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Abstract

The Maxwell equations describe the interaction of electric and magnetic fields.
Important applications are electric machines such as transformers or motors, or elec-
tromagnetic waves radiated from antennas or transmitted in optical fibres. To com-
pute the solutions of real life problems on complicated geometries, numerical methods

are required.

In this lecture we formulate the Maxwell equations, and discuss the finite element
method to solve them. Involved topics are partial differential equations, variational
formulations, edge elements, high order elements, preconditioning, a posteriori error
estimates.

1 Maxwell Equations

In this chapter we formulate the Maxwell equations.

1.1 The equations of the magnetic fields

The involved field quantities are

B Y5 magnetic flux density (germ: Induktion)
H % magnetic field intensity (germ: magn. Feldstéirke)
Jtot % electric current density (germ: elektrische Stromdichte)

We state the magnetic equations in integral form. The magnetic flux density has no
sources, i.e., for any volume V' there holds

/ B -nds=0
v

Ampere’s law gives a relations between the magnetic field and the electric current. A
current through a wire generates a magnetic field around it. For any surface S in space
there holds:

H- 7tds= /jtot'nds
as s

1



Both magnetic fields are related by a material law, i.e., B = B(H). We assume a linear
relation
B =puH,

where the scalar p is called permeability. In general, the relation is non-linear (ferro
magnetic materials), and depends also on the history (hysteresis).

Assuming properly smooth fields, the integral relations can be reformulated in differ-
ential form. Gauss” theorem gives

/ B-ndS:/didexzo vV,
v v

div B =0.

which implies
Similar, applying Stokes” theorem leads to

H-TdS:/CU_I"lH-ndSZ/tht'ndS,
as s s

curl H = jtat'

or

Since div curl = 0, this identity can only hold true if div j;,; = 0 was assumed !
Summing up, we have

divB =0 curl H = jior B = puH. (1)

The integral forms can also be used to derive interface conditions between different
materials. In this case, we may expect piecewise smooth fields. Let S be a surface in the
material interface, i.e., o

SCcQ, N
and set V. = {x +tn, : x € St € (—¢,4¢)}. Let Sy = {z +en,}, S- = {z —en,},
M - 8‘/&‘\5—1-8\5—8-
O:/ B-nds+/ B-nds—l—/ B - nds,
54 M

From

and fsﬂf B-nds — fs By,_-nds, and |[M| — 0 as ¢ — 0, there follows

/B+-nds:/B_-nds VS cCcQNQ_.
S S

Since this is true for all surfaces S in the interface, there holds

B, -n=DB_-n.
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The B-field has continuous normal components. If u, # u_, the normal components of
the H-field are not the same. Similar (exercise!), one proves that the tangential component
of the H-field is continuous:

H,. xn=H_xn.

Instead of dealing with the first order system (1), one usually introduces a vector
potential to deal with one second order equation. Since div B = 0 (on the simply connected
domain R?), there exists a vector potential A such that

curl A = B.
Plugging together the equations of (1), we obtain the second order system
curl ' curl A = jyoy. (2)

The vector potential A is not unique. Adding a gradient field V® does not change the
equation. One may choose a divergence free A field (constructed by A=A+ VD, where
® solves the Poisson problem —A® = div A). Choosing a unique vector potential is called
Gauging. In particular, div A = 0 is called Coulomb gauging. Gauging is not necessary,
one can also work with (compatible) singular systems.

1.2 The equations of the electric fields

The involved field quantities are

E L electric field intensity (germ: elektrische Feldstérke)
D % displacement current density (germ: Verschiebungsstromdichte)
J % electric current density (germ: elektrische Stromdichte)

As

p =3 Charge density (germ: Ladungsdichte)

Faraday’s induction law: Let a wire form a closed loop 95. The induced voltage in the
wire is proportional to the change of the magnetic flux through the surface encluded by

the wire: 9B
/E-TdS:—/ 'nds.
S s Ot

0B
1F=——
cur oy

Ohm’s law states a current density proportional to the electric field:

The differential form is

J=0k,

where o is the electric conductivity. This current is a permanent flow of charge particles.
The electric displacement current models (beside others) the displacement of atomar
particles in the electric field:
D =¢ck.



The material parameter ¢ is called permittivity. It is not a permanent flow of current, only
the change in time leads to a flow. Thus, we define the total current as

. _oD
Jtot = ot J-

There are no sources of the total current, i.e.,

div jtot =0.
The charge density is
p=divD.
Thus, the charge density is the cummulation of current-sources:
0
a_i — —divj.

Current sources result in the accumulation of charges. Only in the stationary limit, Ohm’s
current is divergence-free.

1.3 The Maxwell equations

Maxwell equations are the combination of magnetic and electric equations

OB
1 = ——
cur (‘%’ (3)
oD
1H = =43 4
cur 5 T (4)
divD = p, (5)
divB = 0, (6)

together with the (linear) material laws
B=uH, j=oE, D=cE.

Proper boundary conditions will be discussed later.

Remark: Equation (3) implies div 22 = 0, or div B(z,t) = div B(z, ty). Equation (6)
is needed for the initial condition only ! The same holds for the charge density p: The
initial charge density p(z,0) must be prescribed. The evolution in time follows (must be
compatible!) with div j.

Using the material laws to eliminate the fluxes leads to

OH
|l = —p—-o 7
cur Hgr (7)
curl H = 6%—? +oFE, (8)



plus initial conditions onto £ and H. Now, applying curl u=! to the first equation, and
differentiating the second one in time leads to second order equation in time

0*E OFE
e tog Tt curl p =t curl E = 0. (9)

As initial conditions, F and %E must be prescribed.

Till now, there is no right hand side of the equation. Maxwell equations describe the
time evolution of a known, initial state.

Many application involve windings consisting of thin wires. Maxwell equations describe
the current distribution in the wire. Often (usually) one assumes that the current density
is equally distributed over the cross section of the wire, the flow is in tangential direction,
and the total current is known. In this case, the (unknown) current density o E' is replaced
by the known impressed current density j;. In the winding, the conductivity is set to 0.
This substitution may be done locally. In some other domains, the current distribution
might not be known a priori, and the unknown current ¢ £ must be kept in the equation.

We plug in this current sources into (9). Additionally, we do some cosmetics and define
the vector potential A such that £ = —%A to obtain

0?A 0A
e—— 40— +curlp tcurl A = j;. 10
o1 ot H JI (10)
Now, a possible setting is to start with A = 0 and %A = 0, and to switch on the cur-
rent j; after finite time. The differential operator in space is the same as in the case of
magnetostatics. But now, the additional time derivatives lead to a unique solution.

Equation (10) can be solved by a time stepping method (exercise!). Often, one deals
with time harmonic problems (i.e., the right hand side and the solution are assumed to be
of the form j;(z,t) = real(j;(x)e™?) and A(x,t) = real(A(z)e™?), respectively).

The evaluation of time derivatives lead to multiplication with iw. The time harmonic
equation is

curl p~* curl A + (iwo — w?e)A = j;. (11)



Figure 1: Three phase transformer

1.4 Technical Applications

Maxwell equations are applied in a wide range (limited by quantum effects in the small
scale and by relativistic effects in the large scale). For different applications, different terms
are dominating. In particular, if

1
Lw<KLc=——,
VEH
where L is the length scale, and c is the speed of light, wave effects and thus the second
order time derivative can be neglected. This case is called low frequency approximation.

1.4.1 Low frequency applications

This is the case of most electric machines, where the frequency is 50Hz. A transformer
changes the voltage and current of alternating current. Figure 1 shows a three phase
transformer. It has an iron core with high permeability . Around the legs of the core
are the windings (a primary and a secondary on each leg). The current in the windings is
known. It generates a magnetic field mainly conducted by the core. A small amount of
the field goes into the air and into the casing. The casing is made of steel and thus highly
conducting, which leads to currents and losses in the casing. Thus, one places highly
permeable shields in front of the casing to collect the magnetic flux. The shields are made
of layered materials to prevent currents in the shields.

This problem is a real three dimensional problem, which can only be solved by numerical
methods. The induced current density and loss density in the steel casing and interior
conducting domains computed by the finite element method is plotted in Figure 2 and
Figure 3.
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Figure 4: Parabola antenna

Other low frequency applications are electric motors and dynamos. Here, the me-
chanical force (Lorentz force) arising from electric current in the magnetic field is used to
transform electromagnetic energy into motion, and vice versa. This requires the coupling
of Maxwell equations (on moving domains!) with solid mechanics.

1.4.2 High frequency applications

Here, the wave phenomena play the dominating role. Conducting materials (¢ > 0) lead
to Ohm’s losses. The conductivity term enters with imaginary coefficient into the time
harmonic equations

Transmitting Antennas are driven by an electric current, and radiate electromagnetic
waves (ideally) into the whole space. Receiving antennas behave vice versa. By combining
several bars, and by adding reflectors, a certain directional characteristics (depending on
the frequency) can be obtained. The radiation of an antenna with a parabolic reflector
is drawn in Figure 4. The behavior of waves as * — oo requires the formulation and
numerical treatment of a radiation condition.

In a Laser resonator a standing electromagnetic wave is generated. At a certain,
material dependent frequency, the wave is amplified by changing the atomar energy state.
The geometry of the resonator chamber must be adjusted such that the laser frequency
corresponds to a Maxwell eigenvalue. The case of imperfect mirrors at the boundary of
the resonator leads to challenging mathematical problems.

Optical fibers transmit electromagnetic signals (light) over many kilometers. A pulse
at the input should be obtained as a pulse at the output. The bandwidth of the fiber is
limited by the shortest pulse which can be transmitted. Ideally, the (spatial) wave length
A of the signal is indirect proportional to the frequency. Due to the finite thickness of the
fiber, this is not true, and the dependency of 1/A on the frequency w can computed and
plotted as a dispersion diagram. This diagrams reflect the transmission behaviour of the
fiber.



2 The Variational Framework

Several versions of Maxwell equations lead to the equation
curl gt eurl A + kA = j (12)

for the vector potential A. Here, 5 is the given current density, and pu is the permeability.
The coefficient x depends on the setting:

e The case of magnetostatic is described by x = 0.
e The time harmonic Maxwell equations are included by setting
K = iwo — we.
e Applying implicit time stepping methods for the time dependent problem (10) leads
to the equation above for each timestep. Here, depending on the time integration

method, k € R* takes the form

o £
K%——i——Q
T T

It is the main emphasis of the lecture to study equation (12) for the different choices of
k€ C.

2.1 Maxwell equations in weak formulation

In the following, €2 denotes a bounded domain in R? with boundary 9€2. The outer normal
vector is denoted by n.

Lemma 1. For smooth functions u and v there holds the integration by parts formula

/curlu-vdac:/u-curlvdx—/ (uxn)-vds.
Q Q o0

Proof. Follows from component-wise application of the scalar integration by parts formula

Guvdx:—/uav dx—i—/ n;uv ds.
o O o Oz Fol9)

]

We multiply the vector potential equation (12) with all proper test functions v, and
integrate over the domain:

/curl,u_lcurlAw—l—ﬁAmdx:/j-vdw Yo
Q Q

We apply integration by parts for the curl — curl term to obtain

/u_lcurlA-curlqu/iA-vda:—/
Q o9

Now, we observe useful boundary conditions:

(u_lcurlen)-vds:/j-vdx Vo.
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e Natural boundary conditions on I'y: Assume that jg := pu~*curl A x n is known at

the boundary. This is a 90 deg rotation of the tangential component of the magnetic
field H.

e Essential boundary conditions on I'p: Set A xn as well v X n to zero. Since ' = —%,

this corresponds to the tangential component of the electric field. It also implies
B-n=curlA-n=0.

A third type of boundary condition which linearly relates £ x n and H X n is also
useful and called surface impedance boundary condition. We will skip it for the moment.
Inserting the boundary conditions leads to: Find A such that A x n =0 on ['p such that

/,u_lcurlA-Curlv—i—/iA-vdx:/j-vdx+/ H, v.ds V. (13)
Q Q I'n

Note the jgLn, thus the boundary functional depends only on v, := (v X n) X n.

2.2 Existence and Uniqueness Theorems

In this section, we give the framework to prove existence, uniqueness and stability estimates
for the vector potential equation in weak form (13).
The proper norm is

1/2
0] #(eurt,) = {||U||%2(Q) + |l CUﬂUH%Q(Q)} :

The according inner product is (u, v)g(eun) = (4, v)z, + (curlu, curlv)z,. Denote by D(Q)
all indefinitely differentiable functions on €2, and define

— ”'”H(curl,ﬂ)

H(curl, ©2) :=D(Q) (14)
This space is a Hilbert space (inner product and complete).

Theorem 2 (Riesz’ representation theorem). Let V' be a Hilbert space, and f(.) : V — R
be a continuous linear form (i.e., f(v) < ||fllv+||v|lv). Then there exists an u € V such
that

V*

(u,v)y = f(v) VveV.

Furthermore, ||ully = || f|lv+.

We call the operator Jy : f — u the Riesz isomorphism.

Theorem 3 (Lax-Milgram). Let B(.,.) : V x V. — R be a bilinear-form. Assume that
B(.,.) is coercive, i.e.,
B(u,u) > c1||ull¥ YuelV,

and continuous, i.e.,
B(u,v) < eol|ullv||v||v Vu,veV.
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Let f(.) be a continuous linear form. Then there exists a unique u € V' such that
B(u,v) = f(v) YveV.

There holds the stability estimate

1
Jullvy < —[Iflv-
(8]

The Lax-Milgram Lemma can be applied in the case of x € R*. The Hilbert space is
Vi:i={veH(curl) :v xn=00onTp}

We will show later that the tangential trace v x n is a continuous operator on H (curl).

The linear functional is
flv) = /j-vd:c—l—/ Js - vy ds.
Q Tn

For now, assume that js = 0. Then

fo) < il llollz, < lgllz.llvllv

The boundary term requires the trace estimate proved later.
The bilinear-form is

B(u,v) :/ulcurlumurlv—l—fﬁu-vdx.

It is coercive with constant

o . . 1 .
& = min{inf 7 (2), inf x(2)},

and continuous with constant

¢ = max{sup p (), sup x(z)}.
z€eQN €N

Lax-Milgram proves a unique solution in V' which depends continuously on the right
hand side, i.e.,

I
1Al = {14112, + | curl A|I7,}/? < o 13l
If Kk — 0, the stability estimate degenerates.

Theorem 4 (Babuska-Aziz). Let U and V' be two Hilbert spaces, and let B(.,.) : UxV — R
be a continuous bilinear-form. Assume that

B
SupM > c|jv||v VoeV (15)
wet |lullu
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and B
sup Blu,v) > o1 |ully VueU. (16)
veV ||U||V

Let f(.) be a linear form on V. Then there exists a unique u € U such that
B(u,v) = f(v) VoeV.

There holds the stability estimate

1
Jello < —I1flv-.
1

This theorem can be used in the complex case. Assume k = K, +ik; with k; # 0. Here,
the real part may be negative. We write down the complex equation as a real system:

curl pteurlu, + Koty — Koy = i,

curl /fl curl u; + K, + Kou; = J;.

The first equation is multiplied with v,, the second one with v;, we integrate by parts, and
add up both equations to obtain the weak problem: Find u = (u,,u;) € V := H(curl)?
such that

B<U’U) = /jrvr + jivi dw Vo= (Ur,vi) ev,
with the bilinear form
B(u,v) = /,u_l{curl u, curlv, + curlu; curlv; } +
+ruv + uiv b+ ki{uv; — wvet

Continuity of B(.,.) is clear. We prove (15), condition (16) is equivalent. For given
v = (v,,v;) €V, we have to come up with an explicit u = (u,, u;) such that |jully < ¢||v||v
and B(u,v) > c|jv||}. We choose

u = (v, v;) + a(v;, —v,),
with some « to be specified below. Evaluation gives
B(u,v) = p~ |l curlv, || + [ eurlvil|*} + (s, + ari) { o [* + [|vs]|*}-
Set a = %, to obtain
Blu,v) = i~ ewrl o}, + 1 o],

As long as k; # 0, the weak form has a unique solution. The continuity depends on Ki

The imaginary coefficient stabilizes the problem !
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Theorem 5 (Brezzi). Let V' and Q be Hilbert spaces. Let a(.,.) : V xV — R and
b(.,.) : V x Q — R be continuous bilinear forms, and f(.):V — R and g(.) : Q — R be
linear forms. Denote the kernel of b(.,.) by

Vo:i={veV:blvq) =0VqeQ}.
Assume that a(.,.) is coercive on the kernel, i.e.,
a(v,v) > oy |v]|? Yo e Vg, (17)
and assume that b(.,.) satisfies the LBB (Ladyshenskaya-Babuska-Brezzi) condition

b(v, q
sup 2D > 3glo Ve Q. (18)
S0 Yol

Then there exists a unique v € V and p € Q) such that

a(u,v) + blv,p) = flv) VYvelV,
b(u, q) = glg) VqeQ.

There holds [[ullv + [lplle < c(|lf]

(19)

v« +|l9llg+), where ¢ depends on aq, B1, ||al|, and ||b]|.

This variational problem is called a mixed problem, or a saddle point problem. Brezzi’s
theorem will be applied to the case k = 0. The original weak form is

/ pteurl A - curlvde = / juvdx  Ywv € H(curl).
Q Q
The bilinear-form is not coercive: Take u = V. Then B(u,u) = 0, but [[ul|F ) =

IVe||7,. To satisfy the equation for all test functions v, the source term j must be
compatible. If v = V4, the left hand side vanishes, thus also the right hand side must
vanish, too. Integration by parts gives

_ .. — . . .. 1
O/QJ Vi /levyw+/mj ny ds Vi e H ().

Thus, divj = 0 as well as j - n = 0 must be satisfied.
We reformulate the problem now as a saddle point problem. The vector potential A is
defined only up to gradient fields. Thus, we add the constraint ALV H!:

/Awda: =0 Vi¢eH(Q).

We cast the problem now in the saddle point framework: Search A € H(curl) and ¢ €
H'/R such that

JuteurlA -culv + [v-Ve = [j-v  Vve H(curl),

[ AV - Vi € HY/R. (20)
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If the right hand side j is compatible, the newly introduced variable ¢ € H' will be 0. To
see this, take v = V.
One condition of Brezzi’s theorem is the LBB condition, i.e.,

vV
sup f— > B[Vl
vEH (curl) ||U||H(cur1)

This one holds trivially true by choosing v = V. The kernel ellipticity reads as
p | curlv||® > o) + || curlv|? Vv e Vy={v:(v,Vy)=0Yp}

The second one is non-trivial, and will be proven later. Brezzi’s theorem proves the exis-
tence of a unique A € H(curl) depending continuously on j for general j € L.

Up to now we have considered all cases k except kK € R™. Here, a unique solution is
not guaranteed for all values k. But, the operator is singular only for a discrete set of
eigenvalues. This most general case can be handled with the Fredholm theorem:

Theorem 6 (Fredholm). Assume that K is a compact operator. Then (I—\K) is invertible
up to a discrete set of singular values .

If A solves the variational problem, then

/,u_l curl A curlvdx = /(j — KA) -vdx

Assuming div f = 0, and testing with v = Vi, we observe [kAVy = 0. We add this
constraint, and add also a dummy - Lagrange parameter to obtain the mixed problem

Jpteuld -curlv + [v-Veo = [(j—rA)-v Vove H(curl),

[A- Ve ~ 0 Vi € H/R. (21)

Brezzi’s theory ensures a unique solution for given right hand side (j — kA) € Ly. We
denote the solution operator by 7', i.e., we have

A=T(j — rA),

or

A+TrA=j

We will prove that T is a compact operator on Ls. Thus, the Maxwell equation is solveable
up to a discrete set of eigenvalues Kk € R™.

2.3 The function spaces H(curl) and H(div)

We will define weak derivatives. First, consider a smooth function v € C*'(—1,1), and let
g = u'. This can be defined in weak sense, i.e.

/(g—u’)vda::O VoveCg(-1,1)

14



Now, integrate by parts to obtain
1 1
/ gvdx:—/ w'dr Vv e C(—1,1).
-1 -1

Boundary terms do not appear, since v has 0-boundary values. This definition can be
extended to distributions. Here, we are interested in weak derivatives, where the derivatives
are still regular functions in L.

Definition 7 (Weak differential operators). Let w € Lo(Q), u € [Lo(Q)]?, and q €
[Lo(Q)]2. We call g = Vw € [Ly(Q)]? the weak gradient, ¢ = curl u € [Ly(Q)]* the
weak curl, and d = div q € Ly(Q2) the weak divergence if they satisfy

/C.de = —|—/ucur1vdm Vo e [C Q)P

Definition 8 (Function spaces). We define the spaces

H(grad) = H' = {we Ly, :Vw e [L2]3}
H(curl) = {u€ [Ly)®: curlu € [Ly]*}
H(div) = {q€[Ly)?:divqge Ly}

and the corresponding semi-norms and norms

1/2
w]bgraay = [V, lwllfreraa) = (I1wll, + W[ grag))
_ — 2 2 1/2
Ul = |lcurlul|L,, lullmeay = (lullz, + |u|H(curl))/
. 1/2
|q|H(div) = || leQ||L27 Hq”H(le) = (Hq”%@ + |q|12‘I(d1V))

These spaces are related by the following sequence:

H(grad) grag H(curl) ol H(div) A, 72

The (weak) gradients of H(grad) are in Lo, and curlgrad = 0 € Ly. It is easy to check
this also in weak sense. Further on, the (weak) curls of functions in H(curl) are in Ly, and
div curl = 0, thus curl[H (curl)] € H(div). Finally, div[H (div)] C Ls. We will prove later
the de Rham theorem, which tells us that (on simply connected domains) the range of an
operator of this sequence is exactly the kernel of the next operator.

The de Rham theorem is elementary for smooth functions. To prove it for the Hilbert
spaces, we need a density result.
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Definition 9. The boundary of the domain ) is called Lipschitz, if there exist a finite num-
ber of domains w;, local coordinate systems (&;,m;, (), and Lipschitz-continuous functions

b(&;,m;) such that

e 00) C Uw;

o ONw;={(& i G) €wi ¢ >b(&,m)}

We are going to prove density results of smooth functions in H(curl and in H(div). For
this, we will study mollification (smoothing) operators. In the following, we assume that
Q) has a Lipschitz continuous boundary.

Theorem 10. C™(R2) is dense in Lo.

Proof: Analysis 3
We will smooth by local averaging. The influence domain of the smoothing operator
must be contained in the domain. For this, we first shrink the domain by the order of ¢.

Lemma 11. There exists a family of smooth transformations ¢° : {0 — € such that
of =%id  inC™,

and

dist{¢7(Q), 00} > «.

Proof. Let 1; be a smooth partitioning of unity on the boundary, i.e. ¥; € [0, 1], support
Y C w;, and Y i(x) = 1 for x € 0Q. Let ec; be the inner unit vector in the local
coordinate system. Then

¢ (2) =z +ee Y ile)ec,
is a transformation with this property. Here, ¢ is a constant O(1) depending on the

Lipschitz-norm of the boundary. ]

We define
F(z)=(¢°) and  J°(x) = det F*(z).

There holds F* — I, and thus F* is invertible for sufficiently small €.

Let B(z,r) be the ball with center x and radius r, and let ¢ be a fixed function in
Ci"(B(0,1)) such that fB(O,l) ¥(y) dy = 1. When needed, v is extended by 0 to R3.

The family of smoothing operators is defined by
(Squ)e) = [ wl)u(e (o) + ) dy
B(0,1)

Since ¢°(€) is separated from the boundary 02, only values of w in €2 are envolved.

Lemma 12. The smoothing operators Si map Ly(Q) into C™(Q)

16



Proof. First, we prove that S;w is a continuous function. By substituting £ = ¢°(z) + ey,

we rewrite
Syue) = [ vl ey = [ oS5 wie) dere

Q

Next, bound

(S;w)(@1) = (Sjw)(w2) = < / fu(E22m)) (=8 g
< oo o (SR _ p(Emir)

3

w
Ly 1Ml
The first factor contains a continuous function in x; (resp. ), and thus it converges to 0
as r1 — xo — 0.
Next, we prove convergence for the derivatives:

0
oz, Jv(@) = /2/1 () +y)dy
88
~ [ v@ ¢€+ay>aﬁidy
88
= G [ Ve +en)edy
185
- gai /vw w(@ +<y) dy

The derivative of the smoothed function is expressed by smoothing with the new mollifier
function ¢;(y, z) := %Vy?ﬁ(y) . g;f;. Thus, convergence of derivatives is reduced by induc-
tion to convergence in C°. We have used classical calculus. This is allowed, since C! is
dense in Ly, and the right hand side is well defined for w € L. ]

Lemma 13. There holds S;w — w in Ly for e — 0.

Proof. First, we prove Lp-continuity of Sy uniform in e:
ISl = [ ([ @+ i) ds
< [ Wl [ 0?6 (@) + ey

e / / (¢ (2) + ey)dady
e / / (6 4 ey) " di dy

< )z, max{T ) / / #)didy
= ]2l B max{ T} o]
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Next, assume that w; is Lipschitz-continuous with Lipschitz constant L. Then

Sgwl —ws(z / U(y { w1 )+ 6y) Z} dy < cel

<L|¢*(z )+ey z|<cLe

Now, use density of C! (and thus of Lipschitz-functions) in L,. Choose w; € C%! such
that ||w — w1/, <6, and ||wy||con < L. Then

lw = SgwllL, lw = wil[L, + [lwy = Sgwnl[, + [155(w —wi)

<
< (1+S5]1)0 + cLe.

The bound on the right hand side can be made arbitrarily small: First choose a small 9,
which leads to a (possible large) L. Then choose € such that Le is small. ]

Lemma 14 (Transformation of differential operators). Let ¢ : Q@ — Q be a smooth, one-
to-one transfromation. Let F = ¢', and J = det F'. Then there holds

Viw(p())] = F'(2)(Vw)(p(z)) (22)
curl [F7 (z)u(¢(x))] = JF~(curlu)(¢(z)) (23)
divJ(z)F~ (2)q(d(2))] = J(x)(divq)(d(x)) (24)

The vector-transformation FTu is called covariant, and the transformation JF~'q is called
the Piola transformation

Proof. For smooth functions, the first identity is the chain rule. We start to prove the
last one in weak sense. Choose a test function v € C§°, use the definition of the weak
divergence, and the transformation rule for gradients to evaluate

/Q Av[JF (o) o(a)de = — / TFq(6(x)] - Vo(z) de

= [ s o)) d.

Since this is true for all smooth testfunctions, and they are dense in L, equation (24) is
proven. Similarly, one proves the first identity for the weak gradient. The identity (23) for
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the curl is proven by the chain rule in the classical form. The notation

73)7(2737 )7(37 72)
2),(2,1,3),(3,2,1

+1 (i,5,k) € (1, 1
1 7)7(773)’(77)

0 else

1
2

allows to write

(curlu); Z Ly; k 8x
j

Now, expand matrix products and use the Chaln—rule to obtain

{Fcurl[FTu(gb(a:))]} = Z G{ cwrl[FTu(o(x ))]}]

%

Sy )

Ox
kil k
Y Eniti ($(2))]
- jk’l
Oy,
3k.lm
. (‘9le F 8umF
- E jkl E jkl ml o nk
3,k.lm Jklmm n
) 2 ) )
Since ‘9;;7:1 — aax l‘;;nk = 85216 and T'j; = —T'j, the first summand disappears. One verifies

that
> FyFuFoul i = det F i,

j?k7l

and completes the proof with

ou

{F curl[Fu(¢(2))]}, = ZdetFmea—x’: = J {(curlu)(o(x))},.

Definition 15. Define additional smoothing operators

covariant transformation.:

Seu: [Lof* — [Cm (@) - (S2u)(x) = /B P ) ) dy
Piola transformation: |
S5 ¢ (Lol — [C™ @) - (S50)(x) = / oy Pl @) e dy
Sos: Ly — C™(Q) (855)(x) = /B IS e dy



These additinal smoothing operators converge point-wise as the original S¢. The proofs
need the additional argument that F* — [ and J* — 1 for ¢ — 0.

Theorem 16. The smoothing operators commute in the following sense:

1. Let w € H(grad). Then there holds

VS w = S;Vw (25)

2. Let u € H(curl). Then there holds

curl Stu = S curlu (26)

3. Let q € H(div). Then there holds
div S5q = S; divg (27)
Proof. Follows (with classical calculus) directly from the transformation rules. Exercise:
Prove the identities using weak derivatives. ]
Corollary 17. The space [C™(Q)]? is dense in H(curl) and in H(div).

Proof. Let uw € H(curl). For ¢ — 0, SZu defines a sequence of smooth functions. There

holds

Scu = (in Lo) and curl Stu = S curlu =0 cwrlu (in Lo).
Thus
Seu =S u  (in H(curl))
The same arguments apply for H(div) and H (grad). O

Thanks to density, many classical theorems can be easily extended to the Hilbert-space
context.

Theorem 18 (de Rham). Assume that Q is simply connected. Then,
{u € H(curl) : curlu =0} = VH*

Proof. The one inclusion VH! C H(curl) and curl VH! = {0} is simple. Now, assume
that w € H(curl) such that curlu = 0. Define the sequence of smooth functions u® = SSu.
They satisfy curlu® = S:curlu = 0. Smooth, curl-free functions are gradients, which
follows from the path-independence of the integral. Thus, there exist smooth ¢° such that
V¢* = u® and are normalized such that fQ ¢° = 0. The sequence u° is Cauchy in Lo, thus
¢° is Cauchy in H', and converges to a ¢ € H! satisfying Vo = u. O]
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2.3.1 Trace operators

Functions in the Sobolve space H'(Q2) have generalized boundary values (a trace) in the
space H'/?(I'). We recall properties of the trace operator in H', and investigate corre-
sponding trace operators for the spaces H(curl) and H(div).

The trace operator tr | for functions in H' is constructed as follows:

1. Define the trace operator for smooth functions u € C'(Q) N H'(Q2) in the pointwise
sense
(trru)(x) = u(x) Vzel.

2. Prove continuity (the trace theorem)
| trr wll g2y < cllullm Vue Q)N H

The H'/?2-norm is defined as

() — w(y)P?
ol = Nl + [ W tvay,
rJr | |

the Hilbert space H'/2 is the closure of smooth functions (e.g. C™) with respect to
this norm.

3. Extend the definition of the trace operator to the whole H'(2). Choose an arbitrary
sequence (u,) with u, € C(Q) N H'(Q) such that u, — u in H'. Thanks to density
of C(Q)N H' in H! this is possible. Then define

tr|pu := lim tr|puw,.
n—oo

Since u,, is Cauchy in H', and tr|r is a continuous operator, the sequence tr |ru,
is Cauchy in H'?(T"). Since H'/? is a Hilbert space, the Cauchy sequence has a
limit which we call tr [pu. Finally, check that the limit is independent of the chosen
sequence (uy,).

Theorem 19 (inverse trace theorem). For a given w € HY*(T'), there exists an u € H*(Q)
such that
tr|pu = w.

and
[ull o) < ellwll gz

The H'/? can be restricted to parts of the boundary. There are a few details which we
do not discuss here. The trace theorem and inverse trace theorem are necessary to define
boundary conditions. Dirichlet values are incorporated into the space

V,={u€ H" :trru=up}.
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Thanks to the inverse trace theorem, boundary values up € HY?(I'p) are allowed. Neu-

mann boundary values % = ¢ are included in the linear form:

f(v):/F gtrrvds  Yve HYQ)

The integral is understood as a duality product in H'/? and its dual H~/2. Then

[f ) =g, trr0) g2 ne < Nglla-rrell trr ol gz < cllgllp-vellvllao
The linear-form is continuous on H'(f2) as long as g € H~/2(T").

Lemma 20 (Integration by parts). There holds the integration by parts formula

/Vu-godx—l—/udivgpdx:/ trru - nds Ve O™(Q)
Q Q B

Lemma 21 (). Let Q4,...8Q, be a domain decomposition of 2, i.e., ;N = 0 and
Q =UQ;, let [y =00 NoQ,. Let u; € H'(Q;) such that trr,, u; = trr,; u;.
Then
u € HY(Q) and (Vu)|q, = Vu;

Proof. Let g; = Vu; be the local weak gradients, and set ¢ = ¢; on ;. We use the
integration by parts formula on €2; to obtain (for all ¢ € C§°(2))

_/udivgpdx = _Z/ u; div o da
. i=1 Y
i o0,
& 00
= Z/ gi-<Pdﬂf—Z/ (trpij ui_tfrij uj)@'nid:c
. Ty Lij

= Z/ﬂigi-soz/gg-sods

Thus, g is the weak gradient of v on 2. ]

Theorem 22 (trace theorems). o There exists a unique continuous operator try,
H(div) — H~Y2(08) which satisfies

tr, u(x) = u(x) - n(x) Vo e o (ae.)
for functions u € [C(Q)]* N H(div).
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o There exists a unique continuous operator tr, : H(curl) — [H~Y2(0Q)]*> which satis-
fies
tr, u(x) = u(z) x n(x) Vo e o (ae.)
for functions u € [C(Q)]* N H(curl).

Proof. The construction follows the lines of the H!'-case. We have to prove continuity on

a smooth, dense sub-space. Let ¢ € H(div) N C(Q2)3, use the definition of the dual norm
H~'/2 and the inverse trace theorem on H':

-nwds -n truds
| trnq|lg-12 = sup fmq— <c¢ sup faﬂq
werz w2 veH(Q) [V 1
q-Vv+divqudx
— oy b < allam
vEHL(Q) vl 1
The proof for H(curl) is left as exercise. O

To prove the trace theorem for H(div), we needed the inverse trace theorem in H'.
The converse is also true:

Lemma 23 (inverse trace theorem). Let g, € H~Y2(T'). Then there exists an q¢ € H(div)
such that

trnq = d(dn and HQHH(dlv) S CHQnHH—l/2
If q,, satisfies (q,1) = 0, then there exists an extension q € H(div) such that divg = 0.

Proof. We solve the weak form of the scalar equation —Awu + u = 0 with boundary condi-
tions 2% = ¢,. Since ¢, € H'/2, there exists a uniquie solution in H' such that

IVul* +ull® < cllgnllF-1/-
Now, set ¢ = Vu. Observe that divg = u € Lo, and thus
lallz, + [Idivallz, < cllanllf-e.

If ¢, satisfies (g, 1), then we solve the Neumann problem of the Poisson equation —Au = 0.
It is possible, since the right hand side is orthogonal to the constant functions. Again, take
q = Vu. ]

The inverse trace theorem shows also that the trace inequality is sharp. The stated
trace theorem for H(curl) is not sharp, and thus there is no inverse trace theorem. The
right norm is || tr, u||z-1/2 + || div, tr; || g-1/2, which leads to an inverse trace theorem.

Lemma 24. Let €y, ..., be a domain decomposition of Q, i.e., ;N = () and ) = UQ,;.
Let T';; = 0Q; N 0%Y;. Let q; € H(div, ;) such that tr, 1y @i = a1y q5- Then

q € H(divQ) and (div q)|q, = divg;

Lemma 25. Let Qy, ...y, be a domain decomposition of 2, i.e., ;NQ; =0 and Q0 = UQ;.
Let I'y; = 080; N 09Q;. Let u; € H(curlQ;) such that try, p,, u; = trr, v, ;. Then

u € H(curl Q) and (curlu)|g, = curlu;
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2.3.2 Helmholtz decompositions

The Helmholtz decomposition splits a vector-function u into a gradient and into a curl
function, i.e.,

u= V¢ + curly.

Here, ¢ is called the scalar potential, and v is the vector potential. One can choose different
boundary conditions for the two fields. Additionally, v is not uniquely defined, and one
may select a particular one, e.g. by the constraint div = 0.

Lemma 26. Assume that g € H(div) such that div = 0 and tr,, ¢ = 0. Then there exists
Y such that

q = curl .
The function 1 can be chosen such that
(i) ¥ € [H' and dive) =0 and [ < |lqlr.,
(it) or v € [Hg’ and |[Y[|m < cllqlL,,
(iii) or ¢ € Hy(curl) and dive) =0 and ¢ || geay < ||q]|L,-
Proof. The function ¢ can be extended by zero to the whole R?. This ¢ belongs to H(div, Q)
and to H(div,R?\ Q), and it has continuous normal trace. Due to Lemma 24, ¢ belongs

to H(div,R?), and the global weak divergence is zero.
The Fourier tansform F : Ly(R3) — Lo(R?) is defined by

(Fo)(€) = / ey (1) du,
R3
the inverse transformation is given by
F e = [ de
R
It is an isomorphism, i.e., ||v||z, = ||Fv||L,. Differentiation is reduced to multiplication,
le.
F(Vw) = 2mi&Fw

F(eurlu) = 2mié x Fu

F(divg) = 2mi&- Fq.
Let ¢ = Fq. It satisfies ||G||z, = ||¢]|z,, and divg = 0 implies £ - § = 0. We define

§xq
2mi|&|?

/Zz =
One easily verifies the relation
—Ex (Ex Q) +E&(E-7) = €
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Thus

27ri§><1/~;:—€x|(§|2x 9) =,

and the inverse Fourier transform v := F~ 14 satisfies
curly = gq.

Since F(divth) = 2mi€ - 1) = 0, the vector potential satisfies div ) = 0. The H'-semi-norm
is

. £EXq)_ o
Vol = 2migdllm = ||| = 1l = I,

which proves (i). Now, we modify v to satisfy zero boundary values. We have curly = ¢
in R? and ¢ = 0 in R?\ . Thus, there exists a scalar potential w € H*(R?\ Q) such that
1) = Vw outside Q. Furthermore, |w|g2 = [¢|g1, and thus ) € HZ,.. On Lipschitz domains,
functions from H* can be continuously extended. Extend w from R\  to Ew € H?(R?).
Now take

77[)2 = ’17/) — VEw.

This 1, is in H'(R3) and vanishes outside . Since H' implies continuous traces, 1
satisfies zero boundary conditions, as claimed in (ii). But, the div-free constraint is lost.
To recover div-free functions, we perform an H}-projection to obtain ts:

Y3 =1y — Vo with ¢ € H& 1 (Vo, Vo) = (e, Vu) Vv € H&.

This 13 satisfies div iz = 0. It still satisfies zero tangential boundary conditions, i.e. (iii).
But now, 15 is not in [H']* anymore, but still in H(curl). O

Now, we do not assume zero normal trace of the function q.

Lemma 27. Assume that ¢ € H(div) such that divq = 0. Then there exist 1 such that

q = curl .
The function 1 can be chosen such that
(i) ¥ € [H'] and dive) = 0 and |[y[m < |lqlL,
(ii) orp € H(curl) and dive) =0, tr, v =0 and ¢ gewn < 4]z, -

Proof. We cannot directly extend ¢ by zero onto R\ £2. Now, let Q be a domain containing
Q. We construct a § € Hy(div, ), which coincides with ¢ on €. For this let

‘n = ¢q-non 0f)
n = 0on 9.

X
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Since divg = 0 on {2, there holds faﬂq -nds = 0. The boundary values for ¢ satisfy
fa(ﬁ\ﬂ) G-nds = 0. Thus, according to Lemma 23, there exists a ¢ € H(div) with divg =0
satisfying the prescribed boundary values. This ¢ has now zero boundary values at the
outer boundary 92, and can be extended by zero to the whole R?. The proof of (i) follows
now the previous lemma.

Now, we obtain the H(curl) function 1ty by performing the Poisson-projection with
Neumann boundary conditions:

Yy =9 —Vo¢  with @€ H(Q)/R: (Vé,Vv)=(,Vv)Vve H(Q)/R
This v, satisfies (19, Vv) =0Vv € H', i.e., divipy = 0 and v, = 0. O
Theorem 28 (Helmholtz decomposition). Let g € [Ly(2)]3. Then there exists a decompo-
sition

q=Vo—+curly

There are the following choices for the functions ¢ and . The corresponding norms are
bounded by ||q|| L, -

(i) ¢ € H' and v € [H']?> such that divi) = 0,
(ii) or ¢ € H' and ¢ € [HJ)?,
(iii) or ¢ € H' and v € Hy(curl) and divy = 0,
(iv) or ¢ € H} and ¢ € [H']® such that diviy =0,
(v) or ¢ € H} and + € H(curl) and diviy = 0, tr, ¢ = 0.
Proof. For the cases (i), (ii), (iii), we define ¢ € H' /R by solving the Neumann problem
(Vo,Vv) = (¢,Vv) Vo e H'/R.

The rest, g—V ¢ is div-free, and satisfies zero normal boundary values. Lemma 26 proves the
existence of the vector potential ¥. For the remaining cases, we solve a Dirichlet problem
to obtain ¢ € H}, and apply Lemma 27 for the construction of the vector potential ¢. [
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Theorem 29. Let u € H(curl). There exists a decomposition
u=Vo+z
with ¢ € H' and z € [H']® such that
6l < cllulneny  and [zl < el curlul,
If u € Hoy(curl), then there exists a decomposition with ¢ € Hy and z € [H}]>.

Proof. Let uw € H(curl). Then ¢ := curlu satisfies divg = 0. Thus, there exists an
z € [H']? such that
curl z = g = curlu

and
2l = llallz, = || carlul|z,.

The difference u — z is in the kernel of the curl, i.e. a gradient:
Vo =u—z.
We choose ¢ such that [ ¢ = 0. The bound for the norm follows from
@l < llullz, +[I2llL, < lJulle, + [12[ar 2 lullaeany

The proof follows the same lines for u € Hy(curl). O
Theorem 30 (Friedrichs-type inequality). (i) Assume that v € H(curl) satisfies

(u, Vo) =0 Vi € H(Q).

Then there holds the Friedrichs’-type inequality

lullz, < el curlullz,

(ii) Assume that u € Hy(curl) satisfies
(u, Vo) =0 Vi € Hy(Q).
Then there holds the Friedrichs’-type inequality
Jullz, < el curlul|L,

Proof. To prove (i), let u € H(curl), and choose z € [H']*> and ¢ € H'! according to

Theorem 29. Since
z=u—V¢ and ulVoe,

there holds
1202, = llullZ, + VoI,

Thus we have
ull, < |2llr, < [J2[lm < [ curlul|g,.
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3 Finite Element Methods for Maxwell Equations

We want to solve numerically the variational problem:

Find w € V :={v € H(curl) : tr,v = 0 on I'p} such that

/,ulcurlu curlvdac%—//ﬁuvdm:/jvdx VvelV.
Q Q

For this purpose, we choose an N-dimensional subspace Vy C V', and define the Galerkin
projection:

Find uy € Vi such that

/ulcurluN curlde:l:+/r<cuNUNdx:/ijd:c Yoy € V.
Q Q

We are interested in the behavior of the discretization error ||u — un||mcury as N — oo.
We choose finite element spaces as sub-spaces V.

3.1 Lowest order elements

We start with triangular elements in 2D and tetrahedral elements in 3D. Let the domain €2
be covered with a regular triangulation. This means, the intersection of two elements is
empty, one edge, one face or the whole element. The diameter of the element 7" is denoted
as hr, it may vary over the domain. Otherwise, if hy ~ h, we call the triangulation quasi-
uniform. Let pr be the radius of the largest sphere contained in 7. We assume shape
regularity, i.e., hr/pr is bounded by a constant.

We call

the set of vertices V= {V;},
the set of edges & = {E};},

the set of faces  F = {F}j;},

the set of tetrahedra 7 = {T}u}.

In 2D, there is no set of faces, and 7 is the set of triangles. We define Ny, Ng, Nr, and
N7 as the number of vertices, edges, faces, and elements.
According to Ciarlet, a finite element consists of

e the geometric domain T
e a local element space Vi of dimension Ny

e a set of linearly independent functionals {¢r1,...,¥7 N, } on Vr. They are called
degrees of freedom.
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By identifying the local functionals with global functionals, one can control the continuity
of the global space. The nodal basis {¢,} is a basis for V biorthogonal to the functionals,
ie.,

V5(¢a) =060 a,f=1,...Nr

FExample: The continuous piecewise linear finite element space on triangles. The sets
are triangles, the 3-dimensional element spaces are Vr = PY(T), the set of affine linear
polynomials. The local dofs are the functionals 1, : v +— v(V,), the vertex values. The
nodal basis is

Pa = A,

the barycentric coordinates of the triangle. Two local functionals 7, and ¥z 5 are identi-
fied, if they are associated with the same global vertex. We write {7, = 95 - The global
finite element space is

Vi i={v € Ly :v|p € Vp and Y10 = V7 53 = Yra(vlr) = V7 4(0|7) }-

The global finite element functions are continuous at the vertices, and are linear along the
edges. Thus, they are continuous functions. Polynomials on T belong to H(T'). Thus,
according to Lemma 21, the finite element space is a sub-space of H!. If the functionals
would not be identified in the vertices, we would obtain a sub-space of Lo, only.

Now, we define the lowest order Nédélec elements to discretize H (curl).
Definition 31. The triangular Nédélec finite element is
e q triangle T

e the local space

e the functionals
VE., :v»—>/ v-T1ds
Eap
associated with the three edges E.g of the triangle.
It is called also the edge element.

We observe the following properties:

e There holds
[P°]? € Ny C [P,

curl Ay = P°

vy _ Ovg

with the vector-to-scalar curl operator curlv = 22 Do
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e The tangential component is constant on a line p'+ tw:

w - K Zz ) +b ( _?;;:Lﬁtﬂuiz) >} = w,(a, + bp,) +wy,(a, — bp,)

Lemma 32. The nodal basis function associated with the edge E.5 from vertex V,, to vertex
Vg 18
©ag = AaVAg — AgV A,

Proof. First, we check that ¢,g belongs to the space Ny. The space Ny consists of all
affine-linear functions a + Bx, where B is a skew-symmetric matrix. The basis function is
affine-linear. Its gradient is

Voas = VAs(VA)T = VAa(VA)T,

what is skew-symmetric. Next, we observe that ¢,z-7 = 0 for edges other than E,3. Take
the edge opposite to V,,: There is A\, = 0 and thus also 7V, = 0, and analogous for
the edge opposite to V3. Finally, consider the edge E,3. There holds A\g = 1 — \,, and
Vg = —7 - VA,. Hence,

T+ @ag = Aa(=TVAa) = (1 = Xa)TVAa = =7 - VA,

and

/ T'QpaﬁdS:—/ TVAadSZ)\a(Vo)_A/@(Vﬂ) =1.
Eaﬁ Eaﬁ
[

Lemma 33. Let the local dofs associated with the same edge be identified. Then the global
finite element space is a sub-space of H(curl)

Proof. On the element there holds Ny C H(curl, T'). We have to check continuity of the
tangential trace: The tangential component on each edge is a constant function Thus,
prescribing the same line integral ensures continuity of the tangential component. Now,

according to Lemma 25, the global finite element space is a sub-space of H (curl, Q).
O]

On simply connected domains in 2D, the spaces H', H(curl), and L, form a complete
sequence:

YR - H(curl) &5 12

The operator V has no kernel on H!/R. Its range is exactly the kernel of the curl, and
the range of the curl is the whole L. By choosing the canonical finite element spaces, this
property is inherited on the discrete level:
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Theorem 34. By choosing the finite element spaces

W, = {wEHI/R:w|T6P1}
Vi, = {ve H(curl) :v|r € No}
S, = {s€Ly:s|lprc P,

the discrete sequence is complete:

\Y% curl
Wh — Vh — Sh

Proof. First, check that VW, C V},. Since VW, C VH'! C H(curl), and Vwy, is piecewise
constant, Vwy, € V. We have already observed that curl V}, C S},.

Now, take a v, € V}, such that curlv, = 0. Thus, vy, is piecewise constant. There exists
a w € H! such that Vw = v,,. Since the gradient is piecewise constant, the function is
piecewise linear, i.e., it belongs to W},. Finally, we check that curl Vj, = S, by counting
dimensions:

dim{curl V},} = dim{V},} — dim{W,} = Ng — (Ny — 1).

On a simple connected domain there holds (proven by induction: remove vertex by vertex)
Ng = Ny + Np — 1.

Thus, the dimension of curl V}, is Nr, the dimension of Sj,. O

3.1.1 Transformation from the reference element

In both, analysis as well as implementation, it is useful to introduce one reference finite
element and describe all elements in the mesh as transformations of the reference element.
For this, let 77 = [(0,0), (1,0), (0, 1)] be the reference triangle, and define the affine linear
mapping ®r such that

T = & (TH).

Define Fp = ®/.. The element basis functions can be defined (implemented) for the refer-
ence element, and are mapped to the general element by the following transformation:

Lemma 35. Let Efﬂ be an edge of the reference element, and E,p the according edge of
the general element. Then, the according edge basis functions @aRﬂ and pap satisfy

Pap = F_T%I)?w
curl oo = (det F)™"curl ol

This transformation is called covariant.
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Proof. The barycentric coordinates (which are the vertex basis functions) satisfy
Aa(@r(2f) = A\E(2F)  VaReTh
Take derivatives on both sides to obtain
Fi (VAa)(Pr(2") = VA ("),
Now, the edge-shape function in z € T is

Pap() = Aa(2)VAs(2) = Ag(2)VAa(z)
= /\f(:vR)F_TV)\g(xR) — A (@) FTVAL (2")
= F_TSO(IEB@R)

The proof of the transformation of the curls is based on the relation
curl[FTu(®(z))] = (det F)(curlu)(®(z))

for general smooth transformations ®; see Lemma 14 for the 3D case, and exercises for 2D.
Now, set u = ¢,3 to obtain

(curl pup)(®(2)) = (det F) ™" curl[FT@as(®(z))] = (det F) ™" curl o5 (x).

3.1.2 Implementation aspects

One has to compute the global matrices

Ajj = / pteurlg; curl ; da
Q

and
Mij:/HSOiSOj dz,
Q

where the indices ¢ and j are associated with the edges of the mesh. The integrals are split
over the elements. Thus, the global matrices are the sums of the local element matrices
AT and M7T
A=Y "CrATC]  and M=) CyM'CY.
T T

The Cr are the connectivity matrices (of dimension Ng x 3) connecting the numbering
of the local basis function to the global basis functions. Here, also the orientation of the
edges must be taken into account: If the local edge is opposite to the global one, the entry
in C'is —1.
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For the computation of the local element matrices, one has to form integrals
My, = / Kk - pude,
T
which are transformed to the reference element by
Ml = / k(FE~Tof) - (F~Toft) det F da,
TR
and similar for the curl — curl matrix:
Al = /TR pt (det F) ! curl f (det )~ curl o det F da,

The shape functions on the reference element are coded once and for all. The implemen-
tation is as simple as implementing scalar finite elements.

3.1.3 Interpolation operators and error estimates

The definition of functionals and biorthogonal nodal basis functions lead immediately to
the interpolation operators

N
i=1

They are projectors, since

N

N
Ihfhu = Z'(%(sz(u)@z)gpj
j=1 i=1

= D) wi(w)i(en)e;

j=1 i=1
N

= Z%(U)%

We used the biorthogonality 1;(y;) = 0;;.
Interpolating a function on the element 7" should result in the same function as inter-
polation on the reference element 7%, This is trivial for the nodal elements:

IFuo @) = (Ihu) o ®.

Remember that we are working with triangles. This is not true for curved elements, which
leads to more technical difficulties.

Lemma 36. When using the covariant transformation, the interpolation by a general
Nédélec element is equivalent to interpolation by the reference element:

IE[FTuo ®) = FT(Iyu) o ®
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Proof. The left hand side evaluates to
Z ¢§B(FTU °© @)S%Rﬁ‘
EagCTR

The right hand side is
FT Y Wap(u) gas 0 @ =Y tas(u) 9,

EapCT Eap

where we used the covariant transformation of the basis functions. It remains to show that
the functionals give the same values, i.e.,

ap(F w0 @) = as(u),

/ FTu(®(z)) - 7ds, = / w-Tds.
ER D(ER)

This relation holds true for general curves. Assume that E® is parametrized with v :
[0,1] — R2. Then, the left hand side reads as

or

/0 FTu(®((s)))] - 7/ (s)ds,

the right hand side is

l l
/0U@(’Y(S)))-[‘I’(V(S)]’dSZ/O u(®(y(5))) - F'(s) ds
O

The analysis of the finite element error is based on the interpolation error. The trans-
formation to the reference element allows to use the scaling technique, and the Bramble-
Hilbert lemma.

Theorem 37. The Nédélec interpolation operator satisfies the error estimate
[l = Inul| Loery < chlulmr)
Proof. We transform to the reference element and define
uf (@) = Flu(®r(a"))

The scaling gives |[u”||1,rr) = ||ul| Loy, and [u®|g1rry = B |u|gr (). Note that the factor
det F' from the transformation of integrals cancels out with two factors |F'| ~ h. Thus, the
estimate is equivalent to prove

Ju” — ]fURHLQ(TR) <c |UR|H1(TR)

This follows from the Bramble-Hilbert lemma which needs that
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e the operator (id — If*) vanishes for constant functions
e the operator (id — If) : H' — L, is continuous

The first holds since the Nédélec space contains the constants, the second one follows
from the trace inequality. Thus, the operator is continuous with respect to the H'-semi-
norm. O]

3.1.4 The commuting diagram

Let 1) be the vertex interpolation operator for H' (vertex) elements. Unfortunately,
it is not defined on the whole H' in two or three dimensions, but only on smoother
(e.g., continuous) subspaces. Let IZ be the edge interpolation operators to H(curl) (edge)
elements. Also this one is not defined on the whole H(curl). Finally, let I be the element
interpolation operator into piecewise constant elements. Here, the functionals i(s) =
Jp sdx are well defined for Ls.

The interpolation operators can be drawn in the commuting diagram, called also the
de Rham complex:

H'nc' 5 H(cur)ne® 2 2

[ |1 | (28)
W, Vi o5

It says that first interpolating, and then applying the differential operator results in
the same function as going the other way.

Theorem 38. There holds
VI w=IFVw (29)

for all continuous H' functions w.

Proof. Both operations end up in the space Vj,. Thus, it is enough to compare all edge-
functionals ¢g,;. We start with the left hand side of (29), and integrate the tangential
derivatives along the edges

b (VIyw) = / PV wds = (IVw)(Vy) — (I w)(Vi) = w(Vy) — w(V).

E;j

The functionals applied to the right hand side of (29) lead to

sz‘j (If]?vw) = wEij (ZwEkl(vw)ngkl) = wEij (Vw) = w<vj) - w(vl)

Ey
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Theorem 39. There holds
curl IFu = I curlu

for all continuous H (curl) functions u.
The proof is left as an exercise.

Corollary 40. There holds the error estimate
| curl(u — I w) || ycr) < ch | curlul g gy, (30)
Proof. By scaling and a Bramble-Hilbert argument one proves that
s = I sllzacr) < chlslar).
Now, apply commutativity to bound

| curl(u — IPw) || oy = || (id — L)) curlul| oy < ch | curlul g p).

3.2 Higher order triangular elements

The lowest order Nédélec element introduced above is between order 0 and order 1. There
are Nédélec elements of the second type which are complete polynomials.

Definition 41. The lowest order Nédélec-II element NE is given by
e q triangle T

e the local space
N =[P

e the functionals
%bEaB,kiUH/ Qv - Tds k=0,1
Eug

associated with the three edges E,p3 of the triangle. The g are a hierarchical polyno-
maal basis on the edge.

The dimension of the element space is 2 x 3 = 6, and there are 3 x 2 = 6 functionals.
A possible choice for the ¢ is

3

ws) =1 als)=—s

assuming that the edge is parameterized with s € (—1,1).
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Computing the nodal basis leads to the two functions associated with each edge
PE.50 = AaVAg—AgVA,,
PBs1 = V(AaAz) = AVAg + A3V,

The tangential components along the edges are linear. Thus, enforcing two conditions

for tangential continuity are enough to obtain H (curl)-continuity.
The element is still linear. Thus, the space for the curl did not increase:

curl N = P°
As we can see from the basis functions ¢p, 1, the element is enriched by gradients of
second order H' basis functions A\,\g. There holds the complete sequence
Ly/R 5 N8 s,

where £, is the space of k"-order continuous elements, and S, is the space of k*-order
non-continuous elements.

There are different possibilities to define the functionals for L. Different functionals
lead to different nodal interpolation operators. All functionals have to include the vertex
functionals

Ya(v) = v(Va).
Then, one has to choose one functional for each edge, for example, the function value in
the edge mid-point. An alternative is

ov
@DEQB (v) = /Ea@ Chg ds

These functionals lead to interpolation operators commuting with the N{f-interpolation
operators (exercise).
Higher order H(curl) elements also have degrees of freedom involving domain integrals:

Definition 42. The k'*-order Nédélec-II element NI is given by

e q triangle T

e the local space
NI .= [P*]?

e the functionals

¢Eamliv'—’/ qu-Tds [=0,....k
Eaﬁ

associated with the three edges Eqp of the triangle, and the functionals

v v / scurl vdx with s; a basis for P*~1 /R
T

w%l DU / Vp, - vdx with p; a basis for A A Ay PF2
T

associated with the triangle T
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The element functionals act either on the curl, thus ¢, or are related to gradients, thus
called 9.

Lemma 43. The degrees of freedom are linearly independent.
Proof. The dimension of the space is

(k 4+ 1)(k +2)

dim NV =2 5 =k*>+ 3k +2
The number of edge functionals is
3(k+1),
the number of curl-element functionals is
k(k+1 K24k —2
dim[P* 1 /R] = kk+1) 1 = +—7
2 2
the number of gradient-element functionals is
k—1)k
dim P*? = —( 5 ) .

The number of degrees of freedom is equal to the space dimension. We check that 1;(v) = 0
implies v = 0. The tangential trace is a polynomial of order k. Thus, the edge functionals
imply v; = 0. Since fT curlvdr = f(‘)T vy ds = 0, the curlv L P°. Together with the curl
functionals ¢¢, this implies curlv = 0. Thus, v is a gradient, say v = V¢. Since v € [P*]?,
and v, = 0, there is ¢ € P*! and ¢ is constant on the boundary. W.l.o.g, we may set
¢ = 0 on the boundary. Since ¢ € A\ A2 A3P*2, and v = V¢ is orthogonal to VA Ao Ag P¥2,
there holds v = 0. [

The basis functions satisfy

e assume that ¢y = 1 and f p@dr =0forl > 1. Then ¢g,_, o is the lowest order edge
basis function.

e Assume that gy = 1. Then the high order edge basis functions ¢g,_,; with [ > 1 are
gradient functions.

e The basis functions according to 17, are gradient functions.

The elements satisfy the complete sequence

v 77 curl
£k+1/R — Nk — Sk—l-

The first family of Nédélec elements is obtained by increasing the order of the curl by
one. The complete sequence is

Lot /R -5 N2 s,
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The element space is

N,fz{aer( Y ):ae[Pk]Q,bePk}.

The functionals are the same as for the second family, but the order for the curl-functionals
is increased by one. As for the lowest order element, the space consists of incomplete
polynomials

[Pi)* C Ni C [P ]?

3.3 Tetrahedral elements

A difference between 2D and 3D is the length of the complete sequence. In 3D, it contains
also the space H(div):

HYR - H(curl) 25 H(div) 2% 12
Similar to 2D, we define the edge element as follows:
Definition 44. The lowest order tetrahedral Nédélec element is given by

e q tetrahedron T

e the local space
No={v=a+bxz:abeR’}

e the functionals
VE,, :Ul—>/ v-Tds
Eug
associated with the 6 edges E.p of the tetrahedron.
As in 2D, the nodal basis function associated with the edge E,3 is
©Pap = AaVAg — AgVA,.

Its tangential trace onto a face is exactly the 2D Nédélec triangle. The curl of the element
is piecewise constant. Furthermore, the normal component of the curl is continuous across
faces. The curl is contained in the following finite element sub-space of H(div):

Definition 45. The lowest order tetrahedral Raviart-Thomas element is given by
e q tetrahedron T

e the local space
RTy = {v:a—l—bx:aER?’,bER}
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e the functionals

Vs, U i v-nds
aBy

associated with the 4 faces F,p, of the tetrahedron.
Computing the nodal basis function for the face F,3, leads to
Gapy = AaVAg X VA, + A3V, X VA, + A, VA, x VAg.
The Raviart-Thomas element satisfies
e The element space is an incomplete polynomial space between [P°]* and [P']?.

e The divergence satisfies
divRT, = P'.

e The normal components on the faces are constant.
e The functionals ensure continuity of the normal components across interfaces.

The global finite element spaces satisfy the complete sequence

L1/R -5 Ny 22 RTy L% S,
In particular, the range of the curl applied to N is exactly the divergence-free sub-space
Of RTQ

3.4 Hierarchical high order elements

For the implementation of high order elements, one may take a short-cut and may define
immediately the basis functions without considering the functionals. This is possible as
long as there is no need for interpolating functions such as initial conditions or boundary
conditions.

We start with the Legendre polynomials P; : [—1,1] — P’. Legendre polynomials are
defined to be Ls-orthogonal, and normalized such that P(1) = 1. They can be computed
by the 3-term recurrency

P()(H?) = 1,
Pl(x) = I,

21— 1 71— 1
P(z) = - zP,_q(z) — - P,_s.

We also define the so called integrated Legendre polynomials



They can be computed with a 3-term recurrency as well (by choosing initial values for L
and Ll)

Lo(l') = —]_,
Li(z) = =z,
2t —3 — 3
Lz(x> = ! - xLi—l(x) L —L; o
) /)

3.4.1 Hierarchical basis functions for H' elements

We start to define the 1D reference element of order p. The domain is 7" = (—1,1). Basis
functions are the two vertex basis functions, and the so called bubble functions vanishing
at the boundary:

r+1
SOVI <x> 2
11—z

orp(x) = Lg(x) k=2 ...,p.

On the quadrilateral T = (—1,1)?, basis functions are defined by tensor products.
There are 4 vertex basis functions. E.g., the basis function for the vertex (1,1) is

r+1ly+1

pule) = L

Basis functions associated with an edge must span Pj(F), and must vanish on all other
edges. E.g., for the edge E; = (—1,1) x {—1}, the basis functions are

I—y
2

0 k() = Li(x) k=2 ...,p.

Finally, there are (p — 1)? basis functions vanishing on the whole boundary of the element:

orr(r) = Li(x)Li(y) kl=2 ...p.

To define high order basis functions for triangular elements, we define the scaled Leg-
endre and scaled integrated Legendre polynomials as

Pl-S(rc,t) = Pi(%)ti and Lf(:v,t) = Lz(%)tZ

These are polynomials in « and ¢, and can be directly evaluated by recursion.

41



The basis functions for the triangle are the vertex basis functions of the linear triangular
element, i.e., the barycentric coordinates

v, = >\a-
Next, there are p — 1 edge-based basis functions defined as
PEqp.k :Lg()‘a_)‘ﬁa)\a+)\ﬂ) k=2,....p

for each edge. On the edge F,g, there holds A\, + A3 = 1, and thus the basis function is
Aa—A
AO+AZ

equal to Ly on the edge. On the other two edges, the basis function vanishes since

is either —1 or +1.
Finally, there are internal basis functions defined as

Orm = LY (A — Ao, A+ A2) Pi(203 — 1))3 k>21>0k+1<p—1.

7 \\
NV Vv

Uk v

The factor u; vanishes on the edges with \; = 0 and Ay = 0, the factor v; vanishes for the
edge A3 = 0.

3.4.2 Hierarchical basis functions for triangular H(curl) elements

A basis for high order triangular Nédélec elements can be defined as follows:

e Low order edge basis functions

@Ea@,o = )\aV)\g - )\QV)\O{

e High order edge basis functions:

PEap.k :VLngl()‘a_)\ﬁ,)\a—i‘)\ﬁ), k=1,....p

e Internal basis functions of gradient type:
O = V(wv) = Vugo + up Vo k>2,1>0k+1<p.
Internal basis functions of curl type:

@%}kl = (Vug)v — u Vo k>21>0k+1<np,
‘pCTQZ = ¥PEnoU 0<i<p-2

with Up = Lg(Al — )\2, )\1 + )\2) and v = Pl(2/\3 — 1))\3
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3.5 Finite Element Convergence Theory
We consider the variational problem: find u € V := Hy(curl) such that
a(u,v) = (j,v) Vv € Hy(curl) (31)
with the bilinear-form
a(u,v) = (curlu, curlv), + k(u,v)g,

We assume that

e neC

e The source j satisfies divj = 0.

Let u, € V), denote the corresponding finite element solution in a Nédélec finite element
sub-space.

3.5.1 Regularity Theory for Maxwell equations

The regularity theory for Maxwell equations follows from regularity results for the Poisson
equation.

Definition 46 (s-regularity for the Poisson equation). The Poisson equation

-Ad = f n §Q,
d = 0 on 0f)

is called s-reqular, if f € Ly implies ® € H' with the regularity estimate

[l e =S Lo (32)

If € is either convex or smooth, then the Poisson problem is regular with s = 1. On
Lipschitz domains, regularity holds with some s € (0, 1).

Lemma 47. Assume that the the Poisson problem is s-reqular. Let either
u € Hy(curl) N H(div)

or
u € H(curl) N Hy(div)

Then there holds
[ullms = |l curlul|, + || divullL, (33)
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Proof. We prove the case u, = 0, the other one is similar. According to Theorem 29, there

exists a decomposition
u=VP+z

with ® € H} and z € [H}]? such that ||z||;n = ||curlu||. The ® satisfies
(VO,VU) = (u—2,V¥) VUeH,

i.e., the Dirichlet problem
—AP = —div(u — 2).

The right hand side is per assumption on u, and the estimates for z in Ly, and thus
® € H'™. Thus, the gradient V® is in [H*]3. O

Note that one boundary condition is really necessary. Take some non-constant harmonic
function ® (i.e., A® = 0), and set v = V®. It satisfies divu = 0 and curlu = 0, but
|lul[ g1 # 0. Each one of the boundary conditions of Lemma 33 implies that ® is constant.

Theorem 48. Assume that equation (31) satisfies the stability estimate
[eurlul[p, + [lullz, = 17llz..

Assume s-regqularity. Then there also holds

[|ul He(curl) = 171z,

with the norm 12
Hs(curl) = {H CUI'IUH%S + HU’H%{S}

Proof. Testing equation (31) with Vi, ¢ € H} is

lul

m/uvwdx:/jvwda:,

ie.
divu=divj =0

Thus u € Hy(curl) is also in H(div), and thus

[ull s = | curluf] + [} divoul] = || curluf] < {|5]L,
Now, set B = curlu. It satisfies B € Hy(div) with div B = 0. Furthermore, from
(B, curlv) + k(u,v) = (j,v)

there follows
curl B=j — ku € Lo.

Again, from Lemma 33 there follows

[Bl[rs = [|div B|| + [[curl B[ = [|j = wul] =2 {|j]L,-
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3.5.2 Error estimates

In Section 2.2 we have discussed several techniques to prove stability of the continuous

problem, i.e.,
inf SUPM > a.
weV ey |Jullv||v]lv

For the cases k € R, the stability condition follows with the same techniques also for the

discrete case:
. CL(Uh,Uh)
inf sup ———— >
un€Vi uy,evi, || Unllv||vn v

Convergence is shown by standard techniques:
Theorem 49. Assume that
e the problem is s-reqular
e the discrete problem is inf-sup stable
Then there holds the error estimate
lu — un | g euny < ch?||7] L,

Proof. Let I, be an H(curl) interpolation operator satisfying

||U, - Ihu||H(cur1) S Chs||u||HS(curl)~

Then
lu —wunlly < flu— Twully + [[Thu — up|lv
] _
< Hu—IhuHV—l—oflsupa( Wil = Un, Un)
v |vn|lv
] _
< flu— Duully + o sup 2R W 00)
v l|lon |lv
< lu—Tyully + lalla™Ju — Tyully
S ChSHUHHS(curl)
< ch?|jllL,

]

For H! problems, the Aubin-Nitsche theorem gives an improved convergence in the
weaker Lo norm. This cannot be completely obtained for H(curl) problems, since on
the gradient sub-space, the Ly norm is of the same order as the H(curl)-norm. On the
complement, the equation is of second order, and one obtains the improved convergence.
Although the gradient functions do not converge better in Lo, the converge is better in the

H '-norm.
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Theorem 50. Let u and uy be the continuous solution and the finite element solution to
(81). Assume s-reqularity. Then, the Helmholtz decomposition of the error

u—u,=Ve®+2  with ®€ Hy, 2LVH,

satisfies

1|z, + [I2llL, < eh®llu — unl m(eun)-
Proof. The part z is divergence free. We pose the dual problem

a(w,v) = (z,v)r, Vv € Hoy(curl),
and the dual finite element problem: find w;, € V}, such that

a(wp,vp) = (z,vp) Vv e V.
By Theorem 49, the error is bounded by
lw — wh || #(eurty < ch®||2]|L,-

Since z is the Ly-projection of u — w, onto [VHg]*, there holds ||z[|7, = (z,u — up). We
conclude with

217, = (zu—un) = a(w,u) — a(wp, un)
= a(w — wh,u —up) 2 ch’||2]| 1, || v — unl| mcur -
The scalar ® satisfies
V[ < [lu — un L,
and
(VO, V) = (u—up —2,Vn,) =0 Vo, € Wy, C Hj.

The later is true since (u — up, Vi) = a(u — up, Vi) = 0, and 2L Vn,. Posing the dual
problem
(VU,Vn) = (®,1) VneH,

leads to
)7, = (V¥,VP)=(V(¥—I1,¥), VD)
< b[9[+ [V < ch®[|[ Q| 1,V P,
and thus
”(I)HLz < ChS“vCI)”lQ = thUHH(curl)
which proves the theorem. ]
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3.5.3 Discrete divergence free functions

A function wy, is called discrete divergence free if there holds
(un,Von) Ve € W, C H'.

We are interested in discrete divergence free Nédélec finite element functions. The goal is
to construct close exact divergence free functions u with the same curl. We will build the
functions by solving a mixed variational problem.

Lemma 51. For all q, € Qn = RTy C H(div) such that divg, = 0 there exists an
up € Vi, = Ny C H(curl) such that
curlup, = qp,

and
vn 2wty < cllgnl|L,

Proof. By Lemma 26 and Lemma 27 there exist an v € H(curl) such that curlu = ¢, and
||u||H(cur1) = llgllz,-

There exist quasi-interpolation operators 7V : H' — W), 7% : H(curl) — Qp, 7" :
H(div) — Qp, and 77 : Ly — S), which are continuous on Ly, commute, and preserve
finite element functions (see later).

Set uj, = 7Pu. It satisfies

F

curluy, = curl 78u = 78" curlu = 7¥¢, = qn,

and
lunll g euny = NullgEun = llgnllL,-

From Lemma 51 there follows the discrete LBB condition

curl uy, )
sup (curlun, 1) = |lgn | 2(aiv) Vg, € Qp:divg, =0
upE€Vh ||uh||H(curl)

Simply take the u;, according to the lemma.

Theorem 52. Let uy, be a discrete divergence free Nédélec finite element function. Then
there ezists a unique u € H (curl) satisfying

curlu = curl uy, (u, Vip) =0 Vo € H', lu — upllr, < B[ curl uy|L,. (34)

Proof. We define the funciton u as solution of the mixed variational problem: find u €
H(curl) and p € H°(div) := {q € H(div) : divg = 0} such that

Juv  + [curlvp = 0 Vv € H(curl)

[ curlug = [ewluyg Vg€ H(div). (35)
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The variational problem satisfies the conditions of Brezzi (Theorem 5): Continuous
bilinear-forms and linear-forms, the LBB condition for [ curl ug (non-trivial), and the
kernel ellipticity of [wv (trivial). By choosing test functions v = Vi in the frist line we
obtain

(u, Vo) = 0.

Choosing ¢ = curl(u — uy,) € H(div) in the second line, we obtain
/ | curl(u — up)|* = 0, ie., curlu = curl uy,.

We are left to prove that wu is close to uy,. Since
curlu = curluy, € Lo, divu =0 € Lo, u-n =0,

Theorem 48 gives the regularity estimate

lu|lgs = || curl ug ||, -

Now, we pose the corresponding finite element problem: find wj € V;, and p, € Q) C
H°(div) such that

[uwv,  + [curlvoyp, = 0 Vv eV,

[ curluj gy = [ewlupg,  Van € Qs (36)

Again, the discret variational problem satisfies the conditions of Brezzi, and thus has a
unique solution. Indeed, the solution wj is equal to u;. The second line proves that
curl(uj — up) = 0. Thus, the difference must be a discrete gradient, say V¢y,. Now, test
the first line with V¢, to obtain V¢, = 0.

We have constructed a variational problem such that w, is the finite element ap-
proximation to u. Now, we bound the discretization error. Choose the test function
v = vy, := 7Pu — uy, and subtract the finite element problem (36 from the continuous
problem (35) to obtain

/(u —up) (7Fu — up) + /Curl(ﬂEu —uyp) (p—pn) =0. (37)
There holds
curl(m¥u — up) = 7 curlu — curlwy, = 7 curl wy, — curluy, = 0,

and thus the second term of (37) vanishes. Inserting an w in the first term leads to

S = [ w0 < - Ju -7l

and thus
Ju — || < [lu—7%ul| 2 h*|lu|

s = he|| curlugl| L,
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3.5.4 Error estimates for the general case

We now consider the bilinear-form
a(u,v) = (curlu, curlv) + & (u, v)

with a general k € C. We assume that the continuous problem is solveable, i.e., —k is not
an eigenvalue of the Maxwell eigenvalue problem: find v € H(curl) and A € C such that

(curlu, curlv) = A (u, v) Vv € H(curl).

It is not guaranteed that the corresponding finite element problem is solveable. Even if
—k is not an eigenvalue of the continuous eigenvalue problem, it can be an eigenvalue of
the finite element eigenvalue problem, and thus the discrete problem is not solveable. We
will prove that for sufficiently fine meshes, the discrete solution exists and converges to the

true one.
We define the H(curl)-projection Py, : H(curl) — V}, by

(Prtt; Vn) H(cur) = (U, UR) H(curl) Vo, € Vi
This is the finite element solution of a problem with x = 1.

Theorem 53. There exists a constant C' > 0 such that for h® < C~! there holds

U — PhuHH(curl)-

1
_ < -
Hu uhHH(Curl) - 1= Chs H

Proof. Assume that the discrete problem is solveable. If not, replace x by the small per-
turbation k + . All estimates will depend continuously on ¢, and thus we can send £ — 0.
Let uy be the finite element solution, i.e.,

a(up,vp) = au, vy) Yo, € V.
There holds

lu = wnllreuny = [eurl(u —un)|* + flu — un|?
= a(u—up,u—up) + (1= k) |lu—u?
= a(u—up,u— Pyuy) + (1 — &) |lu— up|?
= (u—up,u— Pyup)gea) + (K — 1) (u — up, u — Pyup) + (1 — K) |u — up |
= (u—up,u — Ppup)meuty + (K — 1)(u — up, up, — Pru)

U — Up, Vp,
et = unl ey 1t = Praanlrien + 6 — 1] sup L= %)

“uh - PhuHH(Curl)
Uh, ||Uh ” H(curl)

IN

From the orthogonality v — P,u L Pyu — uy, there follows
Hu - uh”%—[(curl) = HU’ - Phu”%—[(curl) + Huh - Phu”%—[(curl)'
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We divide by ||u — ||z (cur) in the estimates above to obtain

u—Uu v
= et < e — Pl sreusty + 1 — 1] sup (L= hr O0)Le
Vp ||Uh||H(curl)

(38)

We will show that the second term on the right hand side is of smaller order. For this,
we apply carefully continuous and discrete Helmholtz decompositions. Consider the inner
product (u — up,vp)r,. Let

u—u,=Veo+z withz 1L VH".

A version of the Aubin-Nitsche technique, Theorem 50, can be applied for general K € C
to obtain

HZHL2 = hSHU - uh“H(curl)

The involved constant depends only on the stability of the continuous problem. Now, let
v, =V +r=V, +r, with r1 VH" andr, L VW,.

There holds curl r = curlr,, = curl vy, and 7, is discrete divergence free, and r is divergence
free. From Theorem 52 there follows

lr — rulln, < A®|| curlvy||L,.

Applying the Helmholtz decompositions, Galerkin orthogonality a(u—uy, Vib,) = k(u—
up, Vop)p, = £ (Vo, Vio,) = 0, and the obtained error estimates we continue with

(Ve,vn) + (2,vn)

(Vo, Vb, + 1) + (2, 01)
(Ve, ) + (2, )

(Vo,r —ry) + (2,01)

Vol lr = rullo, + 2]z lvall 2

[l = unl|z, b* [} carlvn || + h*[lu = unl| mewrn [0nl| 2,

(U — Up, Uh)L2

IA TN

hs ||u - uhHH(curl) ||Uh,||H(curl)‘
Plug this bound into (38) to obtain
||U - uhHH(curl) S ||U - Phu“H(curl) + |/{ - 1| CthU — uhHH(Curl)

Move the last term to the left hand side, assume that the mesh size is sufficiently small to
fulfill |k — 1|ch® < 1, and divide by 1 — |k — 1|ch® to finish the proof. O
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4 Iterative Equation Solvers for Maxwell Equations
We want to solve the linear system of equations
Au=f

arising from finite element discretization of the Maxwell equation: find u, € V,, C H(curl)
/Curl up, curl vy, + kupvy, de = /jvh dx Yoy € V.

Now, we assume that k € R, but are concerned with possibly very small x. Such small
k occur, e.g., when the singular magnetostatic problem is regularized by adding a small
Lo-term. A small (but complex) x is also obtained from the time harmonic formulation
for frequencies w — 0.

For 3D problems, the linear system might become large, and iterative solvers must be
applied for CPU-time and memory reasons. A simple iterative method is the preconditioned
Richardson iteration

P = b - rCTH(f — AuP),

where C' is a symmetric matrix called a preconditioner for A. A good preconditioner
satisfies

e The matrix-vector product
w=C"'d

can be computed fast,

e and it is a good approximation to A in the sense of quadratic forms:

ul Au N
< .
uTCu_% VO#£ueR

M <

The relative spectral condition number of C~1A is the ratio

Y2
K= —.
71

It should be small. There holds c{C~'A} C [y, 7], with the spectrum o, i.e., the
set of eigenvalues.

A faster convergent method is the preconditioned conjugate gradient iteration. In the
case of general coefficients x, other Krylov-space solvers such as GMRES, QMR, etc. can
be applied with a real-valued preconditioner C'.

The simplest preconditioner (except C' = I) is the diagonal one
C = diag{A}.
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Figure 5: Arnold Falk Winther smoothing blocks

We will observe that it has a large condition number
1

K=
The factor h=2 comes from the second order operator curl curl. It is similar to the Poisson
case, is usually not too large, and can be overcome by multigrid methods. The other factor
k! comes from the singular curl-operator. On the rotational sub-space of a Helmholtz
decomposition, the curl-operator with coefficient 1 dominates. On the gradient sub-space,
the bilinear-form is of 0" order with a small coefficient x. As kK — 0, some eigenvalues of

A converge to 0. But, the limit of C' = diag A is a regular matrix.

A robust preconditioner is the Arnold-Falk-Winther one. It is an overlapping block Ja-
cobi preconditioner. Each block is connected with a vertex of the mesh. A block contains
all unknowns on edges connected to the vertex, see Figure 5. To build the block-Jacobi
method, one takes the sub-matrices according to the blocks, inverts them, and adds them
together to obtain the block-Jacobi preconditioner C~!. This one has the improved condi-
tion number

1
Again, by multigrid methods, the condition number can be improved to O(1).

R

4.1 Additive Schwarz preconditioning

The additive Schwarz (AS) theory is a general framework containing block-preconditioning.
Fori=1,...,M let E; € RV*¥i be rectangular matrices of rank NN; such that each u € RV
can be (not necessarily uniquely) written as

M
i=1
The additive Schwarz preconditioning operation is defined as

M
C'd=> EA'E'd with A =ElAE,
=1
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In the AFW - preconditioner there is M = number of vertices. The block-size N; corre-
sponds to the number of connected edges. The columns of the matrix E; are unit-vectors
according to the dof-numbers of the connected edges.

The following lemma gives a useful representation of the quadratic form. It was proven
in similar forms by many authors (Nepomnyaschikh, Lions, Dryja+Widlund, Zhang, Xu,
Oswald, Griebel, ...) and is called also Lemma of many fathers, or Lions’ Lemma:

Lemma 54 (Additive Schwarz lemma). There holds
M
wI'Cu= inf ZuzTAlul

u;erNi i—1
u=y E;u; =

Proof: The right hand side is a constrained minimization problem for a convex function.
The feasible set is non-empty, the CMP has a unique solution. It can be solved by means
of Lagrange multipliers. Define the Lagrange-function for (u;) € IIRY and Lagrange
multipliers A € RV:

L((ui), A) = > _ul Aug + A" (u =Y~ Eyuy).
Its stationary point (a saddle point) is the solution of the CMP:

0=V, L((w),\) = 2Au; — EF'\

The first line gives

1
= —ATTET ).
U/ 2 1 (A

Use it in the second line to obtain
1 4 1 .4

ie., A =2Cu, and
u; = A7 ET Cu.
The minimal value is
ZulTAlu, = ZUTC’EiAZ-_IAiAi_lEiTC’u
= Y u"CEA'E] Cu
= u'CC™'Cu=u"Cu
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The linear algebra framework is needed for the implementation. For the analysis, it
is more natural to work in the finite element space. For this, introduce the Galerkin
isomorphism

N
G:RN—>Vh:ur—>Zuig0i
i=1

The range of the matrices E; are linked to sub-spaces V; C V},

.

N N,
Vi := Grange{E;} = {ZZgojEjk)\k A € RYi}

j=1 k=1

In the case of the AFW preconditioner, the subspace V; is spanned by the edge-basis
functions connected with the edges of the vertex.
The quadratic form of the preconditioner can be written as

M
T, 112
W 'Cu=inf > i}
Gu=>u; 1=1
Now, the task is to analyzed the bounds in the norm estimates
M M
. 2 2 . 2
noinf Y fuilld < fully <ve jof Y lwli  Vue,
u=y u; =1 u=) u; 1=1
Usually, the right inequality is the simpler one. If only a finite number of sub-spaces

overlap, then 75 = O(1).

4.2 Analysis of some H(curl) preconditioners

We start with some scaling and inverse inequalities:

Lemma 55. Let d be the space dimension, and let E be an edge of the element T'. The
according Ny edge basis function is . There holds

1.
1”7, = h*?
2.
|| curl 90E||%2 ~ pd—4
3.

/ v - Tds < h(2_d)/2||vh||L2(T) Yy,
E

The lemma is proven by transformation to the reference element.
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Theorem 56. Diagonal preconditioning for the matrix arising from the Lso-bilinear-form
M(u,v) = /uv dx YVu,v € H(curl)

leads to optimal condition numbers.

Proof. Let u =" u; be the decomposition of u into u; € V; := span{ngi}. This decompo-
sition is unique. We have to show that

> luillr < lull3-
The function u; is given by
u; = {/ u-Tds}goE,
E

and thus
2 _ _
sl = { [E w-rdsY P12, < B 2, b,

where 7" is an arbitrary element sharing the edge E. Since each element is used at most 6
times, summing up leads the desired estimate

Ng
D o luillz, 2D Nl = lull,w)-
=1

O
Theorem 57. Diagonal preconditioning for the matrix arising from the bilinear-form
A(u,v) = /curlucurlv + ruv dz
leads to condition numbers bounded by
<
"= eh?
Proof. Again, we decompose v = Y u;. Now there holds
2 _ _ _
ol = { [ e ds PR <0l G ),
and thus 1
D Ml = {72 4 w0 < {75+ 1wl
O
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For scalar problems with small Lo-coefficient, we can use Friedrichs’ inequality to bound
the Ly-term by the H' term. This avoids the dependence of k. For the H (curl) equation, we
cannot apply the Friedrichs’ on the whole space, but on the complement of the gradients.
The gradient sub-space is analyzed separately:

Theorem 58. The AFW block preconditioner leads to the condition number

1
Hjﬁ

Proof. Choose an u € V,, C H(curl). The goal is to decompose u into local functions
contained in the AFW blocks. We start with the discrete Helmholtz decomposition
w=Vw+z weW,cH' z1l;,VW,
From Lemma 51 there follows the discrete Friedrichs’ inequality
1212, 2 [l curl z]|z, = || curlu]|L,

We can now decompose z = ) z; into basis functions satisfying

DMzl <R+ w}lzlE, = (A2 + Ll (39)

The bad factor £~ is avoided. A decomposition into basis functions implies also the coarser
decomposition into the AFW blocks.
Now, we continue with the gradient functions. They satisfy

KlIVwlz, < wllullz, < [lull

Decompose the scalar function w into vertex basis functions

Ny Ny

w = Zwi = Zw(%)g&vi

i=1 =1

This decomposition satisfies
D IVwil® 2 h7 w20 = A2 VwllZ @) = A2 ullf @)
For gradient fields the curl-term vanishes:
Do IVwillh =) wliVwilg, < sh2[lull? @ < b2 ull. (40)

Finally observe that Vw; C V;: The gradient of a vertex basis function can be represented
by the edge-basis functions connected with this vertex. Thus

is a decomposition compatible with the AFW blocks. The final decomposition is u; =
z; + Vw;. Combining estimates (39) and (40) provides the stable decomposition of u. O
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4.3 Multigrid Methods

The condition number of local preconditioners get worse as the mesh size decreases. Multi-
grid methods involve several grids and (may) lead to condition numbers O(1).
Assume we have a sequence of nested grids. On each level [, 0 < [ < L, we build
a lowest order order Nédélec finite element space V; of dimension N;. These spaces are
nested:
VwCcWVicC...CcVg.

A function u;_; in the coarser space is also in the finer space. It can be represented with
respect to the coarse grid basis, or with respect to the fine grid basis:

Ny N,

1

Ei Ei

U = E Up-1,:9;" = E Uy ipp
i—1 i=1

Let I; € RN>*Ni=1 denote the prolongation matrix which transfers the coarse grid coefficients
u;—1,; to the fine grid coefficients u; ;.

On each level we define a cheap iterative method called smoother. It might be the block-
Jacobi preconditioner by Arnold, Falk, and Winther. We call the local preconditioners D;:

uf™ = uf + 7D (fi — Al
We define multigrid preconditioners on each level:
C’l_1 RM S RN g
On the coarsest grid we use the inverse of the system matrix:
Gy = Ag!

On the finer grids, the preconditioning actions C;' : d; +— w; are defined recursively by
the following algorithm:

Given d; € RM. Set wy = 0.

(1) Pre-smoothing:
wy; = Wy + TD;l(dl — Awo)

(2) Coarse grid correction:
Wy = Wy + ]lCl_jl]lT(dl - Awl)

(3) Post-smoothing:
W3 = Wy + TD;l(dl - AUJQ)
Set w; = ws

This is a multigrid V-cycle with 1 pre-smoothing and 1 post-smoothing step. One can
perform more pre- and post-smoothing iterations in step (1) and (3). One could also apply
2 coarse grid correction steps in step (2), which leads to the W-cycle.
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4.3.1 Multigrid - Analysis

We sketch the application of the classical Braess-Hackbusch multigrid analysis. All we
have to verify can be formulated in the estimate

lw — LA I Al p, = (|| 4, (41)

This estimate is usually broken into two parts, the approximation property and the smooth-
ing property. The approximation property states that the coarse grid approximation

AL T
Ui—1 ‘= AZ—III Alul
is close to u; in a weaker norm. For a scalar problem, the approximation property is
s — Trwga||p, = b llwl g

The smoothing property says that the matrix D; of the smoother is related to the weaker
norm. For a scalar problem, this is

lutll o, = B ]|z,

Both together give estimate (41). If this estimate is established for all levels 1 <1 < L,
the Braess-Hackbusch theorem proves that the condition number of the multigrid precon-
ditioner is O(1) uniformely in the number of refinement levels L.

The approximation property is proven similar to the Aubin-Nitsche technique. For the
H(curl) case, the Aubin Nitsche theorem, Theorem 50 gives estimates for the Helmholtz
decomposition of the error

w — Hiw—y =V + 2 2L VIV,

namely
nglH[a + HleLQ = hl HUZHH(curl)-

In contrast to Theorem 50, we need the discrete Helmholtz decomposition. Its proof
additionally needs the results of discrete divergence free functions of Section 3.5.3. By
definition of the norm

== inf —
ol = it {erlzs + o = Vol },
the approximation property can be written as
|y — Liwg—1 |5 = A || o eur) -
Similar to the proof of the AFW - preconditioner (Theorem 58), one verifies the smoothing

property
luall o, = Ay -
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