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Then T is of strong type (p,p) for every 1 < p < q that is
T fll, < CIfll,
for every f € LP(R™).
Proof. Case q < 0. Let f = fi + f where as before
fo=Fxunen and fo= fxqrsa
and recall that f; € L? and f, € L!. Subadditivity implies
T <I[Tfil + 1T f|

for a.e. x € R™. Thus

m{z e R" : |[Tf(x)] > A}) <m({z e R" : |Tfi(z)| > N/2})
+m({r e R : Isz( )l > A/2})

< (75 1ll, )"+ 55 el

2C
e F@))* dr
{zeR™: |f(z)|<A}
20,

‘ (@) de.
{zeR™: |f(z)|>A}

Then by Lemma 2.9, it follows that
/ |Tf|P dx:p/ N Am({z e R ¢ |Tf(z)| > \)dA
R" 0

< (2C)p / o1 / F(2)[? dz d)
{zeR™ :|f(2)|<A}

+2pC’2/ AP 2/ |f(z)| dodA.
{zeR™:|f(z)[>A}

Further by Fubini’s theorem

/ Ap—q—l/ ()] ddi:/ |f(ac)|q/ AL A da
0 {weR" [ f(x)|<A) " /@)l

1 q T pP—q T
- [ r@riapa
ﬁ @) da
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and
o0 [f ()]

/ )\”‘2/ |f(m)]dxd)\:/ |f(x)|/ N2\ da
0 {zeR™: |f(z)|>A} n 0

1 _
=01 ) ()P | f ()] da
1
== | 1@ ax
Thus we arrive at
20, (2040
p < p
Il <o (=5 + ) Il

Case ¢ = 0o. Suppose that

IT9llo < C2llglls
for every g € L>°(R"™). We again split f € LP(R") as f = f1+ fo where
fr=Ixansveenyy and  fo = fxqpsaeo)

and by Lemma 2.20, f; € L™ and f, € L'. We have a.e.

A A
Tfi(@)] <|[|ITfilly < Collfill < 022—02 =5

Thus
m({z e R" : |[Tf(x)] > A}) <m({zeR": |zf1(x)] > \/2})

N

+m({z e R" ::|Tf2(:p)| > \/2}).
It follows that
m({z € R" : [T'f(z)] > A}) <m({z € R" : [T'fa(z)| > A/2})

weak (1,1) Cl

< -

< L s
20,

- F@) de.
{zeR™: |f(z)|>A/(2C2)}

Then by using Lemma 2.9 again, we see that

/Rn T ()P dz = p/oo N lm({z € R” + |TF(x)] > A}) dA

0

< QC'lp/ AP_Z/ |f(z)| dzdA
0 {zeR™:|f(2)[>A/(2C2)}

iyepto Lo [ r@p ar .
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Example 2.22 (Proof of the Sobolev’s inequality via the maximal
function). Suppose that u € CF°( R”). We immediately have

/ e (x 4+ rw)dr,

where w € 0B(0,1). Integrating this over the whole unit sphere

() = /a oy H)45()

/8301/ —uas+m)d7“d5()
_/3301/ Vu(zr +rw) - wdrdS(w)

//3301 u(@ +rw) - wdS(w)dr

and changing variables so that y = z +rw, dS(y) =r""1dS(w), w =
(y—=)/ly —a|,r =y — x| we get

R y -
Wp_1u(x) = /0 /8B(0,r) Vu(y) \y — x\ = dS(y) dr

1 Vu(y) - (z —y)

n
Wn—1 JRrr |IL‘ - yl

o) < o [ VWL,
Wn—1 JRe |2 — Y|

which is so called Riesz potential. We split this into a bad part and a
good part as fRn = fB(x 5T fR"\B(x " By estimating the bad part over
the sets B(z,27'r) \ B(z,27""r) as

Vu(y) = [Vu(y)
Bz | — Y — JB@2-ir\B(z2-i-1r) |7 — Y|

Vu
S,
Bla,2-ir)\B(z,2-i-1r) (277717)

s Y. T
27'r B(z,27r) (2 zr)n

2"12ir][ | |Vu(y)| dy
B(xz,27r)

so that

u(r) = — dy.

Further

[M]¢ HMg

b
ﬁ

IA

M-

(2

C

IN

1=0

< C2" Y M |Vul (z 22 i
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we get

v
/ '“—@_'1 dy < CrM |Vu| (z). (2.23)
Bla.r) |2 — |

On the other hand, for the good part we use Hélder’s inequality with
the powers p and p/(p — 1) , where p < n, as

v
/ | U(yn)_\1 dy
R™\B(z,r) [T — Y|

1/p o/ (o (p=1)/p
<([ wurdy) ([ ey )
R"\B(z,r) R"\B(z,r)

Then we calculate

(r-1)/p
</ |3: _ yl(l—n)p/(p—l) dy)
R™\B(z,r)

& (p—1)/p
_ ( / w0y 1=/ (0-1) dp>

o (r—1)/p ee (r—1)/p
_ (WH / 1=/ (-1) dp> _ (wm / L+ /(-1 dp> .

Combining the previous calculations, we get 14.9.2010

Vu(y _n
/R ’—(’n)‘ldy < C||Vull, 77, (2.24)

"\Bar) [T — Y

/n
with p < n. Choosing r = <||Vu||p /(M |Vul (x)))p as well as com-
bining the estimates (2.23) and (2.24), we get

ju() sc/R [Vl _,

vl =y
< C||Vul " M |Vl (z))/m,
Then we take the power' np/(n — p) on both sides and end up with
fu()|"" P < C|Vully P M|Vl (@)
By recalling Hardy-Littlewood 11, we obtain
/ fu(a)["™ ") Ao < C (|2 /R M |Vu| (z)P da

2 n— n n—
< |V Tulf < C ||V [P/

This is so called Sobolev’s inequality

(/ (x| dx)l/p* < C(/R V()P dx)l/p,

which holds for every u € C*(R™) and p < n.

IThis is sometimes denoted by p* =np/(n — p) and called a Sobolev conjugate.
It satisfies 1/p+ 1/p* = 1/n.



