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ExERcisE g1 2 ( E 2006 -20a7)
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2 SHow  7HET ¥ f 'S ENTIRE DD
ONE -~ TO ~ONE THEN J ‘5 LINEAR

[H!Nr: Use THE  Fpect THAT é /s ANE —~TO ~oNE
To  ANALYR2E THE  PoSSIBILITIES  Fal  TrE

SiNGuLarity pT 2o J
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THF*T", SENDSL THE uniT Drsc. To THE
HALF  PLANE THAT  LiES BElow THE LINE
Xt '?'9 =4

) %ﬁ“omw&cfé‘a ’

9. LeT R<C 2F A Bovwes m;\// AND
LET S = {%f pE A SEQUENCE oF
CoNFORmAL MAPPINGS  or S0 Te A
PQGVE THB Somi= SUBSEGUE NCE cF IS’
Coévaarcéﬁ)‘ Nopr ALLy 7o A HoLopqoRR PHIC
FuNciione FRarm 52 INTo .

S LT S5 RE A BewsEn  DomBin Bn»  LET

¢ FE 3 ConFerRmAL MAP oF 2 1o 2

LET Pef. Suprese S (P) = ?, d4'(P)=/

pRWE THAT 514 /s THE /:Dgivrf?f MAP

[Hmr: Wr,rE 95(2- P+ (2‘-3’) -+ HICHER 9UPER TERNS
CONX;‘DEQ ThE  CorqPoaliTions #05"/ Cfd?&“'#)

ArPLy CRucHy  EsTImATES 7o THE FiRST

NoAN ~2 ERo COEFEFIclBNT ofF THiE  PowBR SBRIES FoR ;?5
AETER (2 -~P). ORTAIN A CoNTRPP/CTIoy
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594 Complex Numbers and Functions. Conformal Mapping

THEOREM 1 (Fixed points)
A linear fractional transformation, not the identity, has at most two fixed points. If g li
fractional transformation is known to have three or more fixed points, it must b

identity mapping w = Z.

How to Find Linear Fractional Transformations

A mapping (1) is determined by a, b, ¢, d, actually by the ratios of three of these
to the fourth because we can drop or introduce a common factor. This makes it
that three conditions determine a unique mapping (1): \

THEOREM 2 (Three points and their images given)
Three given distinct points zy, 2a, 23 can always be mapped onto three prescribe
points wy, wg, ws by one, and only one, linear fractional transformation w
mapping is given implicitly by the equation '

W"”'WI‘WQ““"?»’B“Z“Zi 32‘ o .

(6)

W Wy We— Wy T3 Iy iy

point must be replaced by 1.)

PROOF. Bquation (6) is of the form F(w) = G(z) with linear fractional F

w = F~YG(z)) = f(z), where F~ is the inverse of F and is linear fract
and so is the composite F~(G) (by Team Project 6), that is, w = Hoyis
Now in (6), set w = wy, then w = wa, then w = wj on the left and z_'
right, to see that

Flwy) =0, Flws) = 1, Flws) = oc:

G(zy) = 0, Glze) = 1, Glzg) =%

i

From the first column, FOwy) = Glzy), thus wy = FY(G(z)) = f(z1)

wy = f(z3). This proves the existence of the desired linear fractional tran
To prove uniqueness, let w = g(z) be a linear fractional transfo

maps z; onto wj, j = 1, 2, 3. Thus w; = g(z;). Hence g wy) =

Together, g™ (f(z;)) = z;, a mapping with the three fixed points 2

1, this is the identity mapping, ¢ Y(f(z)) = ¢ for all z. Thus f(z

uniqueness. ‘ ‘
The last statement of Theorem 2 follows from the preceding

Mapping of Standard Domains by Theorem

Principle. Prescribe three boundary points 2y, 2, 23 0f the dony
their images wy, wo, W3 on the boundary of the image Do

mapping from (6). Make sure that D is mapped onto D
latter case, interchange two w-points. (Why does. this hﬁi?

Ef\eﬁf“ﬁ“g\%'
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