Mat-1.3602 Stochastic Analysis.

Eztra problem sheet — Azmoodeh/Valkeila. Problem should be solved by
May 15, 2008, and delivered to Azmoodeh.
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*
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Let &, k > 1, be independent random variable with IE&, = 0 and
0l =& <ooforall k> 1. Put S, = > p_; & If D02 07 < o0,
show that then the sequence S,,, n > 1 has an integrable almost sure
limit S.

Let X = (X, F),,IP),>1 be a non-negative local martingale. Show
that X is a supermartingale.

If X = (Xy, Fi,IP)s>0 is a nonnegative supermartingale. If IEX; =
I[EX( for all £ > 0, show that then X is a martingale.

Let X, A be a non-negative continuous processes, X, A € IF' and 7
is a stopping time. Let 0 = inf{u : X, > €} and v = inf{u : A, > n}
for e, > 0. Show that

{supXs >e} C{A, >n}U{oc <7<~}
s<T

Prove the following variant of Lenglart inequality: Let X be a non-
negative continuous process and let A be a continuous increasing
process, both adapted to IF. We say that the process A L-dominates
the process X, if for any bounded stopping time o we have that

EX, < FA,.

Show that if A L-dominates X, then for any stopping time 7 and
n,e >0

P(X! > ¢) < g +IP(A, > 7).

[Hint: use the previous exercise.]
Let M™ be a sequence of (IF,IP)- local martingales and 7 is a
stopping time. Prove the following fact:

sup | M7 | Loe (M™ M"), Lo,
s<T

as n — oo.
Let W be a Brownian motion. Compute IEW;: with [t6 formula.
Let W be a Brownian motion. What is the process (W?2, W?2)?
Let f € C12(IR4,IR) such that

of  10°f

B = 9027
Let W = (W)i>0 be a Brownian motion and put X; = f(¢, Wy).
Show that the process (X,IF") is a local martingale. and if in addi-

tion . )
of
IE —(t, W, dt < oo,
|, (Grom) a<e
then X = (X;)o<t<7 is a martingale.
Let W be a Brownian motion with respect to IF, IP). Find a measure

Q@ such that the process X; = W; +t — t3 is a Brownian motion on
the interval [0, 7], T > 0.



