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Example 5.3 (Warning). The Fourier transform is well defined for
f € LY(R) because

|f(z)e™*m¢| = |f ()]

which s integrable. However, nothing gquarantees that f (&) would be
in L'(R). Indeed let f: R — R, f(x) = x{-1/2.1/23(x), which is in
LY(R). Then for & #0,

:/ f(x)e_%m&dw
R
1/2 '
:/ efQﬂlxﬁdx
~1/2

1/2 1/2
:/ cos(2mx€) dr — z/ sin(2mzf) dx

1/2 —-1/2

J/

g

=0

/1/2 sin 27m§

1/2 27r§
_ 2sin(mg)  sin(7€)
e wE
but % is not integrable (the integral of the positive part = oo and
the integral over the negative part = —oo over any interval (a,o0]).

Later, we would like to write

:/ f(x)eQ’mg dz
R

for the inverse Fourier transform, which however makes no sense as
such for the function that is not integrable.

The problem described in the example above does not appear for
the functions that are smooth and decay rapidly at the infinity, the so
called Schwartz class. Later we use the functions on the Schwartz class
to define Fourier transform in L? and further in L”.

Definition 5.4. A function f is in the Schwartz class S(R) if
(i) f € C*(R)
(i)

d f ( )

< oo, forevery k,1>0.

sup |*
zeR

In other words, every derivative decays at least as fast as any
power of |z|.
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Example 5.5. The standard mollifier (as well as all of C°(R))

oo {exp (W%l) , xe(=1,1)

0, else.

is in S(R). Also for the Gaussian

2

flz)=€e" € S(R).
Indeed,

df (z)
dx

and so forth so that all the derivatives will be of the form

— 2y = —2zf(x)

polynomial - f(x)

and

|2|" |polynomial - f(z)| < |polynomial| | f(z)] .
Thus as e~ decays faster than any polynomial, we see that e~
S(R).

Lemma 5.6. Suppose that f € S(R). Then
(i) (af + Bg) = af + 5.

(i) (£)(&) = 2mit f(©).

(idi) GE(&) = (=2mixf)(€),

(iv) f is continuous,

(@) 1flle < 1711

(vi) flex) = LF(E) = f(€),e >0,

o — ~

(vii) [{a 1 h) = f(E)em,

~

(viii) [f(z)em* = f(§ = h),
Proof. (i) Integral is linear.
(i)

—

(B)o- ()

integrate by parts d — 9o
grate by _ f(l‘)—e 27rzw§dx
R d$

= 2mif /R Flx)e 2™ dx = 2mie f(€).

2
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(iii)
df

_ i —2mix§
O =3 [t

_ i —2mixg

—/Rf(x)dge dz

= —/ f(z)2mize*™*¢ dg
R

— (—2mizf)(E).

The interchange of the derivative and integral is ok as f € S(R):
in the detailed proof one can write down the difference quotient
and estimate it by definition of S(R).

(iv)

: £ 1 —2miz(€+h)
tim ¢+ ) = Jim [ (o)e da

DOM, |f(z)e~2mie@ith) | <|f(x)] , A
| _ | / f(flf) lim 6—27rzx(f+h) dr = f(f)

(v)
/R f(z)e 2™ dy

)| e 2| d.
SAJﬂM\ZI{d
(vi)

ﬁa?)z/Rf(ax)e_z’mgdx

=cx,dy=cdz 1 _omi e 1.
et [ ey = 1),
e Jr g e
(vii)
fwt+h) = / f(x + h)e 7€ de
R
=x+h,dy=dz —9mi(y— A -
et | e ey = fe)e
R

(viii)

—

f(x)e%i’w:/ f(x)ezmhwe_%mfdx
R
= [ fape N do = (e - 1),
R

Example 5.7. If
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then its Fourier transform is

~

fle)=e¢

By using complex integration around a rectangle and recalling that e~

is analytic function, we could calculate [g e~ e2miTE Ay directly by
using complex integration. We however follow a strategy that does not
require complex integration and observe that f(x) = e ™ solves the
differential equation

f+2mxf=0
f(0) = 1.

By taking Fourier transform of f' + 2nxf = 0 and using Lemma 5.6,
we obtain

£

0=F(f +2naf) = f' + 2naf = 2mief — f7 =i(2r&f + f).

And

because

2 2 2 2
</ e ™ dac) :/ / e e ™ dady
R R /R
:/ / e ™ drdS
0 0B(0,r)

= / e dr
0
= — / e = 1.
0

Thus f satisfies the same differential equation and the uniqueness of
such a solution implies the claim.

Theorem 5.8. If f € S(R), then

(i) f € S(R) (similar result does not hold in L*),
(i)

F(f) = /R F(6) i de € S(R)

whenever f € S(R).
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Proof. (i) Recall that by Lemma 5.6, f is continuous and for any pair
of integers k, [

F (ﬁ ((%) k(—QWix)lf(x)> — ﬁ}? ( (d%) k(—ZWix)lf(x))

=~ G (27ri§)’“F<(—27Ti$)lf (x))

Therefore

(50) 7@

- ‘F( e () Coriar ) |

k
e 20 ﬁ(%ﬂ) (=2miz)f(@)]| < oo

1

so that f € S(R).
(ii) This follows from the previous by a change of variable.

Lemma 5.9. If f,g € S(R), then

/R F(@)g(w) dz = /R F()3(x) dz

/R FWgly) dy = /R /R f@)e ™ dz g(y) dy
e /R f(z) /R e g(y) dy du
- [ s@ite)a. O

Next one of the main results of the section: inversion formula for the
rapidly decreasing functions:

Proof.

Theorem 5.10 (Fourier inversion). If f € S(R), then

/ Fly)ermie de,

or with the other notation f(z) = (F(f)) = FL(f).
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Proof. First we show that
f(0) = fA dy. 5.11
(0) /R (y) dy ( )

To see this let ¢ € S(R) and define h(y) = f(—y). Then ¢ € S(R)
and by the convergence result Theorem 3.12 (and the remark after the
theorem)

tim | h(=9)0-(9) dy = Tim(h + 6.(0) = h(0) = ().

On the other hand, by Lemma 5.6 and the previous lemma
iy [ h(=y)de(y) dy = liny [ FCg)oley) dy
e—0 R e—0 R
h(—=y)=F(y) . 2
iy [ flg)o(ey) dy
R

e—0

Let ¢(z) = e=™, then
lmo(en) =1, |fw)oley)| <

e—0

It follows that
. A DOM 7 .
ing [ Foten) du "2 [ o) tim o) dy

e—0
N—_——
=1

i)

proving (5.11). Then defining g(x) := f(z+h) and using from Lemma 5.6

A~

the fact that §(y) = f(x + h) = f(y)e*™ and observing g(0) = f(h),
the equation (5.11) implies

f(h) = /R Fly)erm dy,

hich he claim.
which proves the claim 12.10.2010

Corollary 5.12. Let f € S(R). Then by taking consecutive Fourier
transforms, we obtain

F(@) = f(©) = f(=2) 5 f(=€) 5 f(@).
In particular, F~(f) = F(F(F(f))).

Proof. The second arrow:

/ f(g)ef%rizf df f:—C/ fA(_C)627rimC dC
R R

:/ / f(y)e—Zm'y(—C) dy 627riw< dC

RJR

y_—z/ / f(_z)672m'z( dz 6271'1':1:( dC — f(_$)
RJR

The other arrows are easier. O



