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State-feedback stabilization
of well-posed linear systems
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Abstract. A finite-dimensional linear time-invariant system is output-stabiliz-
able if and only if it satisfies the finite cost condition, i.e., if for each initial
state there exists at least one L? input that produces an L? output. It is ex-
ponentially stabilizable if and only if for each initial state there exists at least
one L? input that produces an L? state trajectory. We extend these results
to well-posed linear systems with infinite-dimensional input, state and output
spaces. Our main contribution is the fact that the stabilizing state feedback
is well posed, i.e., the map from an exogenous input (or disturbance) to the
feedback, state and output signals is continuous in LY . in both open-loop and
closed-loop settings. The state feedback can be chosen in such a way that it
also stabilizes the I/O map and induces a (quasi) right coprime factorization
of the original transfer function. The solution of the LQR problem has these
properties.
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1. Introduction

To illustrate the philosophy behind our results while avoiding undue technicalities,
in this introductory section we start with the (more or less well known) finite-
dimensional case.

The standard model of a finite-dimensional linear time-invariant system is

&(t) = Ax(t) + Bu(t),
y(t) = Ca(t) + Du(t), t>0, (1.1)
2(0) = xo.

This work was written with the support of the Academy of Finland under grant #203946.



2 Kalle M. Mikkola IEOT

x
I —
x Al B i = Ax + Bu
Y clop y=Cx+ Du
=Fz Fl o
Uy +1L,y\ u=Fz 4+ ug R

FIGURE 1. State-feedback connection

Here the generators [& 8] € B(X x U, X X Y) are matrices, and U= CP, X = C" and
Y = CY are called the input space, the state space and the output space, respectively.
We call u the input (or control), x the state and y the output of the system.

The Laplace transform of u is defined by u(s) := fo e S'yu(t) dt. One easily

observes that with zero initial state o = 0 equatlon (1.1) leads to 7 = 91, where
P(s):=D+C(sI —A)~'B (1.2)

is called the transfer function of the system. Conversely, every rational matrix-
valued function has a finite-dimensional realization, i.e., it is the transfer function
of a finite-dimensional system.

State feedback means that we add a second output, say z(t) = Fx(t), where
F € B(X,U), and feed this signal to the input, as in Figure 1. Under an exogenous
input (perturbation) ue, we get u = Fx + u. Solving for &, y and z in terms of
z and us, we get the following closed-loop system (for ¢ > 0)

#(t) = (A+ BF)x(t) + Buo(t),
y(t) = (C+DF) 2(t) + Duc (1),
z(t) = Fx(t),

(0

z(0) = zo.

(1.3)

(By the open-loop system we mean the original system (1.1) with the additional
output z = Fz, i.e., as in Figure 1 without the dashed connection.)

The (original) system is called exponentially stableiff there exist M, e > 0 such
that [|z(¢)||x < Me™||xo||x (t > 0) for each initial state x¢ € X, or equivalently, iff
the spectrum o(A) is contained in the open left half-plane C~ := {s € C ’ Res <
0}. By Datko’s Theorem, an equivalent condition is that € L2(R;;X) if u = 0
(for all 9 € X). The system is called exponentially stabilizable iff there exists
a state feedback operator F' € B(X,U) such that the closed-loop system (1.3) is
exponentially stable.

The following condition is called the state-FCC (state Finite Cost Condition):

For each zy € X, there exists u € L*(Ry;U) such that = € L*(R,;X).  (1.4)

Recall that = stands for the solution of (1.1).
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Next we state three theorems for the system (1.1). We shall generalize them
in Section 5.

Theorem 1.1. The state-FCC' (1.4) holds iff the system is exponentially stabilizable.

The above result is a special case of the following result that involves also C'
and D (the terminology will be explained below):

Theorem 1.2. The output-FCC (1.5) holds iff the system is output-stabilizable.

The output-FCC means the following:
For each o € X, there exists « € L?(R;U) such that y € L*(R;;Y),  (1.5)

that is, some stable (i.e., L?) input makes the output stable. This condition is
strictly weaker than the state-FCC (1.4).

The system is called output-stabilizable if there exists F' € B(X,U) such that
the state-feedback u(t) = Fx(t) makes u and y stable for each initial state ¢ € X
(with no exogenous input: u = 0). In fact, then F' can actually be chosen so that
u and y become stable for each xo € X and each u € L2(Ry;U), and, in addition,
the maps uc +— [ 4] become (right) coprime.

Indeed, from (1.3) we obtain, for o = 0, that sZ(s) = (A+BF)Z(s)+Bu(s),
hence

()= (s— A— BF)'Bis(s), §=NT5, a=.475, (16)

where A U5 = (C 4+ DF)Z + Diug and A U5 = 2 + gy = F7 + 5, hence
N (s) := D+(C+DF)(s—A—BF)™'B, . (s) = I+F(s—A—BF)"'B. (1.7)
By [/] : 45 +— [2] being right coprime we mean that there exist f,g € H®
that satisfy the Bézout equation f.# + g/ = I. Recall that H> denotes the space
of bounded holomorphic functions on the right half-plane C* := {s € (C| Res >

0}.

We express the above as follows:

Theorem 1.3. If the output-FCC (1.5) holds, then there exists an output- and
I/O-stabilizing state feedback with A" and 4 right coprime.

By output- and I/O-stabilizing we mean that (see Figure 1)
1141112 < M([[zollx + [lucll2)  (zo € X, up € L?). (L.8)

The map & : 4 — 7§ can be written as 9 := A .4 1. We express this as
follows:

Corollary 1.4. Any function having an oulput-stabilizable realization has a right-
coprime factorization.

The state-feedback operator F' used above is usually obtained by solving the
so-called (algebraic) LQR Riccati equation

PB(I + DD*)"'B*P = A*P + PA + C*C, (1.9)
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since F' = —(I + DD*)~'B*P for the minimal nonnegative solution P. This F is
the unique state-feedback operator that minimizes the LQR cost function

T (o, u) = / T @I + u)]2) de (1.10)

for each initial state zo € X.

In Section 5 we shall extend the above theorems to arbitrary well-posed linear
systems (WPLSs). These systems are a generalization of the systems of type (1.1)
and allow unbounded generators and infinite-dimensional input, state and output
spaces; see Section 2 for details.

The state-FCC has been studied under the name “optimizability” in, e.g.,
[WRO1]. Thus, our generalization of Theorem 1.1 shows that optimizability is
equivalent to exponential stabilizability.

It was already known that under the output-FCC an output-stabilizing con-
trol is produced by another WPLS, as shown in [Zwa96] (the case with C' € B(X,Y)
was shown in [FLT88]), or by “ill-posed state feedback”. It was not known that this
other system can be obtained from the original one by a well-posed state feedback.
It means that the state-feedback loop is well posed with respect to external distur-
bance, i.e., that the maps M uo — 1 and .4~ are well defined (see Figure 1).
In fact, the functions .# and .#~' become proper (bounded on some right half-
plane).

Any bounded state-feedback operator (F' € B(X,U)) generates a well-posed
state feedback, but so do some unbounded ones. If B and C' are bounded, then the
stabilizing state feedback is given by a bounded F'; this special case of Theorems
1.1 and 1.2 was already known. The two theorems were known also for fairly un-
bounded B’s in the case that A generates an analytic semigroup and C is bounded
[LT00].

To extend Theorem 1.3 and Corollary 1.4 to arbitrary WPLSs, we must
replace coprimeness by “quasi-coprimeness”’, which we define below.

For any w € R we set Cf} := {s € C| Res > w}. By H2(U) we denote the
Hilbert space of holomorphic functions CJ; — U for which

oo
Il = sup/ Ih(r + it)||2 dt < oo. (1.11)
d r>wJ 0o
Moreover, C* := Cg&, H? := HZ. Bounded holomorphic functions N Ct >
B(U,Y) and .# : C* — B(U) are called quasi-right coprime iff

{t////q heH? = heH? forevery h€ H3(U) and w€R. (1.12)

In other words, quasi-right coprimeness means that if h is in some H? and its
image is in H?, then h must actually have been in H?. We identify any function
with its holomorphic extension (if any) to a right half-plane, so “€ H?” means that
“is the restriction of an element of H?”.
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For a quasi-right coprime factorization 9 = A4 .4 ', the image (] [H?]
equals the graph [5][{f € H?|2f € H?}]. In fact, also the converse holds. See
also Lemma 4.4. .

Whenever A4 and 4 are (Bézout) right coprime, they are quasi-right co-
prime. Indeed, [ ] h € H? and fll + 9N =T imply that h = [f g][%]heH2
The two forms of coprimeness are equivalent if N and A are rational [Mik02,
Lemma 6.5.3]. However, quasi coprimeness is in certain sense a more natural ex-
tension of coprimeness to the non-rational case. We shall treat different forms of
coprimeness in detail in future articles.

Our proof is based on showing that the control minimizing (1.10) is given
by well-posed state feedback, but due to the unboundedness of B, C' and F, we
must use the integral Riccati equations of Lemma 3.8 instead of the algebraic one
above. Those equations allow us to reduce the minimization problem to a stable
one by replacing A by A — « for « big enough (we must add some cost on the state
to keep the minimal cost the same). The stable LQR problem can then be solved
by using a spectral factorization.

See Section 6 for generalizations and further historical comments.

2. Well-posed linear systems and state feedback

In this section we present our notation and definitions except for those concerning
optimization and coprimeness. The definitions and claims in this section and fur-
ther details can be found in, e.g., [Sta05], [Sta98a], [Wei94] or [Mik02, Chapter 6].

By B(U, Y) we denote the set of bounded linear operators U — Y, and we write
B(U) := B(U,U) (similarly for something else in place of B).

Let U, X, Y be arbitrary complex Hilbert spaces. If the generators of the system
(1.1) are bounded, i.e., [2+2] € B(X x U,X x Y), then the unique solution of (1.1)
is obviously given by the system

z(t) = F'zy+ Blu
{ y = Croot u, (2.1)
where ¢
ot = et By = / /"% Bu(s) ds,
0 (2.2)

(Cwo)(t) = Cal'zg, (2u)(t) = CH'u+ Du(t).

The above formulas are actually valid for fairly unbounded operators, but in
the most general case the right-hand-sides (at least “C%"’) become meaningless.
Therefore, the WPLSs (also known as Salamon—Weiss systems or abstract linear
systems) were defined by requiring the system to be linear and time-invariant and
47 to be strongly continuous; in addition, one requires that [%’g %} is causal and
continuous X x L (Ry;U) — X x LZ _(Ry;Y) for each ¢ > 0, or equivalently, that

l=(®)lIx +/O/ ly(s)lly ds < Kt(onH%Jr/o lu(s)lg ds) (2.3)
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Initial state Input (control)
~ ]
State ~ X |\ o | & = x9+ Bru
Output ¥y z | 2 y = Cro+ Du

FIGURE 2. Input/state/output diagram of a WPLS [fé %}

for all (equivalently, some) t > 0, where K; depends on ¢ only. An equivalent
formulation, from [Sta98a], is given in Definition 2.1. There we use the natural
extensions Z (of #'77%) and Z that allow the inputs to be defined on the whole
real line, thus simplifying some formulae.

We use the notation L2 = e L? = {f |e™ f € L?}, (7'u)(s) := u(t + s) and

TiU 1= Xg, U, Where Xp(t) := {é z;g When E C R, we set mgu := xgu. We

identify L2 (E;U) with functions in L2 (R;U) that vanish outside E.
We study the following generalization of systems of type (2.2):

Definition 2.1 (WPLS and stability). Let w € R. An w-stable well-posed linear
system on (U,X,Y) is a quadruple ¥ = [%], where @/t B, €, and Z are
bounded linear operators of the following type:

1. o/" is a strongly continuous semigroup of bounded linear operators on X
satisfying sup,s |le”“!«/!||x < oo;

2. #: LE(R;U) — X satisfies &' Pu = Brir_u for all u € L2 (R;U) and t € R, ;

€ X — L2(R;Y) satisfies ¢ 'x = n, 7€z for all * € X and t € Ry;

4. 2: 12(R;U) — LE(R;Y) satisfies 7'%u = D7iu, noD7n_u = € %Pu, and
7_Pmiu=0 for all u € L2(R;U) and t € R.

[‘f; '_Zj] are named as follows: & is the

semigroup, % the input map, € the output map, and Z the I/0 map (input/output
map) of X.

We say that o (resp. £, €, 2) is stableif 1. (resp. 2., 3., 4.) holds for w = 0.
Ezponentially stable means w-stable for some w < 0. The system is output stable
(resp. I/0O-stable) if € (resp. ) is stable.

We set X7 := [Z427], B' := Brin, = Brimo ), D' = TonDT0t).

©w

The different components of ¥ =

For any z¢ € X and u € L _(R4;U) we associate the state (trajectory) x :=

Ao+ Bru and output y := €xo + Pu on Ry (Le., [§] = X7 [%]), as in (2.1)
and Figure 2. (By causality, also 2 is defined for any v € L (R,;U) through
W[O,t)@u = W[O,t)gﬂ'[o,t)u (t>0).)

From Definition 2.1 we easily obtain that 8 = Bn_, ¢ = 7% and

oty = Cx(t) + Inotiu (t >0). (2.4)

Indeed, 747ty = 7y T Cro + T D (7o + 7p)TIu = €A wg + CABT U+ DT =
€x(t)+ 27, Ttu. This says that the output is “time-invariant”, i.e., “the remaining
output (at time t) depends only on the current state and the remaining input”.
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The same holds for the state: 7y 7tx = Zz(t)+PBrr mtu (t > 0). Conversely,
any linear system satisfying these two equations and (2.3) is a (restriction of a)
WPLS.

By A we denote the infinitesimal generator of . One can show that there
exist B € B(U,Dom(A*)*) and C € B(Dom(A),Y) such that the middle formulas in
(2.2) hold (for u € L2 and zg € Dom(A)). Moreover, & = Az + Bu in Dom(A*)*.1

An w-stable WPLS is an w’-stable WPLS for any w’ > w (we identify the
unique extensions/restrictions of </, #, ¢ and Z for different w).

Exponential stability of a system is equivalent to that of its semigroup, hence
Datko’s Theorem [Dat70] leads to the following:

Lemma 2.2. The WPLS ¥ = [Z4Z] is exponentially stable iff o/xo € L*(R4;X)

€12

for all oy € X. 0

Exponential stability implies that o(A) C C~ := {z € (C’ Rez < 0}. The
converse holds if, e.g., A is bounded or analytic [Sta05].
Now it is the time to present our assumptions:

Standing Assumption 2.3. Throughout this article we assume that U, X and Y are
complex Hilbert spaces, ¥ = [£42] is a WPLS on (U,X,Y), and J = J* € B(Y).

€2

(The operator J will not be needed before Section 3.)

Let w € R. We define TIC,(U,Y) to be the (closed) subspace of operators
9 € B(LE(R;U); L2 (R;Y)) that are causal (i.e., 727, = 0) and time-invariant
(i.e. 72 = 27t for all t € R). The I/O maps of WPLSs are exactly all such
operators (TIC(U,Y) := U,erTIC, (U,Y)). The Laplace transform u — @ is an
isometric (modulo v/27) isomorphism of L2 onto H2. By H* (£2;X) we denote the
Banach space of bounded holomorphic functions 2 — X with supremum norm. We
set Cf :={s € C| Res > w}.

For each 7 € TIC, (U,Y), there exists a unique function 2 € H®(U,Y) :=
H>®(CF;B(U,Y)), called the transfer function of 2, such that Pu = Pt on Ch
for every u € L2(R,;U). The mapping 2 7 is an isometric isomorphism of
TIC,,(U,Y) onto H®(U,Y). If B is bounded, then %(s) = D + C(s — A)~'B.

A function is called proper if it is bounded and holomorphic on some right
half-plane. Thus, HZ(U,Y) := U,erHZ° (U, Y) is the set of all proper B(U, Y)-valued
functions. (We identify functions that coincide on some right half-plane.)

By G we denote the group of invertible elements. Thus, e.g., GTIC, (U,Y)
stands for {2 € TIC,(U,Y) | 27! € TIC,(Y,U)}, i.e., it corresponds to GHZ®, the
set of bounded holomorphic functions & : Cl — B(U,Y) for which 2! exists and
is (uniformly) bounded.

L This is based on the fact that A : Dom(A) — X extends to a continuous map X — Dom(A*)* and
generates a semigroup on Dom(A*)*. Similarly, A|pom(a2) generates a semigroup on Dom(A),
and all three semigroups are isomorphic. It also follows that (s — A)~!B becomes well defined
for s € p(A|x) = p(A| Dom(a))- However, we only need these A’s for examples.
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FIGURE 3. State-feedback connection for a general WPLS

Now we shall return to state feedback. When the input operator B is bounded,

A|B A+BF | B ]

the generators (% D) and (c+ DF| D ), determine the open-loop and closed-loop
0 E lo

systems, respectively, corresponding to a state feedback operator F', as in Figure 1

and equations (1.3).

Thus, state feedback means adding an extra output to the system and feeding
that output back to the input (like z(t) = Fx(t) in Figure 1).

For a general WPLS, the definition is the same: a state feedback means a
pair [ # |9 ] such that the extended system Yoy in Figure 3 is a WPLS.

The state feedback is called admissible if (I —%)~! exists and is proper, or
equivalently, if the map (I —¥) : u — u¢ has a bounded and causal inverse on
L2 for some w € R. This means that the (closed) state-feedback loop is well posed
under external disturbance.

Thus, the definition of an admissible (or “well-posed” or “proper”) state feed-
back is as follows:

Definition 2.4 (X5, [ F |9 ). A pair [ F |9 | is called an admissible state-feedback
pair for ¥ if the extended system

o | B

Eext = @ (25)
g

€
F

isa WPLS and I — ¢ € GTIC(U).
We set A := (I —9)~', N := P4, and denote the corresponding closed-
loop system (see Figure 3) by

o) ‘ BT A + BrMF ‘ BAMT ]
55= % | 20 |=| ¢+92.4F | 9.4 (2.6)
Fs Y MF M1 |
1 q x
[ o0 o [T 0] [
- Zext |:_y I _ g:| - Zext [%ﬁ %:| . |:U’O = " yu . (27)
h e
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We call [ # 19| exponentially stabilizing if X5 is exponentially stable. If
there exists an exponentially stabilizing state-feedback pair for X, then ¥ is called
exponentially stabilizable (similarly for output-stabilizing or I/O-stabilizing).

(The system Xy is necessarily a WPLS. Note that X5 is output stable iff 5
and .7 map X into L2.)

Any F € B(X,U) determines an admissible state feedback (with .# = F.</,
9 = F%T), but so do also some unbounded operators. The above definition also
allows for feedthrough terms (i.e., z(t) = Fz(t) + Gu(t) or 4 = FAT + G, where
G € B(U)), but if F € B(X,U), then admissibility is equivalent to I — G € GB(U),
and essentially the same feedback is obtained by using the state-feedback operator
(I — G)~'F with zero feedthrough (see Lemma A.5). However, in the case that F
is unbounded, the feedthrough term G = lim,_ ;o %(s) need not exist [WW97,
Example 11.5].

3. Optimal control and Riccati equations

In this section we shall present certain necessary and sufficient conditions in terms
of Riccati equations for a control to be optimal. In Section 4, these conditions will
be applied to establish the existence of a (1.10)-minimizing state feedback.

The cost (1.10) is finite iff u € U(xo), where

U(xo) == {u € L*(R4;U) |y € L*(Ry; V) }. (3.1)

We call this the set of admissible controls. Note that the output-FCC (1.5) holds
iff U(xg) # 0 for each g € X, hence the name finite cost condition.
The following is obvious (and given in [Zwa96]):

Lemma 3.1. The set U(0) is a subspace of L2. If u € U(xo), then U(xo) = u+U(0).
0

A control uep is called J-minimizing for xo if J(zo, topt) < J(zo,u) for
every u € U(zg). Tt is well known (see [Zwa96, the proof of Theorem 6]) that
under the output-FCC a (1.10)-minimizing control exists:

Lemma 3.2. Assume the output-FCC (1.5). Define J by (1.10).
Then there exists a unique J-minimizing control uigt for every x¢ € X and
a nonnegative operator P € B(X) such that J(xo,usd) = (xo, Pro)y for every

xg € X. |

In Section 4 we shall show that the above minimizing control is given by
admissible state feedback. For that purpose we need certain “integral” Riccati
equation conditions for minimality, also over other cost functions than (1.10) (see
Lemma 3.9). Therefore, we shall introduce a cost operator J = J* € B(Y) and the
(generalized) cost function

T (xo,u) ==y, Jy) 2 = /0DO (y(t), Jy(t)ydt (xo € X, u € U(xg)). (3.2)
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As a by-product, our proofs and formulas actually apply in a much more general
optimization setting (possibly indefinite, such as the “minimax H* control” of
[Sta98¢c] and [Mik02]). The explicit inclusion of u in (3.2) would not only reduce
generality (see Lemma 3.4) but also lengthen numerous formulae below by half.

A control u € U(xo) is called J-optimal for xo (and X) if (y, JZn);. = 0 for
each n € U(0). (By [Mik02, Lemma 8.3.6], this corresponds to a zero of the Fréchet
derivative of (y, Jy);-.)

When J = I, this orthogonality condition implies that y is of minimal norm.
More generally:

Lemma 3.3. A control u minimizes J(xo,-) over U(zo) iff u is J-optimal for xg
and J(0,-) > 0.

Proof. The sufficiency follows from Lemma 3.1 and the fact that for any J-optimal
u for xg we have

T (wo,u+n) = T (xo,u) + T (0,n) (n€U(0)), (3-3)

which follows from the identity (y + 20, J(y + Zn)) = (y, Jy) + 0+ 0+(2n, JZn).
If (y, JZn) # 0 for some n € U(0), then =7 (zo,u+ an) is nonzero at o = 0,
hence J-optimality is also necessary. (]

The cost (1.10) is a special case of (3.2):
Lemma 3.4. Set € :=[€], 9 := [7]. Then Y= [%+2] is a WPLS on (U,X,Y x

’ ¢l 9
U). Moreover, a control is I-optimal for ¥ iff it is (1.10)-minimizing. O
Indeed, ¥ has the output § := €z + Ju = [%], hence Js(xo,u) :== (g, 19) =
[yll3 + [lul|3, so the optimality claim follows from Lemma 3.3 (applied to > and I;
note that U(xg) is the same for both 3 and 3). The WPLS claim is obvious.
Naturally, a minimal cost is unique (for any fixed z¢ € X). In fact, the “J-

optimal cost” is unique also for indefinite J:
Lemma 3.5. If u and v are J-optimal controls for xg € X, then J (zo,u) = J(zo,v).
Proof. By Lemma 3.1, 4 := v — u € U(0). But (y + 24, JZn) = 0 (n € U(0)),

hence (21, J9n) = 0, also for n = 4. This and (3.3) imply that J(xg,u + @) =
J (zo,u). O

When using the “dynamic programming principle”, we need the following:

Lemma 3.6. Let zo € X andu € L2 (R ;U). Thenu € U(zo) iff mo7iu € U(F  xo+

loc
PBtu) for some (equivalently, all) t > 0.
This says that v is admissible for some initial state 2(0) = zq iff at some
(hence any) moment ¢ the remaining part of v is admissible for the current state

x(t).

Proof. Obviously, u € L2 iff 7, 7tu € L2. By (2.4), y € L2 iff €x(t)+Zn rtu € L2,
hence u € U(zo) iff 7 70u € U(z(2)). O
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The (“Riccati”) operator P in Lemma 3.2 is called the J-optimal cost opera-
tor:

Definition 3.7. We call P € B(X) the J-optimal cost operator for ¥ if, for each
xo € X, there exists at least one J-optimal control u with J(zo,u) = (zo, Pxo)y.

Obviously, then the output-FCC holds and P = P*. By Lemma 3.5, then
J (x0, u) = (xo, Pxo)y for every z¢ and every J-optimal u, hence P is unique.

We call wy = inf;~o (¢ log ||«7*||) the growth rate of /. By [Sal89, Lemma
2.1], the whole system ¥ is w-stable for any w > wa.

Now we can derive certain necessary and/or sufficient conditions for P and for
J-optimal controls. The conditions (3.5) and (3.8) below are integral versions of the
standard algebraic Riccati equation (if, e.g., B or C'is bounded, we can differentiate
the integral equations to obtain the algebraic ones; see [Mik02, Sections 9.11&9.7]).
The other, non-standard “Riccati” equations with parameter » € R will be used
later below to reduce the optimization of ¥ to optimization of another, stable
system. The convergence conditions (3.7) and (3.9) can be used to distinguish the
“stabilizing solution” of the Riccati equation from other solutions [Mik02].

Lemma 3.8 (Riccati equations). Assume that the J-optimal cost operator P exists.
Let xp,21 € X and r € R. Let u € U(xg) be arbitrary and recall that x := o/xg +
Bru, y:=Crog+ Yu.

(a): If uy is a J-optimal control for x (k=0,1), then
(Cx1 4+ Dur, J(€xo + Dwp))2 = (21, Pxo)y- (34)

(b): If u is a J-optimal control for xq, then mi7'u is J-optimal for z(t) and
(3.5)(3.11) hold.

(xo, Pxro)y = W, o6y JY) 2 + (@(2), Pr(t))g vt >0. (3.5)
W Iy = (Z1L00 20p [F]r2 if 0<r>wa.
(x(t), Pe(t)), 3= 0. (3.7)
(¢): The control u € U(zo) is J-optimal for xzo iff (3.8) and (3.9) hold.
(@(t), PR )y =y, TD" )2 Vt >0, n € Lige(Ry;30), (3-8)
(x(t), PR ), =0 v € U(0). (3.9)

(d): We have (3.8)<(3.10).
—e_Qrt@(t),P;%’tn)X = (y,ﬂ[o,t)J@n>L% + 27"(36,77[0’,5)73{%7'77&%
vt >0, 7 € Li,.(R4;0).
(e): We have (3.5)<(3.11).
(Y, mo,0)J) » + (2(t), Pa(t))y

:%]W[M)[‘ézf?p][%])L%+e‘2"t(x(t),7>x(t)>x vt > 0. (3.11)



12 Kalle M. Mikkola IEOT

Before the proof, we give here some kind of intuitive explanations for the
above “Riccati” equations. Part (a) says that (y1, Jyo) = (x1, Pxo). If J = I, then
equation (3.5) says that the minimal cost (xg, Pxo)y equals the “cost until now”
fg lly(t)||? dt plus the minimal cost over the remaining time interval [t,c0). The
latter cost equals the minimal cost (z(t), Pz (t))y with initial state (t). This is often
called the principle of dynamic programming (or the principle of optimization).
By (3.5), it also applies to the indefinite case (to general J = J* € B(Y)).

Similarly, (3.7) says that while fo ly(t)||? dt converges to the minimal cost
fo ly(t)||3 dt, the remaining cost (z(t), Pz(t))y converges to zero.

One could derive from (3.5) and (3.8) that (xo, PZo)y = (z(t), PZ(t))y +
(Y, o,t)JY)y . when u is J-optimal for xo and @ € U(%o) (and T = FTo +
BT, § = ETo+ 2u); this is an “indefinite form” of (3.5). Equation (3.8) is the
special case of this with Zo = 0, % = 7. Similarly, (3.9) says that (z(t), PZ(t))y —
it is equivalent to the orthogonality condition (y, JZn);. = 0 (under (3.8)).

Equation (3.11) follows from (3.5) by partial integration (through (3.19));
the proof of (d) is analogous. Equations (3.10) and (3.11) are actually exactly the
equations (3.8) and (3.5) for the system ¥4 (and Jp) introduced in Lemma 3.9
below; see its proof.

Proof of Lemma 3.8: (a) To obtain (a), expand the equality (y1 + vo, J(y1 + ¥0)) =
(z1 4+ x0, P(x1 + 20)), where yy, := Cxi + Puy, (k= 0,1), and then replace xo by
iIO.

(b) 1° Let n € U(0). Then 77ty € U(0), by Lemma 3.6, hence

0= (Jy, 77 'n) = (Jy, ms 7" D). (3.12)
Since Tt o0) = T4+ — To,¢), it follows that

(Jryrty, Dn) = (Jy, m~'m . D) = (Jy, Wp00)T D) = —(Jy, mo.nT ' D) = 0,
(3.13)
because w7 "IN = 7Ty 0)P1 = 0 (since 7_ Py = 0). By (2.4), equation
(3.13) says that 77w is J-optimal for z(t), hence

(@(t), Po(t)y = T (@(t), m47m'u) = (rom'y, Jrom'y) = (y, mpoe) Jy) - (3.14)

(use Definition 3.7). This proves (3.7) and (3.5)

2° Claims (3.8)—(3.11) follow from (c), (d) and (e) (whose proofs only use
1°). Let ¢ — +o00 in (3.11) to obtain (3.6) (case r = 0 is trivial; for r > 0 we
can use the fact that e™"'z — 0, because X is r — € stable and e_”||T ullz_ =
e~ lullrz__ —0).

(c) By letting t — 400 in (3.8) for any n € U(0), we get 0 = —(y, JDn), hence
“if” holds. Assume then that u is J-optimal. Given € L2((0,t);U), extend it by
setting 7 := w4y + T “lop for some J-optimal depy for Z'n. By Lemma 3.6,
7 € U(0). By (2.4), 77 D) = € B'n+ D'iiopr =: Jopt; by (b), m47iu is J-optimal



Vol. 99 (9999) State-feedback stabilization of WPLSs 13

for x(t). Therefore,

0= (Jy, Z2i) = (mjo.0) + 7~ 7' Tpt,00)) Sy, Z7) (3.15)
= (mjo,0JY, Z1) + (Jryhy, 27'0) (3.16)
= (y, JD'R) + (€x(t) + Dmom'u, Jfopt) (3.17)
=y, JD'n) + (z(t), PA"n), (3.18)

where the last equality is from (a). Thus, (3.8) holds (for any n € L2([0,t);U),
hence for any n € L (R4;U), because (3.8) depends on Mo,¢) only).

Let t — 400 to obtain (3.9) (because (y, JZn) = 0).

(d) The proof is analogous to that of (e) (but simpler) and hence omitted.

(e) If (3.5) holds, then (x, Px), = (xo, Pzo)yx + fg (y, Jy)y(t) dt, hence then
(z,Px)y € ACioe & (z,Pa)y(t) = —(y(t), Jy(t)), for ae. t>0. (3.19)

(Here AC),. stands for locally absolutely continuous functions.) Conversely, if
(3.19) holds, so does (3.5) too, because its both sides are equal for ¢ = 0.
Similarly, if (3.11) holds, then the facts that

(1 — e ), Pae(t) = (4], 7o [§ 20p ) [ED)12 — (W 0.0y W) = f(2) (3.20)
and f € ACy,c imply that
(x,Pr)y € ACipe and (z, Pa)y(t) + 2re >z, Pa),(t) = f'(t) ae. (3.21)

(on (0,00), hence on [0,00), because x is continuous (hence (z,Pz), too) and
[’ —2re=?"(z, Px); € L'([0,00))). Conversely, if (3.19) holds, then the derivatives
of both sides of (3.11) are equal a.e. O

The optimal control problem has already been solved for stable systems.
Therefore, we want to replace A by A— « to make the system exponentially stable.
To retain the same J-optimal cost operator P, we must add the cost 2r{z, Px);.:

Lemma 3.9. Let a € C be such that 0 < r :=Rea > wa. Then the system

o Z e Yo ‘ Be™

+ +

s t. 7 1 E| eTYE | e e | (3.22)
+ + e Yy | e ABre™

is an exponentially stable WPLS on (U,X,Y X X).

Assume that P is the J-optimal cost operator for ¥ and J. Then P is the Jp-
optimal cost operator for X, where Jp 1= [é 5051, and if zo € X and u € U(zo)
is J-optimal, then e~ u is Jp-optimal for 3.

Proof. The first claim is from [Sta05, Example 2.3.5] or [Mik02, Remark 6.1.9].
Assume that xp € X and that v is a J-optimal control. Set uy := e~*u. We have

e 1Ty =evu(-4+T) = e Te Dy (. 4 T) = e T 7T (e ), (3.23)
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hence B, 77u = e T BrTe u, ie., B.7 = e~ Bre™ . Consequently,
Ty = dyxo+Bitur =e Y and  yy = FCraxo+ Pyiur =e “[Y]. (3.24)

Therefore, (3.10) equals (3.8) with ¥4 in place of ¥ and Jp in place of J (and
e~ 9 in place of ). By (cl) and (c2), it follows that uy is Jp-optimal for zy and
2.

By (3.24), we have (y4, Jpy4)r2. = (¥, Jy}L% +(,2r'Px)». But, by (3.6), this
equals (y, Jy);» = (zo, Pxo)y. Since o was arbitrary and uy was Jp-optimal, the
operator P is the Jp-optimal cost operator for 3. U

4. Minimizing state feedback

In this section we deduce certain properties of minimizing state feedback.

An admissible state-feedback pair [ # |9 | for X is called J-optimal (resp. J -
minimizing) if for any o € X the control Fz¢ is J-optimal (resp. J-minimizing)
for xg.

Now we can establish our main result:

Lemma 4.1. If the output-FCC (1.5) holds, then there exists o (1.10)-minimizing
state-feedback pair [ F 19 | for . The pair is unique modulo (A.6).

Proof. By Lemmata 3.2 and 3.4, there exists an I-optimal cost operator P for 3.
Fix some « as in Lemma 3.9; then P is Jp-optimal for i?+ (which is defined by
(3.22) with X in place of X).

The output of ¥ contains a copy of the input (because [0 I] e~ Ze™ = I).
Therefore, the system is “ Jp-coercive” in terms of [Sta98d]. Consequently, [Sta98d,
Lemma 2.5 & Theorem 2.6(1)] imply that there exists a Jp-optimal state-feedback
pair [ F+ |94 | for i+ and that the Jp-optimal control for i+ is unique for every
Tg € X.

It easily follows that [ .Z |4 | is an admissible state-feedback pair for ¥ (hence
for ¥ too), where F = e F,, ¥ 1= Y e™ ", Fy = e Fo5 and Fy =
(I —9,)"* 7, |Mik02, Remark 6.1.9].

By uniqueness and Lemma 3.9, the control Fsxg = e~ %z must equal
ugpy for any o € X, hence [ # |9 | is I-optimal for %, i.e., (1.10)-minimizing for
3, and Zy is unique.

Since Zy is unique, the pair [ # |9 ] is unique modulo (A.6), by Lemma A.5.

O

We could deduce Theorems 1.2 and 1.1 from Lemma 4.1 (and the fact that
Fxo € U(xp)), but to avoid unnecessary details, we first establish one more useful
Riccati equation, which we anyway need for Theorem 1.3.

To any J-optimal state-feedback pair corresponds a unique signature operator
S



Vol. 99 (9999) State-feedback stabilization of WPLSs 15

Lemma 4.2. Let | # |9 | be a J-optimal state-feedback pair for . Then 6 and
F are stable, P = €5J% is the J-optimal cost operator and there exists S =
S* € B(U) such that for each t > 0 we have

TS = N TN + BLPAL. (4.1)
If J=1, then P,S >0, A is stable, /*6~ =0 and N/* N = S.

Recall from (2.6) that # == (I —9) ' =9+ 1 and N = DM = D>.
Note that we identify S € B(U) with the multiplication operator u — Su.

Proof. 1° For u = Fyxg we have y = €xp + Pu = €»xo and for any =y € X. But
Fs10 € U(x0), hence u,y € L2, Since x € X was arbitrary, the maps 4,5 and .Z
are stable, by Lemma A.1. But J(xo,u) = (y, Jy);» = (w0, €35JC520),, for every
xo € X, hence P = 65J¢.

By Lemma A.2 (with X in place of ), we have [ 7] .#[L2] = [} ] [L?] C
L2 hence .#[L2(R;U)] C U(0). Consequently, J-optimality implies that

(N5, JCoo)y 2 = (DM, JCom0)12 =0 for every 1o € L2(Ry;U).  (4.2)

By 4. of Definition 2.1, (A myv, JA 7_w) = (N 730, JEPBu) = 0 for all
u,v € L2. By Lemma A.4, it follows that there exists a unique S = S* € B(U)
such that (A v, JA u) = (v,Su) (u,v € L2). This implies that

o, N (1) I N Ty = mo,nS (2> 0) (4.3)
(where 7 is redundant). From the identities P = €5J%; and

T[t,00) N To,6) = W[t,oo)TitJVTtﬂ'[O’t) = Tﬁt7r+</V(7r_)Tt7r[07t) = Tﬁtcfof%’oTtw[w)
(4.4)

it follows that

Bl PBLy = (Tt 00) N T(0,6))" T Mt 00) N 0,8y = Wo,0y N * (4 — W[o,t))Je/VW[o(,Z)s)
Combine this with (4.3) to observe that (4.1) holds for any ¢ > 0.
2° Assume that J = I. Then P,S > 0, by (4.3) and the fact that P =
%% From (4.3) we observe that [|4 mo »yul|3 = ||SY/ %7 yul|3 (u € L?). Letting
t — 400, we observe that |4 ul|3 = |[|SV/?u|} < co (u € L?), by the Monotone
Convergence Theorem, i.e., 4 *4 = S. From (4.2) we get that #/*J%» =0. O

In the case J = I (or J > €l), we obtain from y = %9 + A up and the
above that

J = <y, Jy>L2 = <$O7 Px0>x + <u07 SUO>L2' (4'6)
Thus, the J-optimal cost is then particularly robust with respect to any external
disturbance u € L?(R,;U) in the state-feedback loop.

Given a nonnegative cost function (e.g., J > 0), the minimal cost (z(t), Pz(t))
vanishes to zero, for any admissible u:
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Lemma 4.3. Let [ F |9 | be a J-optimal state-feedback pair for ¥ and assume that
J(,+) > 0. Then (B'u, PAB'u)y — 0, as t — +oo, for each u € U(0).
If S>el, e >0, then 4~ [U(0)] C L2(R4;U).

Proof. From Lemma 3.3 we observe that u = Z#xo minimizes J(xo,-). The
minimal cost (xg, Pzo)y is nonnegative, i.e., P > 0.

Given u € U(0) and t > 0, set z; :== B'u, @ := 7, 7'u € U(z;) (Lemma 3.6).
Since w1 7" = 7' ), we get from (2.4) that

(Cxy + DU, JCxy + D) = (m47" Du, JT T Du) = (Tt 00) Dy, It 00) D). (4.7)

But (¢, Pay)y is the minimum of (€zy + 24, J€x: + Z0) over & € U(xt). By
(4.7), this implies that (z¢, Pxs)y < (DU, Tt o0y Pu). But (Du, o0y Pu)y — 0,
as t — 400, hence (x4, Pay)y — 0, as claimed.

Set now v := .# ~'u to obtain from (4.1) and (2.6) that

(v, ST0,1) V)2 = (D', JD u)y s + (Bu, PR )y, (4.8)
hence limy—, o0 (v, S04 V)2 = (Pu, JPu) = J(0,u). If S > €I, € > 0, then this
implies that v € L2. (]

Maps # € TICy(U) and A € TIC((U,Y) are called quasi—right coprime if

uel? s [/V uel? forevery we€L?(Ry;U) and weR (4.9)

v
(this actually holds for every u € L2 (R ;U) when, in addition, .# € GTIC; see
[Mik02] for details).

By Lemma 4.2, the (1.10)-minimizing state-feedback pair is output-stabilizing
for 3. Now we show that also .4 and .#Z become stable and quasi-right coprime:

Lemma 4.4. Assume the output-FCC (1.5). Then any (1.10)-minimizing state-
feedback pair | F 19 | is output- and 1/0-stabilizing, A and M are quasi-right
coprime, and S := N*N + M* M € GB(U). Moreover, [ F 19 | can be chosen
so that S = I and . is an isometric isomorphism of L?(R.;U) onto U(0), where
lull2 0y = ul + 1 Zul.

The last property of the lemma can be used to reduce unstable problems to
the stable case by preliminary state feedback [Mik05b].

Proof. 1° Set z/i;~:: 9M, where M = (I —94)~'. By Lemma 4.2 (applied to &
and I), we have P > 0, A € TICy, S := A * A € B(U). But

I M

hence A", /4 € TIC, (ie., [ # |9 ] is I/O-stabilizing for ¥) and S = NN+
M* M =: S. Fix some t > 0. By (4.1), mo. S > (N )* N > 4" 4" But

0,1y~ 0,0y A T[o.1) = To,1) (4.11)

N =DM = [9]///: ['/q (4.10)
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(because m_.#'my = 0 implies that 77[07t)///71ﬂ'[t700) = 0), hence .4 4t >
€T(0,1) for some ¢ > 0. From S7r[07t) > €M, We conclude that S > el. By
Lemma A.5 (set Q := SY?), we can redefine [ . 19 ] so that it is remains
J-optimal (and output- and I/O-stabilizing, by (2.6)) but 4N + A A =
§1/285-1/2 = 1.

2° Consequently, [7].#u = [ ] u has the norm ||ul|o, for any u € L2(R;U).
In particular, .# maps L?(R,;U) — U(0), isometrically. By Lemma 4.3, .# is
onto.

3°Ifu € LE(Ry;U), w € Rand L? 3 [4]u = [?].#u, then .#u € U(0),
hence v € L?(Ry;U), by Lemma 4.3. Thus, .4 and .# are quasi-right coprime
(hence so are the original ones, A4'Q and ZQ). O

5. Main results

In this section we shall present direct generalizations of Theorems 1.1, 1.2 and 1.3
and Corollary 1.4 to arbitrary WPLSs.

From Lemmata 4.1 and 4.4 we obtain the following generalization of Theo-
rem 1.3:

Corollary 5.1. If the output-FCC holds, then there exists an output- and I/0-
stabilizing state-feedback pair for which A and A are quasi-right coprime and
NN + MM = 1. 0

(The latter condition is usually expressed by calling [/ ] inner or normalized.)
This generalizes also Corollary 1.4:

Corollary 5.2. Any function having an output-stabilizable realization has a quasi—
right-coprime factorization. 0

This means that then 9 = A A4 —! where .4/ and .# are quasi-right coprime
and .# ! is proper. [Mik02]
From Corollary 5.1 we also get the generalization of Theorem 1.2:

Corollary 5.3. The output-FCC (1.5) holds iff the system is output-stabilizable.

Indeed, the necessity of (1.5) is obvious, as noted in the introduction.
By setting above C' = I and D = 0, we get the generalization of Theorem 1.1:

Corollary 5.4. The state-FCC (1.4) holds iff the system is exponentially stabiliz-
able. 0

Proof. “If” is again obvious, so assume that ¥ satisfies the state-FCC (1.4), or
equivalently, that ¥ := [Z4Z] does. If [ # |9 | is an output-stabilizing state-
feedback pair for 3 with closed-loop system Y, then [ Z |9 | is admissible for
3 too and ‘KNQ = + BrF = Jzio = . But the stability of (5@ means that
%Zoxo € L2(Ry;X) for all 7o € X, hence Yy is exponentially stable, by Lemma 2.2
(since s = 6€.3). O
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A trivial consequence of Corollary 5.4 is that a system is estimatable iff it
is exponentially detectable (these are the dual properties of optimizability and
exponential detectability; see [WRO1], [Sta98a] or [Mik02] for details).

6. Notes

The Linear Quadratic Regulator (LQR) problem amounts to the minimization of
(1.10) by state feedback. It has been used both for optimizing certain systems and
for finding a stabilizing state feedback.

We have shown above that the minimizing control is given by an admissible
state feedback and then used this result to establish for general WPLSs the results
mentioned in the introduction. We discuss below some earlier results in the same
direction and some future extensions of our results, including constructive formulas
for the J-optimal cost operator P and the state feedback.

The classical state-feedback solution of the LQR problem can easily be ex-
tended to infinite-dimensional systems having bounded B and C, as shown in
[CZ95], which also contains further historical remarks on the problem (p. 333).

A solution of the LQR problem for WPLSs (without admissible state feed-
back) was given in [Zwa96], which more or less contains Lemmata 3.1, 3.2 and 3.6.
Zwart applied directly the orthogonality of the optimal control. Similar results for
stable WPLSs with the general cost function (3.2) were given in [Sta98b], which
uses Fréchet derivatives. In [Sta98b] it was also shown that the optimal control
can be given by state feedback if the Popov function has a spectral factorization.

Lemmata 3.3 and 3.5 are from [Mik02] and Lemmata 3.8 and 3.9 seem to be
new, as well as the results of Section 4 except that the normalization A4*. A4 +
M* M = 1 is a well-known consequence of spectral factorization. The results of
Appendix A are from [Mik02].

Some kind of integral Riccati equations have been used for decades (see,
e.g., [CP78]) and for stable or jointly stabilizable and detectable WPLSs certain
special cases of (3.5) and (3.8) were given in [Sta98d] (including (4.1) and (4.6))
and extended to arbitrary WPLSs in [Mik02], where also the converse implication
was shown: if a (stabilizing) solution to the Riccati equations exists, then the
corresponding state-feedback pair produces the (J-)optimal control. In [Mik05a] a
generalization of those results shall be presented, including necessary and sufficient
“Integral Riccati equation” conditions for optimal control or state feedback, in both
time-domain and frequency-domain terms.

In practical applications, the transfer function 2 has a (weak) limit D :=
lims_ 400 Z(s) at infinity along the positive real axis. Such systems are called
(weakly) regular, and for them the algebraic Riccali equation (ARE) can be defined
and shown to be equivalent to the integral one (provided that also .Z (+00) exists;
moreover, the left-hand-side of (1.9) must be modified if B is highly unbounded).
In the (regular) WPLS setting, the necessity of the AREs was first established in
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[Sta97] and [WW97], independently (in the stable case; the sufficiency and general
case in [Mik02]).

However, the unboundedness of B and C' makes the AREs rather complicated.
Therefore, the reciprocal ARFEs were introduced in [Cur03]. They are non-standard
AREs but can be shown equivalent to the original ones and they use bounded
coefficients only, so they allow one to reduce several proofs and equations to a
simple special case. See [OC04] for the reciprocal ARE corresponding to (1.10).
By the proof of Corollary 5.1, their AREs define an admissible state feedback pair
(and that pair is output- and I/O-stabilizing and makes .#" and .# quasi-right
coprime) iff a solution exists. Their method requires that iRNp(A) is nonempty, but
that can be circumvented by using the proof Lemma 3.9 to obtain the reciprocal
AREs for ¥;. We shall provide the details in [Mik05¢c|, where also the general
cost function (3.2) will be considered. In fact, the analysis of the optimal control
problem corresponding to such AREs was what lead to the methods of Lemmata
3.8 and 3.9.

We have above studied the set I/ of L? inputs that make the output LZ2.
Another common choice of the domain of optimization is Uexp, the set of L? inputs
that make the state L2. (By [WRO1|, Uexp (o) C U(z0) for every zo € X.) That
means that one wants to minimize the cost over this smaller set of inputs, so that
the minimum may become strictly bigger. In the finite-dimensional setting, Ueyp is
almost exclusively used. However, our methods apply also to that setting and even
to more general settings, such as the set of strongly stabilizing controls, studied
in, e.g., [O0s00]. This generalized framework was presented in [Mik02] and will be
extended in [Mik05a], covering also indefinite problems.

In Lemma 4.1 we showed that certain admissible (or well-posed) state feed-
back minimizes the cost (1.10) over Y. In [Mik05b] we shall show that this applies
to any cost function of form (3.2) as long as the generalized Popov Toeplitz oper-
ator is uniformly positive (or equivalently, J(0,u) > €(||y||3 + ||u||3)) and also give
the analogous result for minimization over Ueyxp. The sufficiency is well known for
stable systems [WW97] [Sta97] (for the U case), where an equivalent condition is
that the Popov function D*JD is uniformly positive (or 9*J9 > €l ae. on the
imaginary axis in the separable case).

To some extent the properties of and differences between coprimeness and
quasi-coprimeness were explored in [Mik02]. We shall present further details and
results in later articles. We shall also show that quasi-coprime factorization can
be applied to establish several new results on dynamic stabilization.

Appendix A. Miscellaneous results
The following is a well-known, simple consequence of the Closed-Graph Theorem:

Lemma A.1. Assume that X, X2 and X3 are Banach spaces and Xo C X3 con-
tinuously.
If T € B(X1,X3) and T[X1]) C Xa, then T € B(X1, X5). 0
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By L2 we denote the functions v € L? with compact support. Recall from
Definition 2.1 that ¢ is stable iff €[X] C L? (by Lemma A.1). It follows that Z is
“almost stable™

Lemma A.2. If € is stable, then Z[L2%] C L2

Proof. Let u € L2(R;U) and T > 0 be such that m,77u = 0. Then Yu =
T 79Ty =177 T6¢%B17u € L2 O

It is a well-known consequence of the Liouville Theorem that if a (causal)
map & € TICy(U,Y) is also “anti-causal” (71 &w_ = 0), then & € B(U), i.e., then
there exists E € B(U) such that (u)(t) = Eu(t) a.e. for every u € L2(R;U). We
need the following generalization of this result:

Lemma A.3. If # € GTIC,, & € TIC and ny M7, E7_ =0, then & € B.

Proof. 1° Case # = I:Case & € TICy is [Sta97, Lemma 6]. For general & € TIC,,,
we can replace & by e &e¥" € TICy.

2° General case: Now n,. 87 = oM~ (my) M7 Em_ = 0 (use the fact
that Ty Ay = M7, because .4 7_ = 0), hence & € B, by 1°. O

Consequently, when & € TICy and & = &%, we have & € B (because
i = (m_&*rwy)* = 0). However, we also need a similar result for unstable
maps (of form “2*J2”) in place of &

Lemma A4 (“2*J2 = S”). Let 7 € TIC(U,Y) and J = J* € B(Y). Assume that
Pu € L2 and (Imyv, JP7_u) = 0 for all u,v € L2. Then there exists a unique
S = 8* € B(U) such that (Pv,J D) = (v, Su) for all u,v € L2. 0

In the proof below we show that the operators .7} := (Zm_s 1)) JDT_s4) €
B(L2([—t,t);U)) are restrictions of . (T >t > 0) and can be extended to a static
operator S.

Proof. In the sequel we shall use the fact that if v € L2 . and (v,u) = 0 for all
v € L2 then u = 0 (a.e.). This fact also implies that S is unique.

Let s,t € R. Replace u by 7'u to obtain that (27 «)v, JPT(_soyu) = 0
for all u,v € LZ (use the facts that m_7" = 7'7(_ ), (71)* = 77% and 7 iny =
F[t,oo)T_t). Because J = J*, we have (97 (_c )V, J D75 ooyu) = 0 for all u,v € L2,
hence

(Dv, JDT(s pyu) = (D75 1)V, J DT pyu)  (u,v € L2, —c0<s<t<4o00). (A1)

We have Zmi_y 4y € B(L?([~t,t);U),L*(R;U)), by the assumption and Lemma

A1, Set

S = (D) TDm ey € BLP([-1,1);0)) (> 0). (A.2)
Then (v, Su) = (v, JDu) for u,v € W[,M)LQ, hence for u € w[,t,t)LQ and v €
L2 by (A.1). Consequently, for any u € Tr[,t,t)LQ and any T > t > 0, we have
Sru = S € 7r[_t7t)L2. Therefore, we can define Su := Su for any t > 0 and
u € L2([—t,1);U).
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It follows that .7 : L2 — 12, p = Sy = T_r71)S, and 7 = ST
(by (A.1)). Therefore,

”‘yuH% = Z ||7T[n—1,n+1)=5ﬂu||§ - Z HT_nT[_Ll)TnyuH% (AS)

ne2z ne2z
=Y Il Ireaym uld = Y ey T 3 (A.4)
ne2Z ne2Z
< Allsea)l Y Ireym ull3 = 1% e llul3 (A.5)
ne2z

for u € L2. Consequently, .7 can be extended to a B(L?) map that satisfies .77 =
7. From (A.1) it follows that 7 .¥n_ =0 =n_."7my, hence ¥ = S € B(U), by
[Sta97, Lemma 6]. Obviously, . = .*, hence S = S*. O

The (closed-loop) state-to-control map % (see (2.6)) determines the pair
[ Z |9 ]| uniquely modulo a unit constant:

Lemma A.5 (Al [ 719 ]). Let [ Z 19 | be an admissible state-feedback pair for
Y. Then all admissible state-feedback pairs | 7 |4 | leading to same F are given

by
(Z1G]=[QF | I-QU-9)] (QeGB)). (A.6)

When F is bounded, the above claim is rather obvious (see [Mik02, p. 800]).
Therefore, discretization (see [Mik02]) leads to an alternative proof of the lemma.

We observe that the whole left column of the closed-loop system (2.6) is the
same for all such pairs; the only difference on the right column corresponds to the
coordinate change ug — Qug in the exogenous input.

Proof. Deﬁne~///~ = (I —9)"' and S for [ Z14 ] as in Definition 2.4. Set
& == M1 € GTIC (V). By (2.6), (2.5) and (twice) 4. of Definition 2.1, we
have

Ty MET_ =Ty M = FsBes = FsPBes = MFBM = Mr Gr_M (A.T)
= (r)) (I — M Nl = -7y (I —7 )l M (A8)
= O0+mpdrn M N(n )M =7  Mr_E(m_). (A.9)

Therefore, 7 # (I — w_)&7_ = 0, hence E := & € B(U), by Lemma A.3. Since
& € GTIC (U), the operator F is invertible and onto, hence E € GB(U).

Since A = ME, set Q := E~" to have M =QuH, G =1—4"" =
[—QU—9) and F — M1 Fs = Q.F. 0
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