ON THE DEFINITION AND PROPERTIES
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ABSTRACT. We consider functions that satisfy the identity

o .
ug(a:)—Q{sup us—l—Bm(f)uE}—F,B ()ugdy
B (=) e(@ Be(x

for a bounded domain in R". Here € > 0 and «, and ( are suitable
nonnegative coefficients such that a« + 8 = 1. In particular, we show
that these functions are uniquely determined by their boundary values,
approximate p-harmonic functions for 2 < p < oo (for a choice of p that
depends on « and ), and satisfy the strong comparison principle. We
also analyze their relation to the theory of tug-of-war games with noise.

1. INTRODUCTION

The goal of this paper is to study functions that satisfy the identity

(1.1) us(z) = 2 sup ue + inf w; p + ue dy,
2 B.(x) Be(x) Be(z)
with fixed € > 0 and suitable nonnegative o and 3, with a + 3 = 1. Here
B.(z) is the open Euclidean ball in R"™ and B.(x) its closure B.(z) = {y €
R™ : |y — x| < e}
Let us give an explanation for the name p-harmonious which, at this point,

seems somewhat artificial. First, note that when w is harmonic, that is, a
solution to Au = 0, then it satisfies the well known mean value property

(1.2) u(z) = ][B (x)udy,

that is (1.1) with @« = 0 and 8 = 1. On the other hand, functions satisfying
(1.1) witha=1and =0

(1.3) ue(xz) = =< sup u. + inf u.
2 Be(z) Be(z)
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are called harmonious functions in [3] and [4]. As e goes to zero, they
approximate solutions to the infinity Laplacian. To be more precise, Le
Gruyer proved in [3] (see also [8]) that a uniform limit when ¢ — 0 of a
sequence of harmonious functions is a solution to Asu = 0, where A u =
|Vu| =2 > i Uy Uiy Uy = |Vu| ™2 (D%u Vu, V) is the 1—homogeneous in-
finity Laplacian.

Recall that the p-Laplacian is given by
(1.4) Apu = div(|Vul[P72Vu) = |VulP 2 {(p — 2)Asou + Au} .

Since the p-Laplace operator can be written as a combination of the Laplace
operator and the infinity Laplacian, it seems reasonable to expect that the
combination (1.1) of the averages in (1.2) and (1.3) give an approximation
to a solution to the p-Laplacian. We will show that this is indeed the case.
To be more precise, we prove that p-harmonious functions are uniquely de-
termined by their boundary values and that they converge uniformly to the
p-harmonic function with the given boundary data. Furthermore, we show
that p-harmonious functions satisfy the strong maximum and comparison
principles. Observe that the validity of the strong comparison principle
remains in doubt for the solutions of the p-Laplace equation in R™, n > 3.

Consider a two-player zero-sum-game in a domain 2 described as follows:
starting from a point zg € €2, Players I and II play the original tug-of-war
game described in [8] with probability «, and with probability § (recall that
a+ f = 1), a random point in B(xzg) is chosen. Once the game position
reaches the boundary, Player II pays Player I the amount given by a pay-off
function. Naturally, Player I tries to maximize and Player II to minimize
the payoff. Equation (1.1) describes the expected payoff of the above game.
Intuitively, the expected payoff at the point can be calculated by summing
up all the three cases: Player I moves, Player II moves, or a random point
is chosen, with their corresponding probabilities.

In this variant of the original tug-of-war with noise formulation of Peres
and Sheffield in [9] the noise is distributed uniformly on B.(z). This ap-
proach allows us to use the dynamic programming principle in the form (2.3)
to conclude that our game has a value and that the value is p-harmonious.

1.1. Main results. To begin with, we recall a heuristic argument from [5]
to gain insight on (1.1). It follows from expansion (1.4) that u is a solution
to Apu = 0 if and only if

(1.5) (p —2)Asou + Au =0,

because this equivalence can be justified in the viscosity sense even when
Vu = 0 as shown in [2]. Averaging the classical Taylor expansion

u(y) = u(x) + Vu(z) - (y — x) + %(DZU(x)(y —x),(y —2)) + Oy — «*),



p-HARMONIOUS FUNCTIONS 3

over B.(x), we obtain

E2

(1.6) u(z) — ]{38(33) udy = —mAu(x) +0(e%),

when u is smooth. Here we used the shorthand notation
1

udy = —— u dy.
][Bs(x) |Be(z)| JB.(2)

Then observe that gradient direction is almost the maximizing direction.
Thus, summing up the two Taylor expansions roughly gives us

1
u(x) — B {sup u+Bin(f)u}
Be(x) ez

(1.7) zu(z:)—;{u <m+sm> +“<$_€|gzggl>}

R
= —EAoou(a?) + O(?).

Next we multiply (1.6) and (1.7) by suitable constants a and 8, a + 8 = 1,
and add up the formulas so that we have the operator in (1.5) on the right
hand side. This process gives us the choices of the constants

-2 2
(1.8) a=2 , and (= i iy
p+n p+n
and we deduce
u(x) = @ sup v+ inf w gy +f wdy + O(e3)
2 |Bw) B Be(x)

as ¢ — 0.

Consider a bounded domain 2 C R™ and fix € > 0. To prescribe boundary
values for p—harmonious functions, let us denote the compact boundary strip
of width € by

I, ={zeR"\Q : dist(z,00) < e}.

Definition 1.1. The function u. is p-harmonious in £ with boundary values
a bounded Borel function F : T'; — R if

ue(z) = i sup ue + inf w. p +f ue dy for every x € Q,
2 B.(x) Be(z) Be(z)
where o, 8 are defined in (1.8), and

ue(x) = F(x), for every x €T..
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The reason for using the boundary strip I'. instead of simply using the
boundary 02 is the fact that for x € Q the ball B.(x) is not necessarily
contained in €.

To prove our main results, we assume that 2 < p < co. The case p = 0o
is considered in [3] and [8].

First, with a fixed boundary data, there exists a unique p-harmonious
function.

Theorem 1.2. Let Q C R™ be a bounded open set. Then there exists a
unique p-harmonious function in Q with given boundary values F'.

Furthermore, p-harmonious functions satisfy the strong mazimum princi-
ple.

Theorem 1.3. Let 2 C R"™ be a bounded, open, and connected set. If u. is
p-harmonious in Q0 with boundary values F', then

sup F' > sup ue..
. Q

Moreover, if there is a point xo € Q such that u.(xo) = supp_F, then u. is
constant in €.

In addition, p-harmonious functions with continuous boundary values sat-
isfy the strong comparison principle. Note that the validity of the strong
comparison principle is not known for the p-harmonic functions in R”, n > 3.

Theorem 1.4. Let Q2 C R"™ be a bounded, open and connected set, and let u
and v. be p-harmonious functions with continuous boundary values F, > F,
in I'c. Then if there exists a point o €  such that u.(xg) = ve(xo), it
follows that

Ue = v in S,
and, moreover, the boundary values satisfy

F,=F mn T..

To prove that p-harmonious functions converge to the unique solution of
the Dirichlet problem for the p-Laplacian in €2 with fixed continuous bound-
ary values, we assume that the bounded domain 2 satisfies the following
boundary regularity condition:

Boundary Regularity Condition 1.5. There exists &' > 0 and p € (0,1)
such that for every 6 € (0,8'] and y € 9N there exists a ball

Bys(2) € Bs(y) \ .

For example, when ) satisfies the exterior cone condition it satisfies this
requirement. This is indeed the case when ) is a Lipschitz domain.
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Theorem 1.6. Let € be a bounded domain satisfying Condition 1.5 and F
be a continuous function. Consider the unique viscosity solution u to

i P2y (x) = T
19) { div(|Vu|P~?Vu)(z) = 0, e

u(x) = F(x), x € 01,

and let us be the unique p-harmonious function with boundary values F.
Then

Ue — U uniformly in

as € — 0.

The above limit only depends on the values of F' on 92, and therefore
any continuous extension of Flpqo to I';, gives the same limit.

Organization of the paper. The rest of the paper is organized as
follows: In Section 2 we discuss the relation between p-harmonious functions
and tug-of-war games, in Section 3 we prove the maximum principle and
the strong comparison principle of p-harmonious functions, and finally in
Section 4, we prove the convergence result as € goes to zero, Theorem 1.6.

2. p-HARMONIOUS FUNCTIONS AND TUG-OF-WAR GAMES

In this section, we describe the connection between p-harmonious func-
tions and tug-of-war games. Fix ¢ > 0 and consider the following two-player
zero-sum-game. At the beginning, a token is placed at a point zg € €2 and
the players toss a biased coin with probabilities o and 5, a + 8 = 1. If
they get heads (probability «), they play a tug-of-war, that is, a fair coin is
tossed and the winner of the toss is allowed to move the game position to
any x1 € B-(xg). On the other hand, if they get tails (probability 3), the
game state moves according to the uniform probability to a random point
in the ball B.(z¢). Then they continue playing the same game from z.

This procedure yields a possibly infinite sequence of game states zq, z1, . . .
where every xj is a random variable. We denote by x, € I'. the first point
in I'; in the sequence, where 7 refers to the first time we hit I'.. The payoff
is F(z;), where F': T. — R is a given payoff function. Player I earns F'(z,)
while Player II earns —F(x).

A history of a game up to step k is a vector of the first k + 1 game states,
for example, (xg,x1,...,2). We denote a set of all histories up to step k
by Hp, that is, it contains all possible sequences of game states of length k.
The set of all finite histories is denoted by

oo
H= U Hy.
k=0
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A strategy Sy for Player I is a function defined on H that gives the next
game position

S1(zo, 1, ..., 2k) = Tpr1 € Be(xy)

given a history h if Player I wins the toss. Similarly Player II plays according
to a strategy St

Let Q. = QUT ;. C R™ be equipped with the natural topology, and the o-
algebra B of the Lebesgue measurable sets. The space of all game sequences

H® =Q. x Q. x ...,

is a product space endowed with the product topology.
Let {fk}z‘;o, Fo C F1 C ... C Fso, denote the following o-algebras: the
o-algebra Fj, is generated by cylinder sets of the form
Ag X A1 X Ag X ... x A X Qe X ...

with A; € B and F is the o-algebra generated by U2, Fy.

For w = (wp, w1, ...) € H*, we define
rp(w) =wg, xp:H® —>R" k=0,1,...
so that x; is an Fi-measurable random variable. Let
T(w) = inf{k : zx(w) €T, k=0,1,...}.

This 7(w) is a stopping time relative to the filtration {F3}32.

The fixed starting point xg and the strategies St and Si; determine a
unique probability measure IP’E? 5 I H™ relative to the product o-algebra
F°. This measure is built by applying Kolmogorov’s extension theorem to
the initial distribution d4,(A), and the family of transition probabilities

TS1,S1 (l‘o(w), s 7176(("-))’ A) = TS1,5m (OJ(), sy WE, A)
(2'1) _ |AmBs(wk)|
| Be (wy)]

To this end, we define probability measures inductively on finite products
as

« (6]
+ 5551@0,..‘,%)(14) + 55511(%,‘..,%)@1).

58, (Ao) = 8z (Ao),
PGS (Ao x Ay x ... x Ap_y x Ay)

k—1,z9
= / TSy, 80 (Wo, - - - Wr—1, Ag) dpg g (Wo, - -+ Wk—1)-
AgX A1 X...XAp_q

Note that

k k+1
usng(Ao X Ay X ... x Ag) = ;LS:S’I”IC“(AO X Ap X .oox A x Q).
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We only concentrate on the nontrivial case zg € Ag. The first two mea-
sures are

1, 1,
g (Ag x Ap) = /A » dpg’s, (wo,wr)
1

1
= /A d/‘sfgn (zo,w1) = 7TSI7SH(x07 Ay)
1
and

2
fg; g, (Ao X Ap x Ag) = /A 751,51 (T0, w1, A2) drsy sy, (0, w1)-
1

The expected payoff, when starting from zg and using the strategies
St, S, is
(2‘2) EE(I),SII [F(‘TT)] = oo F(‘I'T(w)) dP?I),SII(w)‘

Note that, due to the fact that 8 > 0, or equivalently p < oo, the game
ends almost surely

Pg g, ({w € H®: 7(w) <oc}) =1
for any choice of strategies.

The wvalue of the game for Player I is given by

uf (zg) = sglp %}If ES s, [F'(z7)]

while the value of the game for Player II is given by
ufp(xo) = %}f sglp Eg s, [F(z7)].
The values uf(xo) and uf;(xo) are the best expected outcomes each player

can guarantee when the game starts at xzg.

We start by the statement of the Dynamic Programming Principle (DPP)
applied to our game. Given the transition probabilities (2.1) we obtain

Lemma 2.1 (DPP). The value function for Player I satisfies

u§(z0) = = { sup uj+ _inf uyp+ 8 wSdy,  mEQ,
(2.3) 2 | B.(20) Be (o) Be(zo0)

uz(zo) = F(2o), zo € Ie.

The value function for Player II, u%;, satisfies the same equation.

Formulas similar to (2.3) can be found in Chapter 7 of [7]. A detailed
proof adapted to our case can also be found in [6].

Let us explain intuitively why the DPP holds by considering the expec-
tation of the payoff at xzyp. Whenever the players get heads (probability
«) in the first coin toss, they toss a fair coin and play the tug-of-war. If
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Player I wins the fair coin toss in the tug-of-war (probability 1/2), she steps
to a point maximizing the expectation and if Player II wins, he steps to a
point minimizing the expectation. Whenever they get tails (probability 3)
in the first coin toss, the game state moves to a random point according to
a uniform probability on B.(xg). The expectation at xy can be obtained by
summing up these different alternatives.

We warn the reader that, in general, the value functions are discontinuous
as the next example shows.

Example 2.2. Consider the case = (0,1) and

1, z>1
0, =z<0.

Fz) = uf (x) = {

In this case the optimal strategies for both players are clear: Player I moves
€ to the right and Player II moves € to the left. Now, there is a positive
probability of reaching x > 1 that can be uniformly bounded from below in
(0,1) by C = (2/a)~ (/1) This can be seen by considering the probability
of Player I winning all the time until the game ends with > 1. Therefore
uf > C > 0 in the whole (0,1). This implies a discontinuity at = 0 and
hence a discontinuity at * = €. Indeed, first, note that u. is nondecreasing
and hence

2e 2e
e 15} o I}
(o 1 € = Cdy = —us(2e—) + — Td
uj (e )_g;l/‘lnsz wigpgsul(y)“‘%/o uy ay 2“1( e-) 25/0 uy dy,

because supj,_, <. ui(y) = ui(z +¢) and inf|, <. uf is zero for z € (0,¢).
However,

2e

uf (e4) > %C Flm S sup u(y) + 25/ u dy > %c +uf(e—)
TNE L Jp—y|<e €Jo

because supj,_y<. ui(y) = ui(z +¢) > uf(2¢—) and inf|, < uf > C for

x> e

By adapting the martingale methods used in [8], we prove a comparison
principle. This also implies that uf and uf; are respectively the smallest and
the largest p-harmonious function.

Theorem 2.3. Let 2 C R"™ be a bounded open set. If v. is a p-harmonious
function with boundary values Fy, in I'. such that F, > Fu?’ then v > ug.

Proof. We show that by choosing a strategy according to the minimal values
of v, Player II can make the process a supermartingale. The optional stop-
ping theorem then implies that the expectation of the process under this
strategy is bounded by v. Moreover, this process provides an upper bound
for us.
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Player I follows any strategy and Player II follows a strategy SY such that
at rx—1 € 2 he chooses to step to a point that almost minimizes v, that is,
to a point xy € B.(xg_1) such that

v(zg) < inf v+ n27"

Ba(xkfl)
for some fixed n > 0. We start from the point xg. It follows that
—k
E?I),S?I [v(zk) + 727" |20,y .., Th—1]

gg Cinf v+n27F+ sup vy +p vdy +n27"
2 Be(zk—1) EE(kal) Be(zp—1)

< o(zp_1) +n2~ "D,

where we have estimated the strategy of Player I by sup and used the fact
that v is p-harmonious. Thus

My = v(xy) + 127"
Is a supermartingale. Since Fy, > Fy¢ at I';, we deduce

uf(xo) = sup inf IE?;SH [Fus (x7)] < sup E?I),SO [Fo(zr) +n277]
SI SH SI 11

< supliminf EY oo [v(zrnk) + n2~ (AR
St k—o00 911

< Slslp Eg, 50 [Mo] = v(zo) + 1,
I

where 7 A k = min(7, k), and we used Fatou’s lemma as well as the optional
stopping theorem for Mj. Since n was arbitrary this proves the claim. [

Similarly, we can prove that uf; is the largest p-harmonious function:
Player II follows any strategy and Player 1 always chooses to step to the
point where v is almost maximized. This implies that v(zg) — 727" is a
submartingale. Fatou’s lemma and the optional stopping theorem then prove
the claim.

Next we show that the game has a value. This together with the previous
comparison principle proves the uniqueness of p-harmonious functions with
given boundary values.

Theorem 2.4. Let Q C R"™ be a bounded open set, and F a given boundary
data in I'c. Then uj = u3;, that is, the game has a value.

Proof. Clearly, uf < uf; always holds, so we are left with the task of showing
that uf; < uf. To see this we use the same method as in the proof of the
previous theorem: Player II follows a strategy SIOI such that at xx_1 € ,
he always chooses to step to a point that almost minimizes uf, that is, to a
point xj, such that
ui(zg) < inf  uf + n27*,
Be(wp-1)
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for a fixed n > 0. We start from the point xg. It follows that from the choice
of strategies and the dynamic programming principle for uf that

—k
Eg‘;ﬁ% [uf (zk) + 127" |z, ..., Tk—1]
o € : € —k € —k
< - sup wui+ inf wuf +n2 + 4 ui dy + 12
2 Be(zp-1) Be(wk-1) Be(wp-1)
= uf (xp_1) + 72~ Y,
Thus

My, = uf () + 72"
is a supermartingale. We get by Fatou’s lemma and the optional stopping
theorem that

ufp (o) = 1Srhf sglp ES o, [F(zr)] < sglp E?;,S{’I [F(xr) +n277]

< supliminf Y oo [uf(27nk) + n2~ (TAR)]
St k—o00 911

< sup By, op [ui (z0) + 1] = ui(z0) + 7.
I

Similarly to the previous theorem, we also used the fact that the game ends
almost surely. Since n > 0 is arbitrary, this completes the proof. ([

Theorems 2.3 and 2.4 imply Theorem 1.2.

Proof of Theorem 1.2. Due to the dynamic programming principle, the val-
ues of the games are p-harmonious functions. This proves the existence
part of Theorem 1.2. Theorems 2.3 and 2.4 imply the uniqueness part of
Theorem 1.2. O

Corollary 2.5. The value of the game with pay-off function F coincides
with the p-harmonious function with boundary values F'.

3. MAXIMUM PRINCIPLES FOR p-HARMONIOUS FUNCTIONS

In this section, we show that the strong maximum and strong comparison
principles hold for p-harmonious functions. The latter result is interesting
since the strong comparison principle is not known for p-harmonic functions
in R™ for n > 3.

We start with the strong mazimum principle: The p-harmonious function
ue attains its maximum at the boundary. Furthermore, if this value is also
attained inside the domain, then wu. is constant.

Proof of Theorem 1.3. The proof uses the fact that if the maximum is at-
tained inside the domain then all the quantities in the definition of a p-
harmonious function must be equal to the maximum. This is possible in a
connected domain only if the function is constant.
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We begin by observing that a p-harmonious function u. with a boundary
data F satisfies

sup |uc| < sup|F,

as stated in Lemma 4.3. Assume then that there exists a point xg € {2 such
that

ue(xg) = sup ue = sup F.
Q

e
Then we employ the definition of a p-harmonious function, Definition 1.1,
and obtain

«
ue(zg) = =< sup ue+ inf we o+ ue dy.
2 Be(zo) Be(wo) Be(z0)
Since u.(xp) is the maximum, the terms
sup ue, _inf w., and ][ Ue Ay
Be(xo) Be(zo) Be(z0)

on the right hand side must be smaller than or equal to u.(xg). On the
other hand, when p > 2, it follows that «, 8 > 0 and thus the terms must
equal to uc(xg). Therefore,

(3.1) us(x) = ue(zo) = SUp e

for every x € B.(xg) when p > 2. Now we can repeat the argument for
each x € B.(x¢) and by continuing in this way, we can extend the result to
the whole domain because (2 is connected. This implies that u is constant
everywhere when p > 2.

Finally, if p = 2, then (3.1) holds for almost every x € B:(xp) and conse-
quently for almost every = in the whole domain. Then since

u(x) = ][ udy
B.(z)

holds at every point in €2 and u is constant almost everywhere, it follows
that v is constant everywhere. ([

Using similar ideas we prove the strong comparison principle: Let u. and
ve be p-harmonious with boundary data F,, > F, in I'.. Then if there exists
a point xg € Q with u.(z9) = ve(xp), it follows that

Ue = Ve in €,
and, moreover, the boundary values satisfy
F,=F, in T..

The proof heavily uses the fact that p < co. Note that it is known that the
strong comparison principle does not hold for infinity harmonic functions.
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Proof of Theorem 1.4. According to Corollary 2.5 and Theorem 2.3, F,, >
F, implies u. > v.. By the definition of a p-harmonious function, we have

ue(xg) = & sup ue + inf wue p +f ue dy
2 Be(xo) Be(xo)

and
(&% .
ve(xg) = =< sup ve+ _inf v, p + ve dy.
2 Be(x0) Be(zo) Be(z0)
Next we compare the right hand sides. Because u. > v., it follows that

sup us < sup e,

EE(JJO) E5(1'0)
inf u. < inf wv., and
(3.2) Bo(wo)  Be(wo)

][ ue dy < ][ Ve dy.
Bc(zo) Bc(zo)

us(wo) = UE(«TO)a
we must have equalities in (3.2). In particular, we have equality in the third
inequality in (3.2), and thus

Since

Ue = Ve almost everywhere in B (xp).
Again, the connectedness of {2 immediately implies that

Ue = Vg almost everywhere in QU I'..

In particular,
F,=F, everywhere in  I',

since F, and F, are continuous. Because the boundary values coincide, the
uniqueness result, Theorem 1.2, shows that u. = v. everywhere in (2. O

4. CONVERGENCE TO THE P-HARMONIC FUNCTION AS € — 0

In this section, we show that p-harmonious functions with a fixed bound-
ary data converge to the unique p-harmonic function. First, we prove a
convergence result under additional assumptions by employing game theo-
retic arguments from [8] and [9]. Then we present a different proof that
avoids the technical restrictions. The second proof uses a fact that although
p-harmonious functions are, in general, discontinuous, they are, in a certain
sense, asymptotically uniformly continuous.

Let 2 be a bounded open set. We assume below that « is p-harmonic
in an open set € such that QU T, C Q. In addition, we assume that
Vu # 0 in Q. This assumption guarantees that u is real analytic according
to a classical theorem of Hopf [1], and thus equation (4.1) below holds with
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a uniform error term in 2. Later we show how to deal directly with the
Dirichlet problem without this extra assumption.

Theorem 4.1. Let u be p-harmonic with nonvanishing gradient Vu # 0 in
Q' as above and let u. be the p-harmonious function in Q with the boundary
values u in I'e. Then

Ue = U uniformly in  Q

as e — 0.

Proof. The proof uses some ideas from the proof of Theorem 2.4 in [9]. As
stated at the end of Section 2, the p-harmonious function with boundary
values coincides with the value of the game and thus we can use a game
theoretic approach.

Recall from the introduction (see also [5]) that u satisfies

(4.1) u(z) = % sup u+ _inf up+p udy + O(e?)
B.(z) Be(x) Be(x)

with a uniform error term for x € Q as € — 0. The error term is uniform
due to our assumptions on u.

Assume, for the moment, that p > 2 implying o > 0 so that the strategies
are relevant. Now, Player II follows a strategy SIOI such that at a point
Trp_1 he chooses to step to a point that minimizes u, that is, to a point
xg € Be(xk_1) such that

u(zg) = - (inf )u(y).
e(Tr—1

Choose C; > 0 such that |O(¢*)| < C13. Under the strategy Sf
Mk = u(xk) — Clki€3

is a supermartingale. Indeed,

Eg, 0 (u(z) — Cike® |0, ..., xp-1)
(4.2) < @ sup u+ inf wpy+p wdy — Chke?
Be(zp—1) Be(zp-1) Be(Tp—1)

< u(mk,l) — Cl(k — 1)83.

The first inequality follows from the choice of the strategy and the second
from (4.1). Now we can estimate ujj(xo) by using Fatou’s lemma and the
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optional stopping theorem for supermartingales. We have

ufr(xo) = mf sup Eg s, [F'(z7)]
< sup ES S?I[ (xT)]

<supEY ., [u(x,) + O17e® — C176%]
St

517591
< sglp (hm lnfESI,SO [u(zrpk) — C1(T A )] 4 O3 ES 50 [T ])

< u(wg) + C1° supES S%[ 7].

This inequality and the analogous argument for Player I implies for u. =
[ — 15
ufp = uj that

(@) ) =GB o ] < uelawn) < u(wo) + C1* DL o [,

WS11

Letting ¢ — 0 the proof is completed if we prove that there exists C' such
that

T -2
(4.4) EY oolr] < Ce™

To establish this bound, we show that
Mk = —u(a;k)z + u(a;o)2 + CQEzk

is a supermartingale for small enough ¢ > 0. If Player II wins the toss, we
have
u(zy) — u(zp-1) < —Cse

because Vu # 0, as we can choose for example C3 = inf,cq |[Vul. It follows
that

Eg, 0 [((u(@r) — u(@p-1))* |20, ., @p1]
(4.5) > % ((—035)2 +0) 8.0 a232€2_
We calculate
Eg, 50 [My, — My_1| 20, .-, Tp_1]
(46) = ESI,S%[—u(:L'k)Q +u(zr1)? + Coe? | 2o, .. ., 21
=Eg, g0 [~ (u(zr) — u(@p-1))’| 2o, .. ., Tp-1]
—Eg 50 2(u(zg) — w(zp—1))u(zp—1) |20, .., Th—1] + Cac™.

By subtracting a constant if necessary, we may assume that v < 0. Moreover,
u(xg_1) is determined by the point zj_1, and thus, we can estimate the
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second term on the right hand side as
~Eg, g0 [2(u(zr) — ulzg—1))u(zg—1) | zo, ..., x3—1]

— —2u(zy1) (ESLS?I [w(zs) |20, - - -, Tho1] — u(xk,1)>
< 2[Jul|, C1é®.

The last inequality follows from (4.1) similarly as estimate (4.2). This to-
gether with (4.5) and (4.6) implies

Es, 50 [My — My—1 | @o,...,x-1] <0,

when
20032 /2 + 2 |Jul|, C1e3 + Cae® < 0.

This holds if we choose, for example, Cy such that C3 > 2,/Cs/«a and
take e < Co/(2]Jul|,, C1). Thus, M}, is a supermartingale. Recall that we
assumed that p > 2 implying o > 0.

According to the optional stopping theorem for supermartingales

E‘gisﬁ [Monk] < Mo =0,

and thus

02821[4:?;7 s [r AK] <EQ s [w(@rpn)? — u(zo)?].

The result follows by passing to the limit with &k since u is bounded in 2.

Finally, if p = 2, then the mean value property holds without a correction
for u due to the classical mean value property for harmonic functions and
the claim immediately follows by repeating the beginning of the proof till
(4.3) without the correction term. O

Above we obtained the convergence result for p-harmonious functions un-
der the extra assumption that Vu # 0. Now we show how to deal directly
with the Dirichlet problem and give a different proof for the uniform conver-
gence without using this hypothesis. The proof is based on a variant of the
classical Arzela-Ascoli’s compactness lemma, Lemma 4.2. The functions u.
are not continuous, in general, as shown in Example 2.2. Nonetheless, the
jumps can be controlled and we will show that the p-harmonious functions
are asymptotically uniformly continuous as shown in Theorem 4.6.

Lemma 4.2. Let {u. : Q = R, € > 0} be a set of functions such that

(1) there exists C > 0 so that |us(x)| < C for every € > 0 and every
x €,

(2) given n > 0 there are constants ro and €y such that for every e < gg
and any z,y € Q with | — y| < ro it holds

[us () — ue(y)| < n.
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Then, there exists a uniformly continuous function u : @ — R and a subse-
quence still denoted by {uc} such that

Ue — U uniformly in  Q,

as € — 0.

Proof. First, we find a candidate to be the uniform limit u. Let X C Q be a
dense countable set. Because functions are uniformly bounded, a diagonal
procedure provides a subsequence still denoted by {u.} that converges for
all x € X. Let u(z) denote this limit. Note that at this point u is defined
only for x € X.

By assumption, given n > 0, there exists rg such that for any z,y € X
with |z — y| < ro it holds
u(z) — u(y)| <n.
Hence, we can extend u to the whole  continuously by setting

u(z) =

lim u(z).
Xoz—z

Our next step is to prove that {u.} converges to u uniformly. We choose
a finite covering

and £p > 0 such that
|ue () — ue (i), [u(x) — u(zi)] <n/3
for every x € B,(z;) and € < g¢ as well as
|ue (i) — u(wi)| <n/3,
for every z; and € < g9. To obtain the last inequality, we used the fact that
N < oo. Thus for any x € ), we can find z; so that x € B,.(z;) and
|ue(z) — u(z)|
< Jue (@) — ue(@i)| + [ue(zi) — w(ai)| + u(xi) — u(z)]
<,

for every € < g, where ¢ is independent of x. O

Next we show that for fixed F', a family of p-harmonious functions, with
as the parameter, satisfies the conditions of Lemma 4.2. First observe that
p-harmonious functions are bounded since

min F(y) < F(z;) < max F(y)
yel’ yeTe

€

for any z, € I'; implies:
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Lemma 4.3. A p-harmonious function u. with boundary values F' satisfies

4.7 in F(y) < < F(y).
(4.7) min (y)_ue(x)_ggg (v)

Next we will show that p-harmonious functions are asymptotically uni-
formly continuous. We give two proofs for this result. The first proof applies
Theorem 2.3 and a comparison with solutions for the p-Dirichlet problem in
annular domains. We also use Theorem 4.1 for these solutions, which satisfy
the conditions of the theorem. The proof utilizes some ideas from [9] but
does not explicitly employ probabilistic tools.

Lemma 4.4. Let {u.} be a family of p-harmonious functions in  with a
fized continuous boundary data F. Then this family satisfies condition (2)
in Lemma 4.2.

Proof. Observe that the case x,y € I'; readily follows from the continuity of
F, and thus we can concentrate on the cases € Q, y € I';, and z,y € Q.

We divide the proof into three steps: First for x € Q, y € I'., we em-
ploy comparison with a p-harmonious function close to a solution for the
p-Dirichlet problem in an annular domain. It follows that the p-harmonious
function with the boundary data F' is bounded close to y € I'; by a slightly
smaller constant than the maximum of the boundary values. Second, we
iterate this argument to show that the p-harmonious function is close to the
boundary values near y € I': when ¢ is small. Third, we extend this result
to the case x,y € Q by translation, by taking the boundary values from the
strip already controlled during the previous steps.

To start, we choose B,5(z) C Bs(y) \ 2, § < ¢, by Condition (1.5), and
consider a problem

div(|VuP=2Vu)(z) =0, z € Bys(2) \ Bus(2),

(4.8) u(z) = supp,, (y)nr. x € 0B,5(2),
u(x) = supp_F, x € OBys(2).
We denote r = |x — z|. This problem has an explicit, radially symmetric
solution of the form
(4.9) u(r) = ar~ 7P/ (=1 4y

when p # n and

(4.10) u(r) = alog(r) + b,

when p = n. We extend the solutions to Bysio:(2) \ Bus—2:(z) and use
the same notation for the extensions. Now because Vu # 0, Theorem 4.1

shows that for the p-harmonious functions {uf, ,} in Basic(2) \ Bus—c(2)
with boundary values u, it holds that

Ufypd — U, uniformly in = Busic(2) \ Bus—e(2)
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as ¢ — 0.
It follows that

[Uhma —ul = 0(1)  in Busye(2) \ Bus—e(2),

where o(1) — 0 as ¢ — 0. For small enough ¢, the comparison principle,
Theorem 2.3, implies that in Bs(y) NQ C Bas(z) N there is 6 € (0,1) such
that

u <ufqt+o(l)<u+o(l)< sup F+60(supF— sup F).
Bss(y)Nle Ie Bss(y)NTe

Observe that by solving a,b in (4.9) or (4.10) above, we see that 0 < 6 < 1
does not depend on §.

 To prove the second step, we solve the p-harmonic function in Bs(z) \
B, 5/4(2) with boundary values supp,;(,)nr. ' at 9B,;5/4(2) and from the
previous step

sup F+60(supF — sup F)
Bss(y)Nle Ie Bss(y)Nle

at 0Bs(z). Again the explicit solution and the comparison principle implies
for small enough £ > 0 that

u. < sup F+60*(supF — sup F) in Bys4(y) N Q.
B55(y)ﬂF5 Ie B55(y)ﬂF5

Continuing in this way, we see that for small enough € > 0 that

u. < sup F+460%supF— sup F) in Bs 4 (y) N Q2.
Bss(y)nle Le Bss(y)Nle

This gives an upper bound for w*. The argument for the lower bound is
similar. We have shown that for any n > 0, we can choose small enough
d > 0, large enough k, and small enough € > 0 above so that for x € Q,y € I';
with |z — y| < §/4F it holds

(4.11) ue(z) = F(y)| <.

This shows that the second condition in Theorem 4.2 holds when y € T';.

Next we extend the estimate to the interior of the domain. First choose
small enough § and large enough k so that

(4.12) |F(2") = F(y)] <n
whenever |2/ — /| < §/4%, and € > 0 small enough so that (4.11) holds.

Next we consider a slightly smaller domain
Q={z€Q : dist(z,00) > §/4"2}
with the boundary strip
I'={zeQ: dist(z,00) < §/4*2).
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Suppose that z,y € Q with |z — y| < §/452. First, if 2,y € I, then we can
estimate

(4.13) |ue (@) — ue(y)| < 3n

by comparing the values at z and y to the nearby boundary values and using
(4.11). Finally, let z,y € ©Q and define

F(2) =u.(z—x+y)+3n in T.
We have

F(z) >uc(z) in T
by (4.11), (4.12), and (4.13). Solve the p-harmonious function @ in Q

with the boundary values F' in I'. By the comparison principle and the
uniqueness, we deduce

us () < tUe(z) =ue(r —z+y) +3n=u(y) +3n in Q.

The lower bound follows by a similar argument. ]

The second proof for Lemma 4.4 is based on the connection to games and
a choice of a strategy. In Lemma 4.6, we prove slightly stronger estimate that
implies Lemma 4.4. The proof of this lemma avoids the use of Theorem 4.1
but we assume a stronger boundary regularity condition instead.

At each step, we make a small correction in order to show that the process
is a supermartingale. To show that the effect of the correction is small also
in the long run, we need to estimate the expectation of the stopping time
7. We bound 7 by the exit time 7* for a random walk in a larger annular
domain with a reflecting condition on the outer boundary.

Lemma 4.5. Let us consider an annular domain Br(y) \ Bs(y) and a ran-
dom walk such that when at xi_1, the next point xi is chosen according to
a uniform distribution at Be(xk—1) N Br(y). Let

7'* = 1nf{k .y € E&(y)}
Then

(4.14) E™ (%) < C(R/¢) dist(0Bs(y), zo) + o(1)

2
€
for zo € Br(y) \ Bs(y). Here o(1) — 0 as € — 0.

)

Proof. We will use a solution to a corresponding Poisson problem to prove
the result. Let us denote

ge(x) =E*(77).

The function g. satisfies a dynamic programming principle

ge() :][ g-dz+1
E(x)nBR(y)
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because the number of steps always increases by one when making a step to
one of the neighboring points at random. Further, we denote v.(x) = £2g.(x)
and obtain

ve () :][ ve dz + €%
e(m)mBR(y)

This formula suggests a connection to the problem

Av(z) =-2(n+2), =€ Bre(y)\Bs(y),

(4.15) %(fv) =0, x € 9Bs(y),
87/;) - 07 HARS 8BR+E(y)7

where 9 refers to the normal derivative. Indeed, when B.(z) C Brie(y) \

Bs(y), the classical calculation shows that the solution of this problem sat-
isfies the mean value property

(4.16) v(z) = ][ vdz + 2.
B.(z)

The solution of problem (4.15) is positive, radially symmetric, and strictly
increasing in r = |z — y/|. It takes the form v(r) = —ar? —br>="+¢, if n > 2
and v(r) = —ar? — blog(r) + ¢, if n = 2.

We extend this function as a solution to the same equation to Bs(y) \
Bs_.(y) and use the same notation for the extension. Thus, v satisfies (4.16)
for each B.(x) C Brye(y) \ Bs_<(y). In addition, because v is increasing in
r, it holds for each z € Bgr(y) \ Bs(y) that

][ ’Udz<][ vdz = v(z) — &2
Be(z)NBr(y) Be ()

It follows that
E[v(zy) + ke? | 2o, ... 2p1] = ][ vdz + ke? = v(zp_1) + (k — 1)e?,
Be(zk-1)

if Be(wr_1) C Br(y) \ Bs_c(y), and if Bo(zx_1) \ Br(y) # 0, then

Elv(zy) + ke? | zo, ..., Tp_1] = ][ vdz + ke?
Bs(xk—l)mBR(y)

< ][ vdz = v(zp_1) + (k — 1)
Be(zk-1)
Thus v(z) + ke? is a supermartingale, and the optional stopping theorem
yields
(4.17) E2 [v(xrenp) + (75 A k)e?] < v(wo).
Because x.+« € Bs(y) \ Bs_<(y), we have
0 < —E"[v(zs)] < o(1).
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Furthermore, the estimate
0 <w(xzo) < C(R/6)dist(0Bs(y), xo)

holds for the solutions of (4.15). Thus, by passing to a limit with & in (4.17),
we obtain

2B (%] < w(zg) — Eu(z,+)] < C(R/8)(dist(dBs(y), o) + o(1)).
This completes the proof. [l

By estimating the dominating terms br—"12

to (4.15) close to r = §, we see that
(4.18) |E*[v(z+)]| < Clog(1l+ ¢).

or blog(r) of explicit solutions

Thus the error term o(1) could be improved to C'log(1 + ¢).

Next we derive an estimate for the asymptotic uniform continuity of the
family of p-harmonious functions which implies Lemma 4.4. For simplicity,
we assume that () satisfies an exterior sphere condition: For each y € 912,
there exists Bs(z) C R™\ 2 such that y € 0B;s(z). With this assumption, the
iteration used in the first proof of Lemma 4.4 can be avoided. To simplify
the notation and to obtain an explicit estimate, we also assume that F' is
Lipschitz continuous in I'..

Lemma 4.6. Let F' and Q) be as above. The p-harmonious function u. with
the boundary data F satisfies

(4.19) |ue () — ue(y)| < Lip(F)é + C(R/6)(lx —y| + o(1)),
for every small enough § > 0 and for every two points x,y € QU ..

Proof. As in the first proof of Lemma 4.4, the case x,y € I'; is clear. Thus,
we can concentrate on the cases x € 2 and y € I'. as well as z,y € Q.

We utilize the connection to games. Suppose first that x € Q and y € I'..
By the exterior sphere condition, there exists Bs(z) C R™ \ © such that

y € 0Bs(z). Player I chooses a strategy of pulling towards z, denoted by
S7. Then

Mk = |a:k - Z’ — Ce’iQk
is a supermartingale for a constant C' large enough independent of €. Indeed,
EE(I‘)Z’SHH‘:C’C - Z‘ ‘ Zoy .- - 71"{71]
o
< {legmr — 2| et |wp—1 — 2| —€}+ 8 | — z|dx
2 Be(wp—1
< |zpy — 2| + CE2

The first inequality follows from the choice of the strategy, and the second
from the estimate

][ |z — z|dx < |zp_q — 2| + Ce2.
Be(zk-1)
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By the optional stopping theorem, this implies that

(4.20) Eg%SHHxT —z|] < |zo — 2| + CgQEg%,SH [7].

Next we estimate Eg‘ll s, (7] by the stopping time of Lemma 4.5. Player I

pulls towards z and Player II uses any strategy. The expectation of |z — z|
when at zj_1 is at the most |xp_; — 2| when we know that the tug-of-war
occurs. On the other hand, if the random walk occurs, then we know that the
expectation of |z — z| is greater than or equal to |xx_1 — z|. Therefore we
can bound the expectation of the original process by considering a suitable
random walk in Bg(z) \ Bs(z) for Br(z) such that Q C Bg/y(2). When
r, € Bgr(2) \ Bs(2), the successor w341 is chosen according to a uniform
probability in B.(x) N Br(z). The process stops when it hits Bs(z). Thus,
by (4.14),

EQEE%SH [7] < EQ]E?%,SH [7*] < C(R/))(dist(0Bs(z),x0) + o(1)).
Since y € 0Bs(2),
dist(0Bs(2), zo) < |y — wol,
and thus, (4.20) implies
B2 g llar — 2l < C(R/8) (o — yl +o(1)).
We get
F(z) = C(R/6)(|x =yl +0(1)) <Eg g [F(2r)]
< F(z) + C(R/0)(|x — y[ + o(1)).
Thus, we obtain
P g}lf ES sy lF'(zr)] > g}lf ES: sy [F(z7)]
> F(z) = C(R/6)(|xo — yl| + o(1))
> F(y) — Lip(F)d — C(R/8)(|xo — y| + o(1)).

The upper bound can be obtained by choosing for Player II a strategy where
he points to z, and thus, (4.19) follows.

Finally, let x,y € € and fix the strategies S, Sip for the game starting
at z. We define a virtual game starting at y: we use the same coin tosses
and random steps as the usual game starting at x. Furthermore, the players
adopt their strategies Sy, Sy from the game starting at x, that is, when the
game position is yr_1 a player chooses the step that would be taken at xp_1
in the game starting at x. We proceed in this way until for the first time
xp € I'c or y, € .. At that point we have |z — yx| = | — y|, and we may
apply the previous steps that work for zp € Q, yr € I'; or for xp,yr € .. U

Note that, thanks to Lemmas 4.3 and 4.4 (or alternatively Lemma 4.6),
the family u. satisfies the hypothesis of the compactness Lemma 4.2.
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Corollary 4.7. Let {u.} be a family of p-harmonious functions with a fixed
continuous boundary data F. Then there exists a uniformly continuous u
and a subsequence still denoted by {uc} such that

Ue — U uniformly in .

Next we prove that the limit v in Corollary 4.7 is a solution to (1.9).
The idea is to work in the viscosity setting and to show that the limit is
a viscosity sub- and supersolution. To accomplish this, we utilize some
ideas from [5], where p-harmonic functions were characterized in terms of
asymptotic expansions. We start by recalling the viscosity characterization
of p-harmonic functions, see [2].

Definition 4.8. For 1 < p < oo consider the equation
—div (|Vu|p_2Vu) =0.

(1) A lower semi-continuous function u is a viscosity supersolution if
for every ¢ € C? such that ¢ touches u at x € Q) strictly from below
with Vo(x) # 0, we have

—(p = 2)Ax(z) — Ad(z) = 0.

(2) An upper semi-continuous function w is a subsolution if for every
¢ € C? such that ¢ touches u at x € S strictly from above with
Vo(x) # 0, we have

—(P = 2)Ax(z) — Ag(z) < 0.
(3) Finally, u is a viscosity solution if it is both a sub- and supersolution.

Theorem 4.9. Let F' and Q) be as in Theorem 1.6. Then the uniform limit
u of p-harmonious functions {uc} is a viscosity solution to (1.9).

Proof. First, u = F on 02 due to Lemma 4.4, and we can focus attention
on showing that u is p-harmonic in 2 in the viscosity sense. To this end, we
recall from [5] an estimate that involves the regular Laplacian (p = 2) and
an approximation for the infinity Laplacian (p = c0). Choose a point z € Q
and a O2-function ¢ defined in a neighborhood of z. Let x5 be the point at
which ¢ attains its minimum in B.(z)

¢(z7) = min é(y).

yEB:(z)

It follows from the Taylor expansions in [5] that
«

) { max ¢(y) + min ¢(?J)} + ¢(y) dy — ¢(x)
Be(z)

Y€ B: () YyEBe(z)

(4.21) . 2(5122) <(p_ 2)<D2¢>(x) <:Jci€— x) ’ <:1:i€— x> > +A¢(x)>

+ o(e?).
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Suppose that ¢ touches u at x strictly from below and that Ve(x) # 0.
Observe that according to Definition 4.8, it is enough to test with such func-
tions. By the uniform convergence, there exists sequence {z.} converging to
x such that u. — ¢ has an approximate minimum at z., that is, for n. > 0,
there exists x. such that

uz—:(x) - ¢(SL‘) > Us(xe) - ¢($s) = Ne-

Moreover, considering ¢ = ¢ — ue(x.) — ¢(x.), we can assume that ¢(x.) =
ue(xe). Thus, by recalling the fact that u. is p-harmonious, we obtain

a .

%z—a%»+2{mw¢+»mn¢}+5 4(y) dy,
Bs(an) Ba(ms) Bs(ﬂ?a)

and thus, by (4.21), and choosing 7. = o(¢?), we have

02 5 - (Dot (T2 (T2 ) + gt

+o0(£?).
Since Vo(z) # 0, letting ¢ — 0, we get
p
> - 2)Ax A .
02 5P (0= 2)Anc(z) + A0(2)
Therefore u is a viscosity supersolution.

To prove that u is a viscosity subsolution, we use a reverse inequality to
(4.21) by considering the maximum point of the test function and choose a
function ¢ that touches u from above. O

End of the proof of Theorem 1.6. We just have to observe that since the vis-
cosity solution of (1.9) is unique, then we have convergence for the whole
family {u.} as e — 0. O
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