the regularity of u, i.e. properties of first and
second derivatives, we are led to the analysis of mapping properties of
singular integral operators I; and [;;. For example, a relevant question
is that if f above belongs to LP(R"), do second derivatives of u belong
to LP(R™) as well?

We start our journey to the fascinating world of singular integral
operators considering two model cases: Hilbert and Riesz transforms.
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6.1. Hilbert transform. The Hilbert transform of f € LP(R), 1 <
p < 00, is defined as

(Hf)(x) = p.V% /R % dt := lim ! /) dt.

0T Jfggse T —t

(HO f)(2) = ~ / G

T Jig—t|>e T — t

Denote

Observe immediately that since 1/t does not belong to L', we are not
in position to apply Theorem 3.12 to obtain the existence of the limit
above. However, when f € S(R), then the limit exists.

Lemma 6.1. Let f € S(R). Then the limit
(Hﬁ@ﬁzhﬁuﬂgﬂ@)
exists for all x € R.

Proof. Since (z —t) ™' X{e<jo—t|<s} is an odd function, we have

l/ f(x>dt:M/ L gt—o

T Je<lo—tj<s T — 1 T Jeclo—t|<s T —1

for all 0 < € < 4. Thus also

HO () — * fO) - f@) 1 ft)
( f>() /a<|:c—t|<6 e / !

s Tz —1 T Jjp—tj>6 T —t

holds for all 0 < € < ¢ and now the limit on the right, as € | 0, exists
by Lebesgue’s dominated convergence since

ft) = f(x)

—t <X{jz—t|<s}  SUp M

@heRxR |7 — 1]
<X {ja—tj<s} 1 f |0

and the second integral converges for fixed 6 > 0 by the decay of f, i.e.
that there is a constant ¢, such that sup,cg [(x —t)f()| < ¢, O

‘X{s<|zt|<6}

The proof shows that we also have a uniform bound

) 2
(HEF) @) < 1o + —IIf I (6.2)

for all 6 > 0 and = € R. It also follows that H operating on S(R) is a
linear operator.

Our primary goal is to extend the existence of the limit for all LP-
functions and deduce that H is a linear operator from L?(R) to LP(R)
for every 1 < p < co. The plan to do this is as follows: first we study
the behavior of H operating on S(R). We find that for every p = 2
there is an extension for H from S(R.) to the whole of L*(R). Using this
we show that H satisfies weak (1, 1) and strong (p, p) when restricted to
S(R). Then we will find suitable bounds for a maximal type operator
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H®f = sup..o|H® f| and then, using obtained bounds, infer the
existence of the limit almost everywhere.

6.1.1. Fourier transform of the Hilbert transform. We start by study-
ing the Fourier transform of Hf. At this stage, the most important
implication of the next theorem is that H is strong (2, 2) when restrict-
ing functions in S(R) allowing for an extension to the whole L?(R).

Theorem 6.3. Let f € S(R). Then we have

—

(HF)(€) = —isen(©)f(€)
for every & € R and hence |H f|l2 = || f]l2. Here

1, &> 0,
sgné =40, £=0,
-1, ¢£<0.

As a corollary we may define the extension H of H to the whole
L?(R) via the inverse Fourier transform

(F () = —i / sen(€) £(6) =€ de.

R

Note carefully, however, that this extension does not yet tell anything
about the existence of the pointwise limit lim. o H® f when f € L*(R).
Collecting facts:

Corollary 6.4. The Hilbert transform H allows for a unique extension
H from S(R) to L*(R) such that H is a (linear) operator from L*(R)
to L*(R), Hf = Hf for all f € S(R) and if f € L*(R), then

—

[Hfllo=fllas  (HF)E) = —isgn(€)F(€).

Proof of Theorem 6.3. To begin with, define the approximating opera-
tor

Fute) =@ =2 [ I a= e,

™ r—1

where 0 < € < 1 and

I Xe<|o|<w
KEM(:(:)—%—KLK .

Clearly K., € L?(R) for all 1 <p < co. Therefore

—_—
= — o~
fs,w = z—:,wf
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holds by Lemma 5.13, in view of Theorem 5.18, almost everywhere. A
straightforward calculation gives

o 1 —27ilx
Ko(€) =— / W
, T Je<|z|<w z

1 1
:—/ = (cos(2mx€) — isin(2mxf)) dx
T Je<lz|<w ¥
2t [“1
_ 2= sin(2rz€) dx,
T x

£

where we used the fact that cos(ax)/z and sin(az)/x are odd and
even functions, respectively, for all a € R. Changing the variables as
t = 2mxé, we obtain

. - rlel g
() = ~Zsgniy [ )

dt.
amlele 1

The integral on the right has a limit as the following lemma reveals.

Lemma 6.5.

W sin(t
TRTI L O
el0 wroo [ t 2

[0 <0 weee

for a constant ¢ independent of € and w.
We postpone the proof. Deduce using the lemma that

lim lim [?E\w = —1isgn
i lin K., (6) = ~isen(€)

and

< c. (6.6)

Consequently also

—
~

lim lim |- = (=isen(€) f)lo = lim lim [|(K + i sen(€)) fll> = 0

holds by the Lebesgue’s dominated convergence. Let then g € L*(R)
be the inverse Fourier transform of i sgn(& ))f, which certainly is well-
defined by Corollary 5.20 since i sgn(§ )]? € L*(R). Plancerel’s identity,
i.e. Corollary 5.19, implies that

—

lisn lim | fo.o = gll> = lim lim || fo.y = 1> = 0

and

gl = [Lf2-



HARMONIC ANALYSIS 61

Let us now calculate an integrable upper bound for Jt?,w independent
of w. Suppose first that |z| > 2¢. Then

Foul(@) glf MdHl/ FO

T Jeclotl<lal/2 1T — ] T Jjo—t|>[al/2 1T — 1
1 t 2
</ FOL 3y 241,

T Je<|z—t|<|z|/2 |z — 1| |zl

If |z —t| < |x|/2, then |z| < |t| < (3/2)|z| and therefore

[ 10l | 01 [ el
e<lo—t|<|zl/2 [T — 1] e<lo—t<|z)2 [T — t] || [¢]

1
<——sup [tf(t)]
elz| ter

holds. Since f € S(R), sup,cg [tf(t)] < oo. If |x| < 2e, then estimate
simply as | f. o (z)| < || f]l1/e. In all cases we have

~ C
cw()] <

for a constant ¢ depending on f and ¢, but independent of w. It follows
that

3 2 2c? 2
(few(z) —g(2))" < W + 2g(x)

and the right hand side is integrable. Thus Lebesgue’s dominated con-
vergence gives

Hm [[ e = gll2 = || im foo, — gl
wtoo wtoo
On the other hand, Lebesgue’s dominated convergence? implies

}}TI& fw(m) = lim l/a /()

wloo T <Jz—t|<w x—t

:l/ U0 dt = H® f(z).

T Jeclz—t) T — 1

dt

Thus we conclude with

lim ||H® f — g||» = 0.
i [ — gl =0

It follows that there is a subsequence (g;,) such that g, | 0 and H®») f —
g almost everywhere as k — oco. But now we know by Lemma 6.1 that
the limit H f exists and thus

i HE £ — i FER) £
Bl =iy =

almost everywhere. U

2|X€<‘I*t‘<wf(t)/($ - t)| S f(t)/E € Ll(R)
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Remark 6.7. While proving the last theorem, we also obtained (6.6)
implying

(HOP)©Q)] < df©)] VeeR

for a constant ¢ independent of € and f. In particular, H® is strong
(2,2) by Plancerel’s equality for a constant independent of ¢.

Proof of Lemma 6.5. Observe first that |sin(¢)/t| < e and hence

/ sin(t) 0
0 t

for all € > 0. On the other hand, rewriting

/oo sin(t) gt i /w+27r(k+1) sin(t) it

t k=0 wH2rk i

< ee

and then changing variables as

/w+27r(k+1) sm(t) gt /w+7r(2k+1) sm(t) "

tr2ke1) L +ork t+m
we obtain
/w+27r(k+1) M e /w+7r(2k+1) sin(t)
w2rk t wt2rk t(t+m)
Therefore

/—Sm(t)dtgyr/ L <
w w tt+m) w

and the term on the right tends to zero as w 1T oo. Thus we have
w : t D : t
it [ 92 gy = / sin(t)
€0 wtoo [ t 0 t

We now proceed in calculating the value of this integral.
To this end, define

I(a) := / we_“t dt, a > 0.
0

Differentiate with respect to a to get

') = — /0 " sin(t)e " dt.

One can easily make differentiation rigorous by considering differential
quotients and using the fact a > 0. Integration by parts gives

o 1 [~ 1 1 [
/ sin(t)e ™ dt = —— / cos(t)e™dt = = — — sin(t)e” dt
0 a Jo a a= Jo
and hence
I'(a) = — I(a) = — arctan(a) + c, a>0, ce R

1+ a?
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Since I(a) — 0 as a — oo, we have ¢ = 7/2. If we now can show that
I is continuous on [0, c0), we may deduce that

sin(t) T
/ War=10)=7.

0

The only point we have to check is a = 0. Let 0 < a < 107210, Rewrite
the difference as

I(a) = 1(0) = /oo SN (ot _ 1) gy
_ /27rN sin(t) (e_at B 1) it i /27r(k+1) M (e—at B 1) "

t
= Ji+Jo

for some N € N. Note that /N is at our disposal. We will estimate .J;
and .Jy separately by means of a.
First, using the Taylor expansion

L 1 o= (
Fe = T

k=1

we obtain by integration by parts that

a 27N ]
bj i=—— sin(t)(—at)’ ' dt
Mo
—291rN j—1 _ \j—1 2TN ]
:a( Wﬂa) +;(ja) 2)'/ cos(t)t' 2 dt
' A (6.8)
. j—1 A \i—1 27 Na )
! MX“) — .(( .a) 3! / sin(t/a)t’~* dt
J: I —9) Jo
L (2N (ap-2),
27N ! j iz
for any 7 > 2. Similarly,
27 Na?
=0, b= ”2 ¢

In particular, we have
Ji=> b
j=2

Choose now N be the smallest integer larger than 1/(87a). By denoting
;= |b;| we deduce by (6.8) that

2—j

Bj <a + aBj—s
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for all 7 > 2. Sum the estimate over j to obtain

iﬂj < ade!? +a§:5j,
=3 j=1

readily implying

> b

=2

a

|J1| = (4@1/2+52)+52§ca

l1—a

o
< B <
=2
for some constant ¢ independent of a.

Second, by changing variables as in the beginning of the proof we
obtain

/<2k+2>ﬂ () (g o / (2““’”M(ea<t+ﬂ 1) de
( 2

2k+1)7 l km t+m
2k+1)m _:
— / DT sin(t) (=™ — 1) dt
2km L+
for any £k > N. Applying further the identity
| _ e—alt-m) _ 1 _ et (1—em) — s 7
t t+m t+m t(t+m)

we arrive at

/ Sln( ) (e—at _ 1) dt _ (1 _ 6@7‘(‘)/ Sln( )e—at dt
2 2

km 13 km t+m
— 7r/ sin(t) dt.
2km t(t + 7T>

Using then the fact that £ > NN this leads to

/2(k+1)7r sin(t) (e—at B 1) ”
2

km t
am __ 1 2(k+1)7r

e 2(k:+1)7r 1

e~ dt + dt

e
2N 2k V 2T N /2k7r \/E(t + 7T)

and we conclude with

e‘”r—l/oo —at gy 4 T /°° 1

e

27N J, V21N Ji Vit +7)
again with a constant ¢ independent of a. Estimates for J; and J,

establishes the continuity of I on the interval [0,00) and finishes the
proof. O

dt < cv/a,

| Jo| <



HARMONIC ANALYSIS 65

6.1.2. Dual operator of the Hilbert transform. We next briefly comment
few aspects concerning the dual space LP(R)" of LP(R), i.e. collection
of all bounded linear functionals acting on L?(R), and their connection
to the Hilbert transform. A well-known fact (see e.g. Theorem 6.16 in
Rudin, Real and Complex Analysis) is that for every U € LP(R)’ there
is g € L” (R) such that

U(f) = (g, f) = /R g(0)f(x)dr  Vfe IP(R).

Therefore LP(R)' is isometrically isomorphic to L (R) whenever 1 <
p < 0.
Consider now a linear convolution operator T'f = [ h(z—y)f(y) dy,

where h € L (R) N L=(R) and f € LP(R), 1 < p < co. Then, by
Fubini’s theorem?,

W(TF) = /R o (o) (T f)(x) dz = /R /R g(2)h(z—y) f(y) dy dz = (T'g, f)
where
(T'g)(x) = /R h(y —x)g(y) dy.

On the other hand, we have by the reflexivity of LP(R) that

Inlly = sup{[(n.9)| : ¢ € LP(R), [|l9[l, =1} (6.9)
for all n € L”'(R), readily implying that
1Tglly < sup {17 fllp < I1fll, < 1} llglly- (6.10)

The reflexivity of LP, 1 < p < oo, gives that (7")" = T and hence we
conclude with

17"l = 1Tl

where we have denoted ||T'||, :=sup{||Tfll, : IIfll, <1}

In fact, since S(R) is dense in L’(R), we can, without losing the
generality, assume above that f,g € S(R). Indeed, if a functional
¥ € LP(R) corresponding g € L (R) via the inner product above,
is bounded on a dense subset of L?(R), then Hahn-Banach theorem
allows for an extension to the whole L”(R) and the norm is preserved.
By the reflexivity, roles of f and g may be changed, leading to a similar
conclusion. Therefore, if we are able to verify

1Tl < sup{IT9l, = [0l <1, ¢ € SR} Inlly

for all n € S(R), also (6.10) follows in the case 1 < p < oo for the
extensions of 7" and 7" from S(R) to L’(R).

3Fubini’s theorem is indeed at our disposal since 1 : (z,y) — =, ¥y : (z,7) —
x—y, and 93 : (x,y) — y are Borel functions and hence g(¢1 (z,y)), h(¢2(z,y)), and
f(¥1(z,y)) are all product measurable, as is also the product of them. Moreover,
by the fact that h € L=(R), g(¢1(x,y))h(¢2(x,y)) f(1(2,y)) € L' (R x R).
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Next, if h above is an odd function, then clearly 7" = —T'. Let us
consider now the special case

hw) = K. (@) =

which clearly belongs to LP(R) for all 1 < p < oo and is an odd
function. Recall that K, is the kernel of the operator H®). By above
reasoning, we thus have

whenever f,g € S(R). Recall then the bound (6.2) from the beginning
of the section implying

2
g(HEONHI < = (1f I + IfI1) 9] € L'(R).

™

A similar bound holds for (H®)g) f as well. Thus Lebesgue’s dominated
convergence implies that

and hence H' = —H in the class S(R). Using this result, it is im-
mediate that if ||Hf]|, < ¢||f]l, for p > 2 0or 1 < p < 2 and for all
f € S(R), then [|Hf|ly < ¢l flly for all f e S(R).

6.1.3. LP-boundedness of the Hilbert Transform. After establishing the
L?-boundedness of H and characterizing H' in S(R), one can actually
prove the LP-boundedness in S(R) as well. We sketch two proofs for
strong (p,p). The first one is the original due to Riesz and the second
one relies on Calderon-Zygmund decomposition. Both proofs go in
several steps and the details of the first one are left as exercises.

Theorem 6.11. Let f € S(R) and 1 < p < oo. Then there is a
constant c, depending only on p such that

1H fllp <l £l

Moreover, weak (1, 1)
16
He e R : [Hf(2)] > M < [l

holds for all X > 0.

Proof number 1 for strong (p,p). Step 1. Let f € S(R). Then Hf =
H f. Taking Fourier transform of f +2H(f(H f)), one can show that

f22H(f(HS)) = (Hf) (6.12)
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~

(Recall that Hf is defined via (Hf)(i) = —isgn(&)f(€)!) To ob-
tain (6.12) use the fact f2 f * f and then show

F2(6) + 2l <f<Hf>>r<s>
/ Fn) T = ) (1 + m(&) (mln) + m(& — )] dn,

where m(&) = —isgn(&). By verifying the identity

m(n)m(§ —n) = 1+ m(§)m(n) +m(§)m(& —n),
the claimed equality (6.12) follows using

(Hf) = Hf+H].
Step 2. Since LP bound is true when p = 2, we may make an induction

assumption that for p = 2¥, k € N, there is ¢, such that ||[Hf||, <
el fllp- Using (6.12) as

IHf12, = 1>+ 2H(f(HS))|l,

and then the induction assumption to deduce

12H(f(H M)y < 261 F(H)p < 26,1 f 20l H £l

one can show also the L?-boundedness with a new constant cop. Note
here that || H f||, = ||H f]||, < oo for all ¢ > 2 by (6.2).

Step 3. By using a Marcinkiewicz interpolation theorem and a du-
ality argument, the result follows for all 1 < p < oo, see Step 5 in the
proof number 2. O

Proof number 2. The goal is to first establish weak (1,1) estimate and
then interpolate using already obtained strong (2, 2).

Step 1. Application of Calderon-Zygmund decomposition. Suppose
that f € S(R) and let A > 0. Calderén-Zygmund decomposition gives
us disjoint intervals {,} such that

|f(x)] <A for a-e~$¢Q:=UIj,

1
91 < 5111,

A <2 (6D ][|f )| d.

Denote by c¢; the center of I; and by 2I; the interval centered at ¢; and
with the length 2|;|. Let 2Q = U;21;.
Split f into the "good part” ¢ and the "bad part” b as follows:

o) = f(x), =&,
9(z) {(f)j? x € I,
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and

b= ij, by = (f = ()s) xu;-

Then f =g+ b, |g] < 2X almost everywhere and [ b;(¢) dt = 0.

Step 2. Hilbert transforms of g and b. The immediate problem is
that neither g or b does not belong to S(R), in general. Nonetheless,
Corollary 6.4 gives the linear extension H to L?*(R) and therefore both
Hg and Hb exists provided ¢,b € L2(R) and

Hf =Hf = Hg+ Hb,

because f € S(R). Since || < oo and f € S(R) C L*(R), it is easy
to see that g € L*(R). Also b € L*(R), because using the fact that
{I;} is a disjoint collection of intervals, we obtain

=3 [ (7= (07 a
=) / (MFP () de <2 /R (M () di < e 2

Here M f is the Hardy-Littlewood maximal function of f and M is
strong (2,2) by Theorem 2.19. Furthermore, it is easy to check that
when z ¢ 21;, then

(HOb)(z) = / o) gy /1 Mdt:(Hbj)(w)

Ln{jz—tj>e} T — 1 ;T =t

for all € < |I;]. By approximating b; with functions from C§°(21;), it is
not hard to show that Hb; = Hb; in R\ 2/; almost everywhere. Thus
the linearity of H in L? implies that

Hb=">"Hb; =Y Hb,
j j
almost everywhere in R\ 2.
Step 3. Bound for 3, fR\sz |(Hb,)(t)|dt. The first observation is
that if x # ¢;, then

/ij_(t) = /Ibﬂt)dt: ()= () =0.

.ZL’—Cj ,I'—Cj f

Thus, whenever z ¢ 21,
) = [ = [ e

J

Therefore,

Hb;(x da:ﬁ//x .xXAtb-t_—'dtdx
Jo, @5 [ v i OOl
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holds. Integrand is product measurable and also in L'(R x R). By
Fubini’s theorem it follows that

t— ¢
Hb:(z)| dx S/ bi(t — 9 _dxdt
/R\ﬂj| () B[

1
17,
/ |b;(t)] Admdt

R\21; ;\x - Cj|2

/ bl dt 21| [ s ds
1751

<4/1U )| dt.
The estimate implies
H bj(x)| dx = / Hbj(x)|dx < 4] f
> fo V(@) 3 [ OO < 0

Step 4. Weak (1,1) estimate. Since H f = Hf =Hg+ Hb (?I linear
in L?(R)), we have

{z eR @ [Hf(z)| > M}
< ){xeR : |ﬁg(x)|>A/2}’+‘{x€R : |}~Ib(:p)|>)\}‘.

Corollary 6.4, together with 0 < |g| < 2\ almost everywhere, implies

~ 1 ~ 1
e R g > N < 5 [ (g dr= 5 [ loPas
R R

2 2 2 2
<z dr = = dz + 2SI < 21 EL.
SNy Y v I < S

Next, we have

~ 1 ~ 6
e R« |Hbo) > A} <o+ [ ()| do < 61,
A Jry2a A
by Step 3 and by the fact that [2Q| < 2]Q| < 2A7![|f|; from the
Calderén-Zygmund decomposition. Combining estimates gives

{r e R ¢ )| >N < LISl

as asserted.

Step 5. Strong (p,p) in S(R) wia interpolation. In Step 4 we have
established that H is weak (1,1) in S(R). Theorem 6.3 gives that H
is also strong (2,2) in S(R). Going back to the proof of Marcinkiewicz
interpolation theorem 2.21, we can actually show that H is also strong
(p,p) in S(R) for all 1 < p < 2 with a constant c,.* The constant,

“In the proof of Theorem 2.21, taking the splitting of f into f; and f2, both Hf1
and H f, are well-defined, because f1 and f» belong to L? (R)and Hf = Hf\ +Hfs.
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however, "blows up” as p 1T 2. We thus use the identity H' = —H and
obtain that, for p = 3/2 and p’ = 3, H is strong (3, 3). Appealing again
to Marcinkiewicz interpolation theorem, we get that H is strong (p, p)
for all 1 < p < 2 with a "stable constant” as p 1T 2. Now the result
follows by the duality H = —H'. O

Using uniform strong (2,2) in Remark 6.7, it is straightforward to
check that in the above proof one can replace H by H®) and obtain
weak (1,1) and strong (p,p) uniform in ¢ (in fact, the proof is much
simpler in this case). Furthermore, H(®) is bounded on LP(R), 1 < p <
0o, and thus we have the following:

Lemma 6.13. Let f € LP(R), 1 < p < 00, and € > 0. Then there is
a constant ¢, depending only on p such that

||H(8)f||p < &l fllp-
Moreover, weak (1,1)
16
[{zeR « [HOf(@)] > A} < ISl
holds for all A > 0.

6.1.4. FEuxistence of the principal value in LP. After establishing weak
(1,1) and strong (p,p), we attack the existence of the pointwise limit.
For this, define the ”"maximal operator” H™) as follows:

(H) f(x) == sup [HE ()]
for all f € LP(R), 1 < p < co. We first show a pointwise upper bound
for H®) f whenever f € S(R).
Lemma 6.14. If f € S(R), then
(H f)(x) < M(Hf)(x) + eM f(z)
for a constant ¢ independent of f.

Proof. Let ¢ stand for the standard mollifier supported in (—1,1) and
Jr @é(t)dt = 1. Denote ¢.(t) = 2 '¢(2t/c), which is supported in
(—€/2,¢/2). We rewrite the kernel of H®) as

et = (H6)(D) + (xuioe s~ (HO)(2)).

Let us first estimate the second term on the right. If |z| > e, then

‘ 1 é/RQsa(t) dt — (Ho.)(x)

Xlx\>s; - (H¢a)(x)

o ]
= (T - — dt| < () ———— dt
’/.m/f”(x x—t) ‘ /|t<g/2¢”\x|rx—t|

€
< —.
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On the other hand, if |z| < €, then

— (Ho) )| = ]/H /Lj”

Denoting & = 2x/e and making the change of variable t = 2t/e, we

1
ety = (H0)2) a

have
/ ¢a(t) - (ba(x) dt’ S g sup ¢(3~72 - ?(t)‘ S E
t<e/z T € czial Tt £
and thus .
ce
‘Xx|>ag — (Ho:)(z)| < EED =: W (z).

follows. This readily implies that

’/R <th>5% - (H¢5)(t)) flz —1) dt‘ < (0. % |f])(2)

Since fR U (x)der = mc and V¥ is a radially decreasing function, we
obtain by Theorem 3.10 that

/R (Xlt|>e% - (H¢s)(t)> flz—1t) dt’ < (W% |f) (@) < eMf(z)

for a new constant ¢ independent of e.
Next, we have by Fubini’s theorem® that

* = —(be(t) = *

(0 + ) = [ [ 220 dtr)dy = (0.« (H) (o)

and again by Theorem 3.10 (when n = 1, then C(n, ¢) = ||¢||1),
(9= * (H[f))(2)| < M(H[)(x)

follows. In conclusion, we have

[HOf| < M(Hf)(x) + cM f(x)

for a constant ¢ independent of €. This finishes the proof. O

Corollary 6.15. The mazimal operator H™®) is strong (p,p) in S(R)
for 1 <p < oo, i.e. there is a constant c, such that

HH(*)pr < &l fll
for all f € S(R).

Proof. Both H and M are strong (p,p) and thus, by the previous
lemma,

VHO 1l < ML) + Ml < e Hf |+ ellfl < call 1
O

Sthe function ¢.(t)f(y)/(x —y—t) is product measurable and in L' (R x R) since
¢ and f are in S(R)



72 HARMONIC ANALYSIS

To characterize the pointwise limit, we yet need another result con-
cerning families of linear operators.

Theorem 6.16. Suppose that {T;}i~0 is a family of linear operators.
If the mazimal operator

(T f)(x) := sup [(T3f)(x)]

t>0

is weak (p,q), i.e. there is a constant ¢ such that

q
we R s (@) > A < o (1)
for some p,q > 0, then the set
U= {f e L’(R) : ltlirg(ﬂf)(x) exists for a.e. x € R}

is closed in LP(R).

Proof. 1f W is empty, then it is trivially closed. We thus assume that it
is nonempty. Let then (f;);en C ¥ be a sequence in LP(R) converging
to f in LP(R). We will show that f € W. Denote g; = limy o7} f;,
which exists for almost every x € R since f; > ¥. By the linearity of
T;, we have

limsup(7; f)(z) =limsup(T;(f — f;) + Ti.f;) (@)
£10 £40

< lintlizup(ﬂ(f = fi))(@) + g;(z)

and similarly

li inf(7;)(2) 2 T nf (T = £3))(@) + g5(0)

Therefore

limsup(7;.f)(z) — liminf (7, f)(z)
£0 £,0

< lim sup(Ti(f — f;)) (&) — T/ — £;))(2)

<2T(f = f3))(=)
holds, readily implying

{:B € R : limsup(7;f)(z) — iminf (7, f)(z) > )\H
£10 £10
<HzeR : 2T7(f - f;))(z) > A}

for all A > 0. Since T* is weak (p, ¢), we obtain

e R 20 (- ) >4 < (22500 ) g
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as j — oo. It follows that

{:L‘ € R : limsup(7;f)(x) — limiinf(th)(a:) > O}’ =0
t10 tl0

and thus f € WU, showing that U is sequently closed in LP(R), and
therefore also topologically closed. U

We are now ready to prove the existence of the pointwise limit.

Theorem 6.17. Let f € L’(R), 1 < p < co. Then the limit
(Hf)(x) = 1i§)1(H(€)f)(SU)

exists for almost every x € R and there is a constant c, such that

IH fllp < el fllp-

Proof. By the previous theorem,
U= {f € LP(R) : lii(rjl(H(s)f)(:c) exists for a.e. z € R}

is closed in LP(R). Let (¢;);en C S(R) be a sequence converging to f
in LP(R). Since Ho; = lim_ g H®¢; for every j € N, (¢;) C ¥. But
now U is closed in LP(R) and consequently f € W. Thus the limit in
the statement exists.

To show the strong (p, p), infer first by Theorem 6.11 that

1H(0; = o)l < coll b5 — Pillp-

It follows that (H¢;);en is a Cauchy sequence in LP(R) and, by the
completeness, there is g € LP(R) such that | H¢; — g, — 0 as j — oo.
We proceed in showing that H f = g almost everywhere.

By Fatou’s lemma, we have

1/p
115 = all, = ([ it (70 = g0y )
R =
<timinf 177 ~ g,

Fix any 6 > 0 and take j € N to be so large that

1 (65 — Py + 1 He; — gl < 0

uniformly in . This is possible by Lemma 6.13 and since both ||¢;— f]|,
and ||H¢; — gl|, = 0 as j — oo. It follows that

1O f = gl SIS, = Dl +|Hés — HO0 1, + 11 Hos — gl
<6+ |Ho; — HO ¢4,
and therefore

IHf = gll, < T inf [ HEf = gll, < 0.



74 HARMONIC ANALYSIS

This holds for all 6 > 0 and thus ||H f — ¢g||, = 0. Finally, since
gl jlggo [ H o, < ijlggo 1651l = cull £l
by Theorem 6.11, we obtain that H is strong (p, p). O

We finally proceed in showing that the limit exists also when f €
LY(R). The details are left as exercises, but we outline the proof.

Lemma 6.18. The mazimal operator H™ is weak (1,1) in S(R).

Proof. The proof follows of the second proof of Theorem 6.11.

Step 1. Calderon-Zygmund decomposition. Form the Calderén-Zygmund
decomposition as in the proof of Theorem 6.11. Then reason that if
both H*) g and H™b satisfy weak (1,1), also H® f satisfy the same.

Step 2. Weak (1,1) for H*)g. Use the fact that H® is strong (2, 2)
to obtain the weak (1,1) bound for H®g.

Step 3. Weak (1,1) for H®b. In order to show that

o ¢ 20 : (HD)@) > N} < Sllbi

for some constant ¢ > 0, fix x ¢ 202, ¢ > 0, and b; with the support I;.
Treat separately cases

(1) (x—e,x4+e)NI; =1;,
(2) (x—e,x4+e)NI; =0,
(3) r—ec€ljorz+eel;
In the first case show that H(E)bj () = 0. In the second apply the fact
(H®)b;)(z) = (Hb;)(x) and then show that
21|

|z — ¢]?

|(H b)) ()] < 16511

In the third case third prove that

)l <2 [ ol s ()@ < ()

€ —3e
From these facts weak (1,1) follows easily. O

We are ready to prove:

Theorem 6.19. Let f € L*(R). Then the limit
(Hfﬂﬂ=:ng“VX@
exists for almost every x € R and there is a constant ¢ such that
{zeR : [(HA)@)] >N < S

for all X > 0.

Proof. Using the above lemma, reproduce the proof of Theorem 6.17
in L'(R). O
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6.1.5. Connection to analytic functions. Hilbert transform appears nat-
urally in the theory of analytic functions. Suppose that f € LP(R),
1 <p< oo, and let

Py =~ [ 10 g

im Jgt— =2

where z = x4+ iy € R%. The first observation is that when y > 0, then
Holder’s inequality yields

9f s (fa)" ([-174)
/Rt—z dt < /R|f(t)| dt /R|t z| 7P dt
o/ 1/p
<t ([ 7+ a=a) 2 ) < 151,
R
because p' = p/(p — 1) > 1. Next, the function
Y0,

mJ_yt—=z

Fn(z) = —

is analytic in R2, because

Fy(z+h)—Fy(z) 1 /N( f(t) _f(t))dt

h ~ imh t—z—h t—2z

1N F(t) 1N f
_m/_N@—z—h)(t—z)de -

as h — 0 and the integral on the right exists for all = € R%. Moreover,
for any fixed yy > 0 and y > 1o we have

uniformly. Therefore also F(z) is analytic in R2. Decomposing
1 1 t—ux 4 Y
t—z t—zx—1y (t—x)?2+y> (t—2)+y?

we arrive at
r—t
/f + R E—t dt + — /f =2 2dt
)() (f*Qy)()

Here P, is the Poisson kernel, see Example 3.18, and

1 =z

Qy(x) := P SR

so-called conjugate Poisson kernel. The function f is real-valued and
hence f * P, is the real and f * (), is the imaginary part of F'.

Theorem 3.12 implies that f * P, — f almost everywhere as y |

0. (The convergence is even nontangential, see Definition 3.19, by
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Corollary 3.21.) But what about the convergence of f*@Q,? We would
like to infer

Im(f * Qy)(z) = lim — /f 2alt.

yl0 yl0 T

If such a limit exists, this would readlly 1mply that also the limit
limy o F'(z + dy) exists. The next theorem says that the limit exists
and it is precisely the Hilbert transform of f.

Theorem 6.20. Let f € L’(R), 1 < p < oo. Then
lin(/ + Q,)(x) = (H)(2)
for almost every x € R.
Proof. Let us write the difference of the kernels of f * Q, and H® f:

t 1
KWy = _ -
Q) = K0 = ~ Xt

1 2 2 2
:t(t2+y2) (t _X\t|>y(t +y ))
t y2
= Xit<y — T Xjtl>y = By ().
2 +y2X\t|Sy t(tQ +y2)X|t|>y ¢y( )

Denote

P(t) = yoy(yt) = 2 i 1 t(t21+ 1)

Since ¢ is an odd function, we have

/R o(t) dt =

Moreover, it is not hard to see that ¢ has a radially decreasing inte-
grable majorant

Xlt<1 — X|t|>1-

1
Y |t| < 17
U =47 1 1
NCEST
Then Theorem 3.12 (see also the preceding remark) implies that
Gyx f—0

almost everywhere as y — 0. But since (H® f)(z) — (Hf)(x) for
almost every z € R, we obtain that (f x Q,)(x) = (H f)(x) for almost
every x € R, concluding the proof. O

As a corollary F' defined above attains ”"boundary values” as y | 0.
Corollary 6.21. Let f € LP(R), 1 < p < co. Then
1 f(t) .
F ———dt H
@rin) = o [ s fa)+ i)
as y | 0 for almost every x € R.
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6.2. Riesz transform. We continue our studies of singular integral
operators with the Riesz transform, which is a natural generalization
of the Hilbert transform to higher dimensions. It is defined in sense of
principal values, i.e. as

(R f)(x) := 1in1(R§€)f) = lim cn/l T{Zjﬂ flz—y)dy,

o o y|>e |y

whenever the limit exists. Here
1
(&) 2

Cp = = —,
nT a2 T

In the case of the Hilbert transform, we gave a rather complete treat-
ment of the LP-theory. For the Riesz transform we will be somewhat
informal and, for example, will prove strong (p,p) later in context of
more general convolution type operators. Our point of view here will
be in the study of the connection between the Riesz transform and the
theory of harmonic functions and Fourier analysis.

As in the case of the Hilbert transform, we first give a simple condi-
tion to guarantee the existence of the limit.

Lemma 6.22. Let f € LP(R"), 1 < p < co. Suppose that at the point
reR”,

1f(y) = f(2)] < Cle—y[*
for all y € B(x,0), for some C > 0 and o,6 > 0. Then the limit
(R, f)(x) exists. Moreover, under the same condition on f,

ltifol(Qj,t x f)(x) = (R, f)(x), Qja(y) = G ‘;’Jg)(nﬂ)/?'

Proof. Exercise. O

In particular, if f € S(R™), limits above exist for all z € R". Fur-
thermore, in S(R"), there is a powerful pointwise bound for the Riesz
transform, which belongs to LP(R™) for all p > 1:

Lemma 6.23. For all f € S(R™) there is a constant ¢ depending on
f and n such that

sup
0<e<1/2

Yj c
flx —y dy‘ < —
/| et @m0 < T

Proof. Let 0 < € < 1/2. Rewrite the integral as

/ s =) dy

y|>e |y

:/1 Lf(:p—y)dw/ e —y)dy

j2slyl>e [y wis1/2 1yt

=: I1(z) + Ix(x).
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Since the kernel x1/251y>cy;/|y[" ™ is an odd function, we have that

I(z) = / Ui (f(a—y) — f(2))dy.

/2>|y|>e |y|n+1

By defining g(s) = f(x+ s(z — z)), it is not hard to prove the estimate
f(z) = f(2)|

< 2M(1 A+ |x|)™" sup (L + [y)" [V f(y)]
|Z _l'| yeR?

provided that |z — z| < |z|/2. Therefore,
L ()] < 27(1 + [2)™" sup (1 + [y])"|V f(y)] [yl dy

yeRn 1/2>y|>e

follows. The integral is bounded uniformly in ¢ and € and thus

c
1h(2)| < ———75
(1 + |z))m
Next, if |z| < 1, then
c
L@ <2 [ (7=l =2 <
n (1 + |z
If |x| > 1, split the integral into two parts:
Yj
L) = [ fle —y) dy
1/2<tyi<lal/2 Y™
+ / yjﬂ flx —y)dy =: Ia(z) + La2(z).
i>fel/2 (]
The last term we estimate simply as
c
Bl <2l [ ife - y)ldy <2l Al <
[yl>|z1/2 (1+ |2

For the first term, observe that the condition |y| < |z|/2 implies |z|/2 <
|z| — |y| < |z — y| and therefore

(o) <2 [ [ — e — Pz — )| dy
1/2<y|<|=|/2
c
<A"w,|z|7" sup |22 f(2)] € ————.
o s Jo1£(2) € o
The result follows. O

A similar argument provides us information about convolutions with
Poisson and conjugate Poisson kernels

B t - Yk
Pi(y) == cn (12 + |y[?)(n+ 072 @re(y) = cn (t2 + |y|?)(n+D)/2

respectively.
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Lemma 6.24. For all f € S(R™) there is a constant ¢ depending on
f and n such that

c(1+1)
’Pt * f(l’)’ < (1 24 |x|2)(n+1)/2
and c
<
|Qr,e * f(2)] < 1+ + ‘x|2)n/2
Proof. The details are left as an exercise. O

Combining results of Lemmata 6.22—6.25 gives us the following:
Lemma 6.25. Let f € S(R™). Then
i Qye s = Rifly =0, TP f = =0,
for all p > 1.
Proof. In view of the Theorem 3.12,
1§$(Pt*f_ f)=0
pointwise (almost) everywhere and, on the other hand, Lemma 6.22
gives
lin(@Qja+ f — Ryf) = 0.

But now by Lemmata 6.31 and 6.25.

(B f = ) (@) < |fl+

C
T+ TaP)o=D7

and
1

Qi [ — R f)(@)] < A+ P2
for all 0 < t < 1 with a constant ¢ depending only on f and n, we
obtain the desired result by the dominated convergence. O

6.2.1. Fourier transform of the Riesz transform. Following the path we
took in the analysis of the Hilbert transform, we calculate the Fourier
transform of the Riesz transform of Schwartz functions. Although we
have defined Fourier transform only in R, an analogous theory holds
in R". Fourier transform of f € S(R") is defined as

~

fie) = | st
It has the following basic properties.
Lemma 6.26. Suppose that f € S(R"™). Then
(i) (of + Bg) = of + B3,
(ii) (35)(&) = 2mi&if(), j =1,
(iii) 2L(€) = (~2miz; 1)(©), j=1.....n,
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(iv) f is continuous,

(v) 1 fllee < 111111

(vi) f(ex) = L (2) = [o(€),e > 0,
(vii) fg = +3,
(viii) f+g = .

The proof is similar to the one-dimensional case and we leave it as
an exercise.

We now take from the literature the Fourier transform of the Poisson
kernel. The proof is somewhat hideous, but standard.

Lemma 6.27.
P(&.t) = e i,

The preceding lemma lets us to calculate

Theorem 6.28. Let f € S(R"). Then

(RiF)(€) = —i22 7(©)

for j=1,...,n and for all £ € R™\ {0}.
Proof. We will pursue the fact from the previous section that

f * Qjﬂg — R]f
in L*(R™) as ¢ } 0. Since

Qiala) = 2 Pi(a),

we have
~ i 1 — 1 0 -~
Quu(©) = (2(0) = g (2raPle)) = g (52 )
Lemma 6.27 implies that
95 S p
g, PHO) = —2m L PO),
an therefore
~ G5
Qj(§) = ’ﬂPt( ).
Then
QulOf() + T 10 =~k (BT - 7o)

and, in particular, Plancerel’s formula implies

| = i&; €| FIENPAE) = D2 < 1B FE) = F(E = 1P | — [l
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Using two above formulaes, together with the triangle inequality and
again Plancerel’s formula, leads to

IR f + i& €71 F(E) 2
< 1Q(E) F(E) + & €] FE o + 11Q56(E) F(E) — Ryl
<[P f— fllz + Qe % f — R flo

and letting ¢ | 0, we obtain by Lemma 6.25 that the two norms on the
right tend to zero and consequently,

concluding the proof. O

As in the case of the Hilbert transform, we get an extension for the
Riesz transform to whole L?(R™).

Corollary 6.29. The Riesz transform R; allows for an extension Ej
to L*(R) wvia the Fourier transform

= &7

(Ejf)(ﬁ)z—zm ©),  €eR"\ {0},

for all f € L*(R™).

Finally, using the Fourier transformation of the Riesz transform, one
obtains one of the cornerstones of Harmonic Analysis.

Theorem 6.30. Let f € S(R™). Then
O f
(99(:1-8903-

< [[AF]2-
2

6.2.2. Conjugate harmonic functions in Ri“. Our first task is to find
the connection between the Riesz transform and the Poisson integral.
For this, let u be a harmonic function in R, Define

Uz) = (w1 (@), ..., ups1(2)) = Vu(z) = (8“ Ou ) .

(93:1 T aanrl
Each component of U is a harmonic function and they satisfy a gener-
alized Cauchy-Riemann system

aUk 8Uj .

5. T 4 1< 7k S + 17
Ga:j 8xk =J "

n+1

> g

= aiL’j

In other words, when defining the higher dimensional curl of a vector

field V' via V. v
(V)= =—2 — =2
curl(V)n dx;  Oxy’
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we have
curl(U) = 0, div(U) = 0, in R

Conversely, if curl(U) = 0 in RZ!, then there is a potential H such
that U = VH. The existence of such a potential follows by the gener-
alized Stokes theorem and the fact that Rt is simply connected. If,
in addition, div(U) = 0 in R/*!, then AH = 0 in R™'. Consequently
U is the gradient of a harmonic function H, implying, in particular,
that each component of U is harmonic as well.

Let now f € S(R") and define the Poisson integral of f as

t
U(l’,t) = (f*Pt)(x)> Pt(x) = (t2—|—’1§" >n+1 /20
where ¢, = 2/w,. Then u is a harmonic function, see Example 3.18. A
natural question is that whether u is a component of a system of con-
jugate functions in R/, i.e. is there a vector field U = (uy, .. ., uy,, u)
satisfying the generalized Cauchy-Riemann system? Note first that by
defining

Cn 1

Het) = 720 | ),

1-n 2)(n-1)/2 dy,

we have
OH
t) = — t).
u(w,t) = S-(a,t)

Here we may indeed take the derivative inside the integral since f €
S(R™). Define

ug(x,t) == 2—Z(x,t), k=1,...,n.

Differentiating under the integral gives

uk<w7t) = (f * Qk,t)(x’t)7 k= 17' <y

Qr being the conjugate Poisson kernel. It is easy to verify that U =
(u1,...,un,u) satisfies the generalized Cauchy-Riemann system. But
what happens when ¢ | 07 As we showed before,

tim s, 1) = i (f + Q). 0) = (e f)(2)

whenever f € S(R"™). Thus Riesz transforms are ”"boundary values” of
particular solutions to the generalized Cauchy-Riemann system.

6.3. Singular integrals of convolution type. We will now set our
sails towards more general theory of integral operators. We confine
ourselves to study only integral operators of convolution type, while
different methods would provide results for even more general type of
kernels. Nonetheless, many arguments we are using here work as such
in the more general case.
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Define the integral operator T" of convolution type as

(T _ i Q(y)
(Tf)(w) =Tim(T f)(x) = Tim Ty T,

where the kernel function €2 has the following properties:

(i) © is homogeneous, i.e. Q(rz) = Q(z) for all r > 0,
(ii) ©Q is bounded, i.e. |Q(x)] < Ay, Ay >0, forallz € S 1 :={zx e

R™ : |z| =1},
(iii) Q is Dini continuous, that is, the modulus of continuity
w(r) := sup |€(z) — Q(y)]
z,yeSn—1 |z—y|<r
satisfies

1
/ w(r) dr <Ay, A >0,
0

”
(iv) The average of Q on S™~! is zero, i.e.

/ Q(z)dH" ' = 0.
Sn—l

Here H"! is the codimension one Hausdorff-measure or, in other
words, the surface measure on S™1.

In general, the last condition is necessary for the principal value
to exist. We leave this as an exercise. Moreover, it will allow us to
calculate the Fourier transform of 7¢) f and T'f.

The structure of this section is suggested by the section considering
the Hilbert transform. Indeed, we first calculate the Fourier transform
of T®f and Tf and using them, we deduce strong (2,2) in S(R").
This, in particular, allows us to extend operators in the whole L*(R™).
We then show strong (p,p) using rather modern approach, which in
this context is nowadays often cited as Nonlinear Calderén-Zygmund
theory. This technique, for instance, turns out to be extremely useful in
the study of nonlinear PDEs. After establishing strong (p, p), we study
the maximal operator 7*) and show a pointwise integrable bound for
it and strong (p,p) as well. These results will guarantee the existence
of principal values in LP(R™) as in the case of the Hilbert transform.

To begin with, analogous arguments used to prove Lemmata 6.22
and 6.31 give

Lemma 6.31. For all f € S(R™) the limit (Tf)(z) = lim. (T f)(x)
exists and there is a constant ¢ depending on f and n such that

Qy) . ¢
/w.x PERAEA T

The lemma, in particular, shows that whenever f € S(R™), we also
have the converge in LP(R") and that sup..,|(T f)(z)| belongs to
LP(R™) for all 1 < p < oo.

sup
e>0
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6.3.1. Fourier transform of the operator. The next theorem is the start-
ing point for our study:

Theorem 6.32. Let f € S(R™). Then there is a constant ¢ depending
only on n and Ay, but independent of €, such that

TOFE < f©),  ITFE] < el (@)
for £ € R" \ {0}. In particular, both T'®) and T allow for extensions
T and T, respectively, to L>(R™).
Proof. Write first

T )@ = [ 20) o gy ay,

<ti</iel [YI"
k > max{1,¢|¢|}. Then we have

— — ~

TERf(E) = (&) f(6)
where )
e - ) anen g,
s /s<|y|<k/s| I ¢

Fix then £ € R™\ {0}. Make first the change of variables z = y/|¢|,
dy = |&|"dz, we have

—_— Q . /
T(Evk)(g) = / (_yn)e—%%f Y dy,
|€le<|y|<k ’Z/‘

where we have written ¢ = £/|¢|. In polar coordinates y = ru, u €
571 this takes the form

T(e k) / / —z27rr§’-u d?—[”_l(u) ,r,n—l dr
|le J sn—1 |7‘u|”

:/ / Q(u)e ™2 qH 1 (y) @
lele J/ 5m-1 "

Applying Fubini’s theorem, we obtain

o k
TEn(E) = /S () ( 4 | eTiame Cff“) dH" ™ (u).

Since [g, 1 Q(u) dH" ' (u) = 0, we may add a constant to the integrand
and hence

e = [ ow( (e 1) %) )

min{[¢[e,1}

k
et
+/ Q(U) (/ 6—227&'7“5 rr) Hn 1( )
St max{[¢|e,1} r

=1(§) —ilx(8),
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where

o= [ ([ eoene w0 L) ae)

in{[¢[e, 1}

g ! dr n—1
+ /Sn_1 Q(u) </max{|£|s71} cos(2mreE - u) 7) dH" " (u)

and

I5*(e) = /S o) ( /| (2 ) %) 41" (u)

£le

Performing the change of variables s = r|¢’ - u| in the inner integrals
(the cone {u € S™™' : |¢ - u| << 1} requires some care but can be
nevertheless handled), we arrive at the following identities:

1

d
JER(E u) ::/ (cos(2mré - u) — 1) el
min{|¢le, 1} r

1§ ul d
—/ (cos(2ms) — 1) —8,
3 5

’.u| min{|¢|e,1}

k € ulk
JF (€ u) = / cos(2mrE - u) dr_ /|5 cos(2ms) ds

max{|{le,1} r "u max{[¢|e,1} s

k €/ ul e
JF (€ u) = /| sin(27r - ) % =sgn( - u)/l5 sin(27s) ds

&le ‘ule §

We now distinguish ourselves into two cases. First, assume that

1
&ulk <1 — k< .
< e
Then
k k &7 ulk ds
‘]187 <£7u) + JQE, (§7u)‘ g(/ ’COS(QWS) — 1| —
&/ u| min{|¢|e,1} S

1" ulk ds
+/ —) X ¢/ ulk<1
|&u| max{|¢|e,1} S

! ds
g(/ |cos(27s) — 1] . + log (k) )X§’~uk§1
0

< (c — log |u - 5’!) X|¢-ulk<1-
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If |£ - ulk > 1, rewrite

V(R0 Z/ (cos(2ms) — 1) ds

min{1,J¢"-u| max{|¢|e,1}} 5
/1 ds
n as
min{1,|¢-u| max{|¢[e,1}} S
€ ulk d
+/ cos(2ms) e
max{1,¢/-u| max{|¢|,1}} o
Therefore,
e,k €,k ' ds
e IR = [ (eos(zms) 1)
min{1,|¢-ule} 5
/1 ds
. as
min{1,[¢-u| max{|¢[e,1}} S
1€ ulk d
+/ cos(2ms) «
max{1,|¢-u| max{|¢|e,1}} s

The second integral on the right is
! ds
/ © _ tog(min{1, ¢’ - u max{[¢le, 1}})
min{1,|¢’-u| max{|¢|e,1}} S

Now, Lemma 6.5, and an analogous version, where sin is replaced with
cos, proves that there is a universal constant ¢, independent of &, ¢,
and k, such that

(g,k) -
;77 (6 u) < e(l=loglu-&']),  j=1,2,3.

But since Q| is bounded by the constant Ay and log |u-¢&'| € LY(S™™1),
we arrive at the result with a constant depending only on n and A,
after letting k — oo. O

In fact, analyzing further the above proof, we obtain:

Theorem 6.33. Let f € S(R™). Then

— 1 T n— -
7€) = [ 000 (g — 359 ) a7 w)F(©
for all £ € R™\ {0}.
Proof. Exercise. O

This theorem would allow us to relax the condition on the bounded-
ness of € in connection to strong (2,2). Define

) = 5 (Uu) ~ Q—w),  Qul) = 3 () + ).

Then clearly €2, is an odd function and 2, is an even function.
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Theorem 6.34. Let f € S(R™). Suppose that Q, € LY(S™') and
Q. € (Llog(L))(S™1), d.e.

Q.| max (log(|$2]),0) € L*(S™1).
Then T is strong (2,2) in S(R™).
Proof. Exercise. The proof goes in two steps. First, show that
AB < Alog(A) +e?,  A>1, B>0.

Second, using the above estimate and Theorem 6.33, conclude the
proof. O

6.3.2. Strong (p,p). The next step in our approach is to show strong
(p,p). For this we apply methods from the Nonlinear Calderén-Zygmund
Theory.

Theorem 6.35. Let 1 < p < oo and f € S(R"). Then there is a
constant ¢, = c,(n,p, ca, A1, As) such that

1T fllp, < cpll fllp, ||T(€)f||p < &l fllps
for all e > 0.

Proof. Step 1: Basic notation. To stylize the notation, we will hence-
forth use the abbreviation 7' = T', when using the extension from S(R")
to L>(R™), or T = T®), when considering the case € > 0. The exten-
sion of T" is used when we are for instance splitting f into two parts,
which are not necessarily in S(R") anymore.

To begin with, set

Agz/ ITfPde+62 | |fI*dx
Rn Rn

for a small constant ¢ € (0, 1), which will be fixed on the course of the
proof. Define

== A >0,
and
JA(U) ::][ |Tf,\]2 dr + (52][ \f\Qda:
U U

for any Borel set U in R" with [U| > 0. Recall that f, = [U|"" [.
Moreover, we denote the level set as

Ex=E\1):={zeR" : |Tfr(z)| >1}.

Step 2: Decomposition of the level set. In Step 2 we will prove the
following lemma:



88 HARMONIC ANALYSIS

Lemma 6.36. For any A > 0 there exists a numerable family of disjoint
balls { B(x;, 0;)}i, xi € EX and 0; = 0;(x;, \) > 0, such that

J,\(B(l’u Qz)) =1, J,\<B($i, Qz)) <1 Vo>, (6-37)
and

Ey c | JB(z:.50). (6.38)

Moreover, for any 6 > 1, we have

Z/ |f|? da 32529"/ T f5]? da
P B(xi,00:) {ITfAI>1/2}

(6.39)
[fx[>6/2

Proof. Estimate first

I(B(e.0) ~f

B(z,0)

1 1 / 2 2/ 2 )
N S THP de + 6 f1? da
B(l‘, Q) ()\/\0>2 ( B(z,0) | | B(z,0) | |

1 1 2 -2 2
B0 o)y (/R T deto /Rn'f | d‘”)
1

NB(z,0)
Thus, for 7 = r(\) > 0 such that \*|B,| = 1, we have
sup  J\(B(z,p)) <1

zeR™,0>r

N 52][ | fAl? da

B(z,0)

for all 0 > r. On the other hand, Lebesgue’s differentiation theorem
gives that

lim Jy(B(z,0)) > 1

0—0

for almost every z € E\(1), implying, in particular, that for almost
every x € F,(1) there is g, € (0,r] such that

INB(z, 0.)) = 1, INB(z,0)) <1, 0> 0.

Indeed, for a fixed x, it is easy to see that Jy(B(z,-)) : RT — RT is
continuous. Since this can be done for almost every x € E)(1), there
is a dense subset {Z;} C F)(1) for which each member z; satisfy the
above condition and E\(1) C U;B(Z;, 07,). Appealing then to Vitali’s
covering theorem, Theorem 2.13, we find a (countable) subset {z;}
of {Z;} such that {B(x;,0;)}, 0 = 0s;, is a disjoint family of balls
satisfying (6.37) and (6.38).
Next, denote in short B; := B(x;, 0;). Since J\(B;) = 1, we have

|Bi|:/ |Tf,\|2dx+5_2/ | frl? d.
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Using the elementary inequality

1
/ ThI2de < / TP dz + < | B
B, Bin{|Tf>1/2} 4

and similarly for the term containing f), we obtain

2
IBAS2/ T f do + [ da.
Bin{|Tfr|>1/2} 0 Bin{|fAl>d/2}

Moreover, for any 6 > 1,

1

S [ RPde< BB 00)) < 071
B(z,00:)

The last two estimates give (6.39), since {B;}; is a disjoint family of
balls. N

Step 3: Decomposition of f. Fix ¢ > 1 and let

() = {fA(x) in B(z;,250;),

0 otherwise,

and
fi(@) = falz) = fa(2).
We will now show that T'f? is bounded in B(z;,50;)-
Lemma 6.40. There exists N depending only on n, Ay, As such that

sup |Tf§(x)] < N.

(EEB(CEZ',5QZ')

Proof. Let us use the short-hand notation B; := B(x;,00;), 0 > 0.
Let z € 5B;. Rewrite

TF2(z) :]éB_ TF d +]£B (TF2(2) = T2 dw = I, + I,

@ @

We first estimate ;. For this, estimate simply as

|11|s][ |Tf§|dxs][ |Tfi|dw+][ T d.
5B; 5B; 5B;

Holder’s inequality, together with (6.37), implies

1/2
][ T fal dz < (][ |Tf/\|2d513) < (LGB < 1.
5Bi 5Bi
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Strong (2,2) with the constant ¢y = ¢3(n, Ay), on the other hand, gives

1/2
/ |fo|dxs(][ |Tf§|2d:c)
5B1‘ 5Bi
. 1/2
< f”d:c>
(15B@-| o

1/2
= (025"][ ]fiPd:c) < v/ eah™.
25B;

Therefore,
N
I <1+ Vb < 5

for suitably large V.
We then estimate I,. Note first that for any x € 55;,

ITf(2) = TS ()]

N e e
Rewrite the kernel as
Hxxylx - HX|2y>s
Q@ —y) Qz-—y)
= z g — Z =y Xl|z—yl,|z—y|>e
(6.41)

Qz —y)
W X|z—y|>e,|z—y|<e
Q(z—y)
W X|z—y|>e,|z—y|<e-

Let us first handle the last two terms on the right. Since fi(y) =0 in
25B;, we may assume that y € R" \ 25B;. Moreover, since z,x € 5B;,
we have

200; < mln{‘z - y‘a |$ - y|}7 ‘Z - .CE‘ < 10¢;
In particular, if |z — y| > ¢ and |z — y| < ¢, then
3
ez =yl =200, e<|z—yl<|r—y[+]z—2]<e+100 < e
It follows that

3 1
|y—xi|S|y—z|—|—|z—:1ci|Z€+5Qi§§8+16<2a
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Therefore,
Q= —y)
|z —y[n Xlz—y|>f,lx—y|§6|f§(y)|

-n n XB 331‘,25 (y)
< 240 W) ymi2e < 27 AW

and consequently also
/ Q(z—y)

re | |2 —yl”
holds by Hélder’s inequality and the fact that Jy(B(x;,2¢)) < 1, & > o;.
Similarly, we obtain

y/ Qz —y)
re | [T —y"
We will then estimate the remaining term in (6.41) preliminary as
Qz-y) QAz-y)
[z —yl* z—yl”
1 1

e —yl" [z -yl
1

Q(z —y) = Qz —y)|
|z —y|"
Thus we need upper bounds for

1 1
13 = /
R"\25Bi

z—ylr |zl
1 2
Iy = —|Q(z —y) — Qz — )| [/x(v)| dy
R™\25B; |L — Y|

. N
X|o—yl>ejo—yl<e| A ()| dy < 8271 A; < =

N
Xlx—y|>a,|z—y|§a|f§(y)| dy < 52”+1A1 < g

< A (6.42)

+

()l dy

and

Recall here that x,z € 5B; and y € R" \ 25B; so that
|z — 2| <100;, |y —2[ 2200 2 2[z — 2]
By considering the smooth function g : [0,1] — R,

)= —
g = |z —y +t(x — 2)|"
we find by the mean value theorem ¢y € [0, 1] such that

1 1
lz—yl" |z —yl

= lo(1) = 90)| = I9'(t0) = e

Qi 1 0i
< 10pgntt—=t
oy S O

n|lr — z|

< 10n27+t



92 HARMONIC ANALYSIS
We obtain
1 1

[3 :/ —
R"\25B; lz —yl™ [z =yl

n - 9i
<10n4™*! Z/ Wﬁf(y)l dy

=2 /5IHLB\5I B, -y

()l dy

<1004 Y 5_]-][ ()] dy

=2 57F1B;

But now Holder’s inequality gives

][, |f§<y>|dys2][ W) dy
5 +1B;

5i+1B;

1/2
<2 (][ \fA(y)\zdy) < 261/ J\(57H1B;) < 26
5i+1 B,

and thus

(6.43)

N
A1[3 S 20n4”+15A1 S g

follows.
We then estimate I,. The homogeneity of € first gives

= -0t = o (£24) -2 (24|

|z — 2|

Since

rT—y  zZ-y < _ 1 ‘ 7
=yl Jz—yl| |z -yl ylo [zl
and by considering the smooth function g : [0, 1] — R,

1
90 = T T =)

1

the mean value theorem gives ¢; € [0, 1] such that
1 1

e —yl 2=yl

we obtain similarly as before that

|z = 2|

e —y =tz 2]

400;

z; —y|
Therefore,

(=) e (=) == ()
|z — |z =y lz; — |

In an annuli y € 5 7' B; \ 5/ B; we thus obtain

400; -
w ( € ) < w(5%7).
|z — yl

x—y z—

_ y'<
=yl lz—yl| ~ |
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Estimate then

L=y | (0 — ) — Q= — )l )] dy

‘= /51 B\ B; |z —y|"

o0

<10" Zw(ff"j)][ fX(y)| dy

j=2 57+1B;
o0

<2610" ) ~w(5°),

Jj=2

where we have also applied (6.43). The sum on the right has an upper
bound

[e’e) 4 o)
D wE) =D wE) + ) w(5*)
7j=2 7j=2 =4
517
-1 d'r’
<6A4; + Z ) (log(5)) /5]_ .
~1 1 d?"
<6A; + (log(5)) / w(r) s
0
<6A; + (log(5)) " Ay < (2610™) 71
The result follows. O

Step 3: Final conclusion. The details are left as an exercise. First
show using Lemma 6.40 that

iz €5B; - |TfA|>2N}|§c/ A2 d.

7

Prove then the general principle in the measure theory: If g € LP(R"),

then
/ |g[P dx = (p—2)/ T (/ |9|2d93) d
n 0 RN {|g|>p}

Finally, prove applying Lemma 6.36 and previous two estimates

/ |Tf|pd;z:§c(n,p,A1,A2)62/ TFP da
R” R

+C<napaA17A276)/ |f|pd‘r7
R»

and make the final conclusion from this. O

We end up the section by noting that modifying calculations in Step
2. above, it is possible to prove the following two lemmata:
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Lemma 6.44. There is a constant ¢ = c(n, Ay, Ay) such that
/ Qy—=z) Qy)
R™O{|y[>2]z(}

ly—=[™ y[
for all x € R™.
Proof. Exercise. Use already proved estimates from Step 2 above. [J

Lemma 6.45. Let ¢ > 0 and suppose that f € S(R™). Let xy €
R", 0> 0, and g = (1 — XB(zo250)) f- Then there is a constant ¢ =
c(n, Ay, Ay) such that

[T€g(2) = TOg(w)| < eMf(x),  |Tg(z) - Tg(x)| < cMf(x)
for all x,z € B(x,50).

dy < c

Proof. Exercise. Use already proved estimates from Step 2 above. [J

6.3.3. Weak (1,1). Weak (1,1) is attainable via modification of the sec-
ond proof of Theorem 6.11. This gives naturally an alternative way to
prove strong (p, p) via Marcinkiewicz interpolation theorem using du-
ality and strong (2, 2). Since the proof is essentially the same, we only
sketch the needed modifications.

Theorem 6.46. Let f € S(R™). Then there is a constant ¢ depending
only on n, Ay, Ay such that weak (1,1)

{z € R : |Tf(x)] > N} < <[If]s

holds for all A > 0. The same estimate holds if T is replaced with T,

Proof. Suppose that f € S(R) and let A > 0.
Step 1. Application of Calderon-Zygmund decomposition. Calderdn-
Zygmund decomposition gives us disjoint dyadic cubes {@;} such that

If(x)] <A for a.e.xgéE::UQj,

1
=2 < =
SRS

A< (IfD); < 270 @mfzéwﬂmﬁ.

Denote by c; the center of ); and by 0(); the cube centered at ¢; and
with 6 times longer sides. Let 0= = U;0Q);.
Split f as follows:

[f@), w¢z
“@‘{um req;

and

b= ij, by = (f = (i) xq,-
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Then f = g+b, |g| < 2X almost everywhere and [, b;(t) dt = 0.
Step 2. Bound for fRn\va Tb]( ) dz. Using the extensmn of T (or

T©®) to L2(R"), both T'g and Tb exist. Since b; has zero integral, we
have formally

Moo= [ K=y = [ (G —) = Kr =) by
for almost every x € R". Here we have denoted
Q(z)
K(z) = .
|z["

(To make the calculation rigorous, one should justify T b; = T'b; almost
everywhere. This goes along the lines made for the Hilbert transform.)
Fubini’s theorem now gives

fbj () dx

/R"\\/‘mQj

1b(y)] (/ [K(z —y) — K(z —¢)] dﬂ?) dy.
Q; R™"\V4nQ;

The inner integral is bounded by Lemma 6.44, since
R\ vinQ; c{z e R" : |z —¢| > 2ly — g},
and it follows that

Th(w)dz| <c [ |b;(y)|dy.

Qj

/R"\\/EQJ'

Step 3. Weak (1,1) estimate. Since Tf = Tf = Tg + Tb (T linear
in L?(R")), we have

{z € R" : |Hf(z)] > A}
< [{zeR": [Ty(a) > M2} + [{z € R" + [To(x)] > N},

Since T is strong (2,2), together with the fact that 0 < |g| < 2"\ almost
everywhere, implies

wer T > 0 < 5 [ Fo@Par= 3 [ o as

C C
< dr = d
SRSy M

Next, we have

~ 1 ~
‘{xeR” : | Tb(x)| >A}( SNEEHX/ Tb(x)| dz < §l|f||1

R \V4nE
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by Step 2 and by the fact that |v4nZ| < (4n)"2|Z| < cA7Y|f||1 from
the Calderéon-Zygmund decomposition. Combining estimates gives

c
[{z € R" + [Tf(z)] > AH < Sl
concluding the proof. U

6.3.4. Existence of limits. In this section we establish the existence
of the limit T'f whenever f € LP(R"), 1 < p < oo. The approach
has been already paved in the study of the Hilbert transform. The
necessary object to study is the maximal operator

T f(2) = sup [T ().

e>0

We will first show a pointwise bound with the aid of the Hardy-Littlewood
maximal function. For this, we need a lemma.

Lemma 6.47. Let S be weak (1,1) with the constant ¢; and let v €
(0,1). Then there ezists ¢ = c(v, ;) such that

/E S| dy < BV £

for any set E with a finite measure.

Proof. Weak (1,1), together with Cavalieri’s principle, implies
[1st@rdy=v [ X7 e B+ [sf@)] > A}
E 0

< / AL min{|E|, e A7V £} dA
0

cill fll/1E| 00

:1/|E|/ ot d>\—|—ucl||f||1/ N2 )
0 cllfll/1E|

1%

1—v

=[BT + of B[

le 1—v v
=L |E .
B

g

We now prove the pointwise bound commonly cited as Cotlar’s in-
equality.

Lemma 6.48. Let f € S(R"). Then, for all v € (0,1], there is a
constant ¢ = ¢(n, Ay, As,v) such that

(TOf)(x) < c((M(TFI") ()" + M f(x)). (6.49)

Proof. Fix f € S(R") and € > 0. Denote §B = B(x,5 '0¢), § > 0 and
B =1B. Let fi = fxsg and fo = f — f1. Observe that

(TOf)(x) = (T fo)(x) = (Tfo) ()
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Lemma 6.45 implies that
T f2(z) = Tfa2)| < cM f(x)
whenever z € B. It readily follows that
(TOf)(2)] < eMf@)+ (TH)E+ (T, z€B.

Assume now that |(7® f)(z)| > 0, for if it is not, there is nothing to
prove. Take any A, 0 < A < |(T®) f) ()| and define

By:={z€B : |(Tfi)(2)| > N3}, By:={ze€B: |[(Tf)(z)|>A/3},
and
33::{®’ it ¢M f(z) < \/3,

B, otherwise.

Then B = B; U By, U By and consequently
|B| < [Bi] + [Be| + | Bs.

The weak (1,1) for T implies (to be accurate, we are using here T, but
in B, Tf =Tf)

Bl = =€ B (TAEI>ABH< S [ Iwldy < SIBIM )

For | By| we have the estimate

3
e B (TNEI> N3 <5 [ 1T < SIBMTE),
B
If now B3 = Q), 1.e. |B| S |B1| + |B2|, then
1< SM () + T M(Tf)().
If B3 = B, then
A < 3cMf(x)

In any case the result follows and for v = 1.
Let now 0 < v < 1. Then we actually have

(TOf)(@)) < eMf(z)” +|(TH)E)] +I(THE),  z€B.
Averaging this over B and then taking the power 1/v, we obtain

1w
(T < ebtfta) + e (f IR a:) ey

The previous lemma implies that

1/v
(][ I(Tfl)(2)|”d2) < /B Al < M ().
B
concluding the proof. O

The pointwise bound allows us to prove strong (p, p) and weak (1, 1)
for the maximal operator 7). For weak (1,1), however, we need yet
another lemma concerning the dyadic maximal function M,f.
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Lemma 6.50. Let f € L'(R") be nonnegative. Then
Hz e R": Mf(x) > 4"} <3"{z e R": Myf(z) > \}|.

Proof. In the fifth exercise round, Exercise 5.3, it was shown that taking
the Calderén-Zygmund decomposition of f at the level A with disjoint
dyadic cubes {Q,};, then

{x € R": Muf(z) > \} :UQj.

Let 3@Q); be the cube with the same center as );, whose sides are three
times longer. Let x ¢ U;3Q); and let () be any cube containing x.
Let k be an integer such that the side length of @, ¢(Q), satisfies
2% < £(Q) < 2¥1. Then there are at most m < 2" of dyadic cubes, say
Ry, ..., R,,, with side lengths 2* intersecting ). None of these cubes
are contained in {Q;}, because otherwise we would have = € U;3Q);.
Hence the average on f on each R; is at most A and, consequently

an

]éfzIQI‘li/QmRifé@i]iifgznmgﬂx

It follows that
{z eR": Mf(z)>4"\} | 3Q;
j

and hence

{z €R": Mf(x)>4"A} <3") " |Q]
J

O

and the result follows.

Theorem 6.51. Let f € S(R"™). Then there are constants ¢, =
cp(n,p, A1, Ay) and ¢, = ci1(n, Ay, Ay) such that T™) is strong (p,p)
with the constant ¢, and weak (1,1) with the constant ¢, when restricted
to S(R™).

Proof. Strong (p,p) is an immediate consequence of Lemma 6.48 with
v =1, because both T and M are strong (p, p).

To prove weak (1,1), we argue as follows. Starting from (6.49), we
have

Hx eR" : T(*)f(x) > /\}|
<HzeR" : Mf(x)> A/ (20)}]
+{z e R - MTA) (@) > M(20)}] -

For the first term on the right we obviously have

{r e R« Mf(x) > M)} < SIflh.
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For the second we first use the lemma above to obtain
{z e R" : M(ITf|")(x)"" > (\/(2c)) }|
<3"[{z eR" : My(ITf]")(x) > 47" (M/(20))"}] .

Forming the Calderén-Zygmund decomposition of |T'f|” at the level
47" (A/(2¢))” we obtain disjoint dyadic cubes {@;} such that

B:={z €R" : My(|Tf")(w) > 47" (0/(2e)"} =] @;

Since f € S(R"), E has finite measure. Moreover, since

UCO
0, < = [ ot

PO [
B < 5 [ s
E

Applying then Lemma 6.47 (indeed, T' is weak (1,1)), we obtain

CV
TFIY < 1 El—u v
[ v < S B

we have that

immediately giving

cl qn/ ”20
El <
| ‘ = (1—V)1/V Hf”l
This concludes the proof for example taking v=1/2. O
Previous results allow us to conclude with the L? theory of singular

integrals of convolution type. The proof is completely analogous to the
case of the Hilbert transform and we omit it.

Theorem 6.52. Let f € LP(R"). Then the limit
Tf(x)= liing(e)f(x)

exists for almost every x € R". Moreover, there are constants c, =
cp(n,p, A1, Ag) and ¢y = c¢1(n, Ay, As) such that T' is strong (p,p) with
the constant ¢, and weak (1,1) with the constant c;.

6.4. Singular integrals of nonconvolution type: Calderén-Zyg-
mund operators. In this final section of the course we very briefly and
informally comment more general class of singular integral operators,
namely Calderén-Zygmund operators. We will consider functions

K:(R"xR")\A~ C, A= {(z,x) : z€R"}

that satisfy for some constant A > 0 the size bound

K (z,y)| <

’— n’ .CE,yGRn,.I'#y,
[z — |
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and for some 0 > 0 the regularity conditions
jz —2f°
(lz =yl + |z =y
whenever |z — z| < 27" max{|x — yl, |z — y|}, and
ly — 2I°
(lz =yl + |z —z[)m*
whenever |y — z| < 27! max{|z — y|, |z — z|}.
Function satisfying the above three conditions are called standard

kernels and the set of them denoted by SK(d,A). These conditions
imply so-called Hormander conditions

|K($,y)—K(2,y)| < A

x727y€Rn7 x72#y7

|K(z,2)—K(z,y)| < A r,z,y e R", v £y, 2,

/ |K(z,y) — K(z,2)]de <c¢  Vy,zeR" (6.53)
|z —y|>2]y—z|

and
/ |K(z,y) — K(z,y)|dy <c¢  Vz,ze€R"™ (6.54)
|z—y|>2]z—z|

An operator T is called a (generalized) Calderén-Zygmund operator
if T is strong (2,2) and there exists a standard kernel K € SK (4, A)
associated to T' such that for f € L?(R™) with a compact support,

Tf(x)= | K(z,y)f(y)dy, = ¢&spt(f).

R
Here spt(f) stands for the support of f. The class of such operators
is denoted by CZO(d, A). Following ideas from previous sections it
is possible to show that 7" defined this way is weak (1,1) and strong
(p,p). Actually, for this one needs only conditions (6.53) and (6.54).

To define the principal values, one very natural candidate would be
to define them as limits of the approximating operator

105w = [ Ken)sw

However, it turns out that the limit as ¢ — 0 needs not to exist or
it may exist but be different from 7'f(z). The non-existence of limits
occurs for example with the kernel K(x,y) = |z — y|™ ", t > 0,
and the second phenomenon happens when considering the identity
operator T'= I. This is an operator in CZO(, A) with the standard
kernel K(x,y) = 0. Indeed, clearly I is strong (2,2) and If(z) = 0
whenever x ¢ spt(f). More in general, any pointwise multiplication
Tf(x) =a(z)f(z), a € L*(R"), has the same peculiar property.

The existence of limits can be described via the following proposition.

Proposition 6.55. Let T € CZO(6, A) be associated with the kernel
K € SK(6,A), and let Let f € C°(R™). Then the limit

i ()
18%1 T f(x)
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exists if and only if the limit
lim K(x,y)dy
€l0 e<|z—y|<1

exists for almost every x € R".
Proof. Suppose first that the limit
(Lf) (=) := lim T f(x)
exists for all f € C3°(R"). Fix ¢ € C3°(R") such that ¢ = 1in B(z, 1).
Then
o) =t [ Kendys [ Ko iy
e<|lz—y|<1

&0 lz—y|>1

The second integral on the right exists since |K(z,y)| < Aon {|z—y| >
1}. Therefore, also the limit

lim K(e.y)dy = (L)(x) - / K (2. 9)0(y) dy

&0 e<|z—y|<1 lz—y|>1

exists.
Conversely, assume that

L(z) := lim K(z,y)dy
el0 e<|z—yl<1
exists. Then
lim T f(z) =L f(z) + lim K(z,y)(f(y) — f(z))dy
el0 &0 e<|z—y|<1

o Kenw

The limit on the right exists by the dominated convergence, since

A
K (x,y)(f(y) = (@) Xecjayl<1 < WHDJCHOO,
which is integrable over B(z, 1) with respect to y. Thus
lim TO f(x) = L(x) f(x)

" /:vy|<1 K(z,y)(fy) = f(z)) dy + / K(z,y)(y) dy.

lz—y|>1

g

As noted before, the first limit above does not necessarily coincide
with 7' f(z). Nonetheless, from the above proof, we have the following.

Proposition 6.56. If two operators Ty, Ty € CZO(6, A) are associated
with the same kernel K € SK (0, A), then their difference is a pointwise
multiplication operator.
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An operator is called a Calderén-Zygmund singular integral operator
if it satisfies
Tf(x) = lim TE f(x) (6.57)

for almost every x € R".% As before, defining
T® f(z) := sup |T® f(x)],

e>0
it can be shown that 7™ is strong (p,p) and weak (1,1), readily im-
plying that

{f e L(R") : lii(r)lT(E)f exists for a.e. x € R”}

is closed in LP(R™). Thus, if we can verify (6.57) for a dense subset
of LP(R™), say for instance C§°(R™), then the limit exists for all f €
LP(R"), 1 <p < co.

We yet briefly comment the assumption that 7' € CZO(6, A) satisfies
strong (2,2). In practice, given K € SK (4, A), verifying strong (2, 2)
is utterly non-trivial. As we have seen in the case of singular integrals
of convolution type, this is loosely speaking the starting point in the
analysis we have pursued. For a long time strong (2,2) was one of
the major open problems - and in full generality still is - in the field
of Harmonic Analysis. This question was eventually answered by G.
David and J-L. Journé in 1984 with a theorem nowadays commonly
cited as T'1 Theorem (in most concise form it says that if 7" has the
weak boundedness property and both 7'1 and 71 belong to function
space of bounded mean oscillations, BM O, then T is strong (2,2)).
The proof, however, goes well beyond the scope of this course. Another
important result from Harmonic Analysis, proved in 70s by Fefferman-
Stein, considers images of L*°-functions under the singular integral
operators. This topic we have also intentionally excluded from our
approach. It turns out that '€ CZ0O(d, A) maps L>*(R") to BMO.

Finally, since the function space BMO appears in these two im-
portant contexts, we give the definition of this function space. Let

f € L. (R") and @ C R™ be a cube. Define the sharp maximal
function as
M7 f(x) —sup][|f ol dz, ][fdx
Q3x

We say that f € L} (R™) belongs to BMO if M# f € L*(R"). Define

the corresponding seminorm as
£ a0 = 1M fllo.

6Actually, in the literature, the same notion is used in the context that there is
merely a subsequence {Ej } j converging to zero with the above property.



