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cosh (z1 + z2) = cosh z1 cosh z2 + sinh z1 sinh z2. �b�\�
�H���1�������)�\�w�:�������������W���\�q���D���D�������Y�������Q���)�\�D�:�����h���������8���\���������:�8�����q���Q�)���������:�D��������`�b �¡)�1���¢~A���)���0|£�Y����~��¤~}���¥|w���k~��Y�¥�n� ¦<�Q�Q���¥�m���§���\�Q�����D¨
© �

cos (1 + 2ı̂) = cos 1 cos (2ı̂) − sin 1 sin (2ı̂)

= cos 1 cosh2 − ı̂ sin 1 sinh 2. �¥ªD�
« �

sin ı̂π = ı̂ sinh π. �n¬:�
 �=® ©�¯s°�±o±�² �:³w´Dµ °�¶¢²w¶¢²+·Y©D¸¹¶¢º¢º�¶�°�¯Y¯Y»Q±�²6¼�©1°¹¶�²w¶¢²d·Y©�¸}¶�½�½ µ:¾ ¯w¯s»Q±�²=·s±o¸¹¯s°b½}±�±�º¢º�©

cosh (−3 − 6ı̂) = cosh (3 + 6ı̂)

= cosh 3 cosh (6ı̂) + sinh 3 sinh (6ı̂)

= cosh 3 cos(−6) − ı̂ sinh 3 sin(−6)

= cosh 3 cos 6 + ı̂ sinh 3 sin 6. �m¿À�
Á ©�¶¢Â:½ µ ±�ÂÀ½ µ ¶¢°¹±o°�½¹¶ � Âq¯ µ:¾ ©D©)° µ ·w¶¢Ãh©6½}±�¸ ¾ ¶¢±�²=¯w¯Y»w±�º¢º�±o±�²�¼�ÄD¸m¼b±\°b½}±�º¢Å �

cosh (−3− 6ı̂) =
1

2

(

e−3−6ı̂ + e3+6ı̂
)

=
1

2

(

e3e6ı̂ + e−3e−6ı̂
)

=
1

2

(

e3 (cos 6 + ı̂ sin 6) + e−3 (cos 6 − ı̂ sin 6)
)

=
1

2

(

e3 + e−3
)

cos 6 +
1

2
ı̂
(

e3 − e−3
)

sin 6

= cosh 3 cos 6 + ı̂ sinh 3 sin 6. �¥ÆD�
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w : C → C Î ���\�D�����������{��¥���:��|Y�����:�����Ï���A~��I���Q���1����¨(Ð��k����{�{��n�¥���k~��6¦<�Q�Q���¥�m�+���Ñ�:���\¦A���������k~��Ñ�:���������<����|k������~��������� Î �������}���
���������6���=����~A�1�h�<�����k�����¢�h�����6~A���m���h���D~��������D���¥���D¨¤Òk�h�����:�����h���¥���6���:�8���o�Y���w����:���o¦A�����6�����Q�����q� Î �������¢�=�������������Q�h���#�������n���������D~��������D������� Î ���!���k���Ï{�{��n�¥���k~��k¨
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� ¯wÃ�© ����� ±�ÂÀ½}ÄhÃ�Ä�² ª6´ ¯YÃh©D¯Y° ¾ ©D©�º¢¶�©hÃh©D¸¹¯Y¯Y»Q±o°}°}©�����¯ µD¾ ©:©6°¹¯ µ ¸<©�½ ´ ¯wº ¾ ©�½¤·w¶¢°�½¹±o¶¢°}°}Ä
(0, 1) ³ (0,−1) ¼�© (−2, 0) �

w = ı̂z2 = ı̂
(

x2 − y2 + 2ı̂xy
)

= −2xy + ı̂
(

x2 − y2
)

. �	�:�

 ±o¯w² µ ¼b±o² ´ ¯wÃ�©:©�¼�©�½ µ Ã�©�½�°¹¶�¶�°#·Y©D¸}© ¾ ±�½¹¸}¶ ¾ ¯ µ » µ °}°}©

(t, 0) →
(

0, t2
)

(0, t) →
(

0,−t2
)

(t, 1) →
(

−2t, t2 − 1
)

(1, t) →
(

−2t, 1− t2
) �����

� ©�¶ ´ ¶¢°}°}©�²YÄD¶¢°�½}Ä t ∈ [0, 1] �
w′(z) = 2ı̂z ³ ¼ µ ½¹±o²+º�©�¯Y°¹±�±o² ª ·s±o¸¹¯Y°�½¹±o±�º¢º¢© w µ ² ´Dµ ²� µ ¸ ¾ ¶�²Y±�² ´ ©�¶ ´q´ ¶¢©Dº�º�© ¾ ¯Y¯Y©�º��º�©6·s©�¶�½}°¹¶ µ ¸}¶�� µ °}°¹©�����°¹¶�©6¶¢º ¾ ±o²w±�±
°¹¶�½¹±�² ³ ±A½�½<Ä)°�¯ µ ¸}© ´ ¯wº ¾ © ´ ¯wÃ�©�¯w½¹¯w¯ µ ¸}¶�� µ °}°}© µ ¶ ´Dµ �´ ¯wº ¾ © ´ °�¶ ³s¾ ¯Q½�½<© ¾ ¯w¯Q½ ´Dµ º ¾ ±6°¹¯ µ ¸<©D© ´ ¯wº ¾ ©D©'°¹ÄD¶�º¢ÅqÃhÄ�½ ¾ ©D©Dº�¶�©hÃ�©�¸}¯w¯Y»Q±o²d·w¶¢°�½¹±o¶¢°}°}Ä

(0, 1) ³ (0,−1) ¼�© (−2, 0) � � °�� ´ ¯wÃ�©D© � �
K�L(MONQP�RHP��
� lmpHl���� ¶¢²w¶�²
°¹¯ ¾)¾ © ´ ©D©hÃ�©:°b½<©O°¹±�¯w¸<©D© � ´ °���±\»Q±�º¢º�¶�°�½}Ä#ÂY©D¸m¼ µ ¶Ï½}¯Y°b½<© �A³ ±A½¹½}Ä sin z = sinx cosh y+
ı̂ cosx sinh y ����Ä�½}±�±¤°�¶¢¶�° u(x, y) = sin x cosh y ¼�© v(x, y) = cosx sinh y � ��°¹¶�½�½}©D¶¢°}»Q±!�¸}¶�Ã�©D©�½}©�½ µ Ã�©�½%Ã�©D°�½}©:©hÃh©:°b½}¶ ux = vy = cosx cosh y ¼�© uy = −vx = sinx sinh y ³ ¼ µ ½ ´ ©´ ©�¶ ´ ±o²+º¢¶¢°}Ä ´ °¹¶ µ Ã�©�½�¼�©�½ ´ ¯wÃq¶¢©�� � ¶�²Y¶" ¯w² ´ ½}¶ µ1µ ²'°¹¶�¶�°#©�²Y©Dº�ÅqÅÀ½�½}¶�²Y±�² ´ ©D¶ ´q´ ¶�©�º¢º¢© � ´ °!�Q²qÅÀ½#�´ ¶�²6±o»Q±oº�º¢¶�°b½<Ä�ÂY©D¸m¼ µ ¶Ï½}¯Y°b½<© � � ® ©D° ´ ±A½<©D©D²�Ãq¶¢±�º�Ä ux+ı̂vx = cosx cosh y−ı̂ sin x sinh y =
cos z

�
sin z
±�¶ µ º�± ´:µ ²� µ ¸ ¾ ¶¢²w±�² ´ ¯Y² cos z = 0 ³ ±�º¢¶ ´ ¯w² z = π

2
+ nπ ³ n ∈ Z

�

Ê+ikZ\lmpHl��$� µ °�¶¢²w¶¢º�º¢±ÍÃ�©D°�½}©:©hÃh©�½ u ¼�© v µ Ã�©�½ u(x, y) = cosx cosh y ¼�© v(x, y) =
− sinx sinh y �%�%Ä�½¹±o± ux = vy = − sinx cosh y ¼�© uy = −vx = cosx sinh y ³ ¼ µ ½ ´ ©°}© ¾)µ ¶¢² µ Ã�©�½s¼�©�½ ´ ¯wÃq¶�© ³ ¼ µ ½}±�² ´Dµ °¹¶¢²w¶ ´ ¶¢² µ ²�©�²Y©Dº�ÅqÅÀ½�½}¶�²Y±�² ´ ©�¶ ´q´ ¶¢©Dº�º�©�� ® ©:° ´ ±A½}©:©�²8Ãq¶¢±�º�Ä±o»w±�º¢º�¶�°�±o²+½<©�·Y©:©�² ux + ı̂vx = − sin x cosh y − cosx sinh y = − sin z � �

ª
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��©D±A½<©D©�²'½ µ ¶¢°¹±�² ´ ±o¸�½<©�º¢¯wÃq¯w²d»Q±�¸}¶�Ã�©:©�½�½ µ ¼�©
u(x, y) = sin x cosh y

ux = cosx cosh y

uxx = − sinx sinh y

uy = sin x sinh y

uyy = sin x sinh y

∇2u = uxx + uyy = 0 ���:�
¼�©)²YÄDÂY»wÄDÄD² ³ ±A½¹½}Ä u µ ²=ÂY©D¸ ¾)µ ²Y¶�²w±o² ���©D±A½<©D©�²

u � º¢º�± �Ï�����n���o�Y�����1���Y���£~A� v ³ ¼ µ ² ´ © µ ² ½<©�¸ ´Dµ ¶Ï½}¯Y°'½}ÄhÅÀ½�½<ÄDÄ u � ² ´ ©�²Y°}°¹©� ©�¯s<ÂÀÅq²�� 
 ¶¢± ¾ ©�²Y²w¶�² ´ ©D©hÃ�©�½ �
vy = cosx cosh y

v(x, y) =

∫

cosx cosh y dy

= cosx sinh y + α(x)

vx = − sinx sinh y + α′(x)

α′(x) = 0 ���:�
α µ ² °¹¶�¶�°�¸}±o©:©�º¢¶�²w±o² Ã�© ´ ¶ µ � ��¯ µD¾ ©D© ´ ¯w¶�½¹±o² ´ ¶�² °�± ³ ±A½¹½}Ä^¶¢²À½¹±��D¸ µ ¶�½}©�±\°¹°}© y � ² °¹¯wÂ��½¹±o±�² ·w¶�½¹¶�°¹¶¢¶�²YÄtÃ�©�¶¢Âw±o±o°}°¹©���¶¢²À½¹±��D¸ µ ¶ ¾ ¶�°¹Ãh© ´ ¶ µ:´ °¹¶�� µ ½�½<©D© ¾ ¶�±oº�¶¢Ã�©�º�½}©�¶¢²w±o² x � ²  ¯w² ´ �½¹¶ µ
	�� »Q±�º¢º�¶�°¹±�² ½¹±�ÂÀ½<ÄhÃhÄD²v¼�© ±o»Q±oº�º¢¶�°b½}±�² ÂY©�¸n¼ µ ¶�½¹¯Y°�½¹±o² ·k±�¸}¯Y°�½¹±�±oº�º�©t°¹©:©D»w©:©�² º µ ·w¯YºÏ½<©
f(z) = sin x cosh y + ı̂ cosx sinh y + ı̂α = sin z + ı̂α ³w¾ ¶�°¹°}Ä α ∈ R

�
 ¶ ´ Ä�º¢¶8½}Ä ¾ Ä�°¹±�¶ ´q´ ©�±o¶
±A½}¯ ´ Ä�½}±�±�² µ º�¶�°�¶ µ º¢º�¯Q½Ñ½}¶�±\» µ °}°}© ³¤µ º¢¶�°�¶
Ã µ ¶�½¹¯ ² µ ¼�©D¯Q½¹¯s©°¹¶�¶¢Âw±�² ³ ±�½�½}Ä`¸¹±\©D©Dº�¶�°�¶¢º¢º�± x µ º¢¶¢°¹¶ µ º�º¢¯Q½ f(x) = sinx cosh 0 + ı̂ cosx sinh 0 + ı̂α =

sin x · 1 + ı̂cosx · 0 + ı̂α = sin x + ı̂α
¼�©
½}Ä:°b½<Ä µ º¢¶�°�¶ f(z) °¹©:©�½}¯�¼�©�½ ´ © ¾ ©Dº�º�©�©D²Y©�º¢ÅqÅÀ½#�½¹¶�°¹±o°�½¹¶ ´:µD´Dµ6´Dµ:¾ ·Yº�± ´ °¹¶�½}©D° µqµ ² �
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� ±�ÂY»wÄ:Ä�² °}© ¾ ©D²:½<©�·Y©D¶¢°¹±A½=·Y©�¸<© ¾ ±�½¹¸}¶�±\°�¶�½bÅ ´ °¹±A½ ´ ¯w¶¢² ½}±�ÂÀ½}ÄhÃ�Ä:°¹°}Ä ª � ��Å��Q»QÅq²w²w±�½}ÄDÄD²¾ Å��:°O½¹±oÂÀ½}ÄhÃ�Ä�² ¬�´ ©:©hÃ�©D© ´DµD¾ ·wº¢± ´ °¹¶�º¢¯wÃq¯w²d°�¶¢²w¶¢º�º¢±I¼�©1°¹©:©D»w©:©�²
(x, 0) → (sinx, 0) �b���:�
(0, y) → (0, sinh y) �b�:�\�
(x, 2) → (sinx cosh 2, cosx sinh 2) ���\ª:�

(π

2
, y

)

→ (cosh y, 0) . �b�\¬:�
� ÄD°}°}Ä�°¹¶¢¶¢° x ∈

(

0, π

2

) ¼�©
y ∈ (0, 2) � ��¯ µ:¾ ©�½}©:©�² ³ ±�½�½<Ä �b���À��³(���D�h� ¼�© �b�\¬:�O´ ¯wÃ�©D©hÃ�©�½°¹¯ µ ¸}¶¢©�ÃÀ¶¢¶¢Ãh©D²w·YÄ�½ ´ ¶¢Ä ´ ¯Y²!°¹±�² °¹¶ ¼�©:©�² ���\ª:�¤µ ² µ °}©1±�º¢º�¶¢·Y°¹¶�² ´ ©:©�¸¹½}©�� � © ¾�µ ¶�² Ã µ ¶�»w©:©�²½ µ »Q±�½}© ³ ±A½¹½}Ä ¾ ¯Y¯Q½W°�¯ µ ¸<©�½ ´ ¯wº ¾ ©�½ ´ ¯YÃh©D¯Q½¹¯YÃh©�½W°�¯ µ ¸}¶ ´ °¹¶ ´ ¯wº ¾ ¶ ´ °¹¶w·Y©D¶Ï½<°�¶ (π

2
, 0) ³ ¼ µ:´ ©´ ¯wÃ�©�¯Q½}¯w¯ ¾ ©D©�º¢¶�©hÃh©D¸¹¯Y¯Y»Q±o°}°}©8·w¶�°b½}±�±o°}°}Ä (1, 0) µ º�±oÃ�© ´ °�¶ µ ¶ ´:µD´ ¯wº ¾ © ´ °�¶�� � °�� ´ ¯wÃ�©D© ª �
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� ¯wÃ�© ª���� ±�ÂÀ½}ÄhÃ�Ä�² Æ6´ ¯YÃh©D¯Y° ¾ ©D©�º¢¶�©hÃh©D¸¹¯Y¯Y»Q±o°}°}©�����¯ µD¾ ©:©6°¹¯ µ ¸<©�½ ´ ¯wº ¾ ©�½¤·w¶¢°�½¹±o¶¢°}°}Ä
(0, 0) ³ (cosh 2, 0) ¼�© (0, sinh 2) �

−1 1

ı̂

−ı̂

� ¯wÃ�© ¬�� � ±oÂÀ½}ÄhÃ�Ä�² � ±�·sÄ ´Dµ ²� µ ¸ ¾ ¶¢°¹¯w¯Y°¹·w¶�°b½}±�±�½�� ��¸}¶�� µ °}°¹© ´ ¯wÃ�©�¯Y°8±o¶ µ º�±1±\»Q±o°
©D²Y© �º¢ÅÀÅÀ½¹½¹¶¢²w±�² �
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f(z) = z2 + 1

z2 = z2 + z−2 ³ ¼ µ ½¹±o²

f ′(z) = 2z − 2z−3 = 2z −
2

z3
=

2
(

z4 − 1
)

z3
. ����¿q�

f(z) ±�¶ µ º�±¤©D²Y©�º¢ÅqÅ:½¹½¹¶¢²w±�² µ ¸¹¶�� µ °¹°}©�¼�©�Ã�©D°�½}©:©hÃ�©D°�½¹¶Q·w¶�°b½}±�¶�°¹°}Ä z = {±1,±ı̂} °�¶ ¼�©�¶�½}°¹±�Ã�©�½»Q±o¸¹¶¢Ã�©D©�½<©�²Í² µ º¢º¢© ´Dµ Âs»w©�½ ³ ¼ µ ½¹±�² f(z) ±o¶�°�¶¢¶¢° µ º�± ´Dµ ²� µ ¸ ¾ ¶�²w±o² ¾ ©�¶¢²w¶�½¹¯w¶�°}°¹©+ÃÀ¶¢¶�»Q±o°}°¹Ä·w¶�°b½}±�±\°¹°}Ä�� � °�� ´ ¯wÃ�©D© ¬ �® ©:° ´ ±A½<©D©�²+ÃÀ¶¢±�º�Ä
w = f(r eı̂ϕ) = r2 e2ı̂ϕ + r−2e−2ı̂ϕ

= r2 (cos 2ϕ + ı̂ sin 2ϕ) + r−2 (cos 2ϕ − ı̂ sin 2ϕ)

= r2 cos 2ϕ + r−2 cos 2ϕ + ı̂
(

r2 sin 2ϕ − r−2 sin 2ϕ
)

=
(

r2 + r−2
)

cos 2ϕ + ı̂
(

r2 − r−2
)

sin 2ϕ ���\ÆD�
±�º¢¶ ´ ÄhÅq¸}Ä�½ µ Ã�©�½ µ ¸}¶�� µD´ ±o° ´ ¶¢°¹¶¢Ä)±oº�º¢¶¢·Y°�±�¼�Ä ´ ¯Y² r ∈ R+ µ ² Ãh© ´ ¶ µ ��� µ ° r = 1 ³ º¢¶�½¹¶�°b½bÅqÅ±�º¢º¢¶�·Y°¹¶0Ãq¶¢¶�Ã�© ´ °¹¶ ��� µ °¤°¹±�²Ñ°¹¶ ¼�©:©�² r → 0+ ½<©�¶ r → ∞ ³ º¢ÄDÂw±o°�½bÅqÅ ´ ¯wÃ�©D©�¼�©�©D°¹Å ¾ ·Q½ µqµ ½ �½¹¶�°¹±o°�½¹¶0ÅqÂYÄ)°¹¯w¯w¸}±�²w±oÃh©:© r−1 ½}©D¶ r ��°}Ä�½¹±o¶¢°�½}Ä�Å ¾ ·qÅÀ¸<ÄDÄ��
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