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Abstract

Weak approximations have been developed to calculate the
expectation value of functionals of stochastic differential
equations, and various numerical discretization schemes (Euler,
Milshtein) have been studied by many authors. Nevertheless
high order schemes were not available in general. We present a
decomposition method applicable to jump driven SDE's.
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Setting & Goals
Setting

t t
Xi(x) = X+/O Vo( —(x ))ds—i—/0 V(Xs_(x))st—i-/O h(Xs—(x))dYs.
(1)
with Cp° coefficients
Vo:RV RNV =(Vy,...,Vy),h: RV - RN @R
B; is a d-dim. BM and Y; is an d-dim. Lévy with triplet (b,0,v)
satisfying the condition

/ (1A ly[P)u(dy) < oo
Rd

0
for any p € N.
Goal
Our purpose is to find discretization schemes (Xt(n)(x))t:O,T/n,...,T
for given T > 0 such that

ELF O () - ELF o) < S0



Remarks

1. Proof through a "semigroup type approach”

2. Proof for Asmussen-Rosinski type approach

3. Limiting the number of jumps (why?)

4. ldeas come from Kusuoka type approximations



Set-up for the proof of weak approximation

Define:

Pef(x) = E[f(Xe(x))]
Q¢ = Q : operator such that the semigroup property is satisfied
in {kT/n;k=0,...,n}.
Q: ~ Py in the sense that (P; — Q;)f(x) = O(t™*1). Then the
idea of the proof is

n—1

PTf(X) - (QT/n)nf(X) = Z(QT/n)k(PT/n - QT/n)PTij;le(X)'
k=0

Simulation (stochastic characterization): Let M = M,(x) s.t.
Q:f(x) = E[f(M¢(x))]. Then

Qrf(x) = (Qr/n)"f(x) = E[f(er/n e 0 M?/n(x))]

Euler-Maruyama scheme:
M¢(x) := x + Vo(x)t + V(x)B: + h(x) Yt



The algebraic structure

m- k
P, = etl = ZIL"+O( £
k=0

Note that L= S9! ;.
L k m+1
Z FL +O(t™)
Goal: Approximate etl, through a combination of L;’s s.t.

k
3 e — o

with some t;; >0, A;; € {Lo, Ly,..., Ld+1} and weights
{&} < [0,1] with Zjlle & = 1. This will correspond to an m-th
order discretization scheme.



First example: Coordinate processes

Define the coordinate processes X; +(x), i =0, ...,d + 1, solutions
of

t
Xo,t(x) = x +/ Vo(Xo,s(x))ds
0
t .
Xit(x) =x —I—/ Vi(Xis(x))odB, 1<i<d
0
t
Xd+1,t(x) = x +/ h(Xdg+1,s—(x))dYs.
0

Define
Qief (x) == E[f(Xi,«(x))]

whose generators are
1
Lof(x) := (Vof)(x), Lif(x):= 5(\/,.2f)(x), 1<i<d

Lay1f(x) := VF(x)h(x)b Jr/(f(X + h(x)y) = £(x) = VE(x)h(x)7(y))v(dy)



How does the algebraic argument work?
For simplicity let d + 1 = 2 then
=+ tl+ — L2+O(t3)
t2
ezliesle ~(/+tL1+—L .)(/+tL2+§L§+...)
2
=+ tL+ 5 (L3 + L3 + LiLy) + O(F?)

then

finally one needs to obtain a stochastic representation for
1odligsla o 1,50 50
s€2le22 4 Ser?e2t,



Examples of schemes:
Ninomiya-Victoir (a):

t

]. t t 1 .
Zezlogth .. gtlatigzlo 4 EeQLOetI—d+1 ... etligslo

Ninomiya-Victoir (b):

}etLoetLl . etLd+1 4 %etLd+1 .. etL1 etLo

Splitting method:

e%LO v e%LdetLd+1e%Ld v e%LO
So the idea is

k
P.f = et f ~ Zgjefl,jAl,j L etAG I F
j=1
k
Y GEIf (Mi(trg, Ma(tag, (oey Mi(t1))---)]

Jj=1

Q



General framework
Assumptions M

> If f € C, with p> 2, then Q:f € C, and

sup [|Q:fllc, < Kllfllc,
te[0,T]

for K > 0 independent of n. Futhermore, we assume
0 < Qf(x) < Qeg(x) whenever 0 < f < g.
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> If f € C, with p> 2, then Q:f € C, and

sup [|Q:fllc, < Kllfllc,
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for K > 0 independent of n. Futhermore, we assume
0 < Q:f(x) < Qrg(x) whenever 0 < f < g.
> For fy(x) := |[x|?P (p € N),

Qefp(x) < (14 Kt)fp(x) + K't

for K= K(T,p), K =K'(T,p) > 0.



General framework
Assumptions M

> If f € C, with p> 2, then Q:f € C, and

sup [|Q:fllc, < Kllfllc,
te[0,T]

for K > 0 independent of n. Futhermore, we assume
0 < Q:f(x) < Qrg(x) whenever 0 < f < g.
> For fy(x) := |[x|?P (p € N),
Qefp(x) < (14 Kt)fp(x) + K't
for K= K(T,p), K =K'(T,p) > 0.

» For me N, 6, : [0, T] — Ry denotes a decreasing function

s.t. 5 ( )
mlt
g =0.

limsup
t—0+

Usually, we have 0,(t) = t™.



Main hypothesis R(m, d,,)

For p > 2, there exists ¢ = g(m, p) > p and linear operators

()% 'C2k—> p+2k(k—0,1,...,m)s.t.
(A): For every f € C2(m +1) with 1 < m’ < m, the operator Q;
satisfies
Qef(x) = (ef) )tk + (Erri™F)(x), t€[0, T, (2)
k=0

(

where Err{™f € Cq, and satisfies the foIIowing condition:
(B): If f € C’" with m” > 2k, then e f € C +2k ¥ and there
exists a constant constant K = K(T,m) >0 such that

||ekf||cm//_2k < K||f||cm// kzO,l,...,m. (3)
p+2k P
Furthermore if f € CF',"” with m” >2m’ + 2,
, Ktm/+1 | ~mrr if mM<m
B, < Mg it
q Ktdm(t)||fl|crr i m' =m
P

forall0<t<T.



Weak approximation result

(C): For every 0 < k < mand j > 2k + 2, if

f € G3Y([0, T] x RN), then e f € C;7,7%([0, T] x RN).

Define J<m(Q:) = -1 o(exf)(x)tX

Theorem

Assume (M) and R(m, dm,) for Py and Q¢ with J<m(Pr — Q) = 0.

Then for any f € C,f(’"“), there exists a constant

K = K(T,x) > 0 such that

Prf() — (Qry)F ()| < Kom( L) Il an (4)

n p

Theorem
Assume (M) and R(m + 1,8m+1) for Q¢ with J<m(P: — Q:) = 0.
Then for each f € C,?("’+3), we have

poit) - @ = 5 co((1) vana(T)) 6



Properties for algebraic construction

Lemma

Let Qty ' and Qy2 associated with independent processes Yl Yt2
and let Q) ' Y" be the composite operator associated with the
process (Y2 o Y1) (x) = Y2(Y1(x)) Then

(i) If (M) holds for Qt , Qt , then it also holds for Q

(zz) /fR(m Sm) holds for QY*, QY*, then it also holds for
Qe



Combination of " coordinates”

Theorem B
Assume (M) and R(2,82) are satisfied for Q) _ _
(i=0,1,...,d +1) associated with indep. processes Xo, ..., X411

with J<o( Qi+ — Qf") = 0. Then all the following operators satisfy
(M) and R(2,02):

a X +2—i
-V(a) Q§ )= t/2 HdH Qt Qt/2 t/2 Hd+1 e Qt/2
( ) th) 1 Hd+1 Qt 41 Hd+1 QXd+1 i

Spllttlng Qtsp) Qt/Z Qt/th Xe1 Qt/2 . Q;;Oz
where (5(6, .. ,Xd) is a further indep. copy of (Xo, ..., X4).
Moreover, we have
ng(Qﬁa)) = JSZ(ng)) =Jo(Q SP)) = k 0 k,Lk In particular,
the above schemes define a second order approximation scheme.



Theorem .
Let m =1 or2. Assume (M) and R(2m, t>™) for QE']
(i=1,...,¢). Furthermore, we assume

(1) J<om <Pt - Zle f,-Qy]) = 0 for some real numbers
{&}im, o with Sl & =1

(2) There exists a constant g = q(m, p) > 0 such that for every
fe C,Q"/ with m" > 2(m+1), (P — QE'])f €Cy ~Am ) Gnd

sup_[[(Pe = Q) gt atmiy < Crllfll g™
tel0,T] P a

Then we have for any f € C,‘,‘(’"“),

‘PTf Zél QT/n n C(:;:;,X)

Note that Zle §;Q£i] does not satisfy the semigroup property or
the monotonic propertv.



Example
Example: The following modified Ninomiya-Victoir scheme

d+1
T Lo TL 1 L T lara—ian L
e2n Hen ’e2n 0 2 e2n OHen d+2_’e2n 0

i=1

n

is also of order 2.

Example

Fujiwara gives a proof of a similar version of the above theorem
and some examples of 4th and 6th order. We introduce the
examples of 4th order:

d+1 d+1 d+1
g (;( H e%Li> (H e2 Ly /> )_; (1 H tL; 4z H etLd+1 />
i=0



Example (Diffusion coordinate)

Theorem
Let V:RVN - RN ¢ C5°. The exponential map is defined as
exp(V)x = z1(x) where z satisfies the ode

d
) _ (z(). ) = x. ©
Lemma
Fori=0,1,...,d, the sde
t
Xio(x) = x + / Vi(Xi.o(x)) o dB! (7)
0

has a unique solution given by

Xit(x) = exp(Bé Vi)x.



Proposition

Let f € C,T“. Then we have for i =0,1,...,d,

Flon(ep) = Evirot [y toptuv o

! m!

t (s _ ,\m
‘/ Un:)\/,-"’“f(exp(u\/,-)x)du‘ < lelf\|CpmﬂeKlf‘(1+|x\P+m+1)t'"+1.
0 .

Based on this result, we define the approximation to the solution of
the coordinate equation as follows

Bt V)x =3 i!(vkej)(x), =1, N,

Define X; ¢(x) = bam+1(BL, Vi)x for i =0, ...,d. Then we have the
following approximation result.



Proposition

(i) For every p > 1,
1Xi,e(x) = Xi.e(x)lle < Clp, m, TY(L+ x|y em
(ii) Let f € C,}. Then we have
E[IF(X;,6(x)) = F(Xie ()] < C(m, T)|[F][cy (1 + [x[PHm ) em oL,

As a result of this proposition we can see that R(m, t™) holds for
the operators associated with bp,(t, Vo)x and bymt1(Bj, Vi)x,
1 < i< d. Indeed, we have for m" < m,

E[f(Xi.e(x))] = Qi.ef (x) + E[f(Xi.e(x)) = £(Xi,e(x))]

tk ,
!Lfkf(x) + (E" £)(x)

where (E/" )(x)



where
(E F)(x) 1= (Brr{™ F)(x) + E[F(Xi.e(x)) = F(Xi(x)]

and (Errgml)f)(x) is defined through a previous proposition using
L; and Q; instead of L and P. Furthermore, using (ii), we have
that the error term E/" satisfies (B) in assumption R(m, t™).



where
(E F)(x) 1= (Brr{™ F)(x) + E[F(Xi.e(x)) = F(Xi(x)]

and (Errgml)f)(x) is defined through a previous proposition using
L; and Q; instead of L and P. Furthermore, using (ii), we have
that the error term E/" satisfies (B) in assumption R(m, t™).
Proposition Assume that (\/,-kej) 2<k<m0<i<d,

1 <j < N) satisfies the linear growth condition then (M) holds
for X +(x), i=0,...,d.

Theorem

Assume that (\/,-kej) 2<k<m 0<i<d, 1<j<N) satisfies
the linear growth condition. Let X; +(x) be defined by

2m+1

Xi.t(x) = bom1(BL, Vi)x = Z
k=0

| =

(\/,.k/)(x)/ lodB{ - -0dBj, .

O<ty < <t <t

==

Denote by Qt)_(" the semigroup associated with X; +(x). Then Qf_("
satisfies (M) and R(m, t™). Furthermore J<m(Qj+ — Qf(i) =0.



Runge-Kutta methods:

We say here that ¢, is an s-stage explicit Runge-Kutta method of
order m for the ODE (6) if it can be written in the form

cm(t, V)x = x+1)_ Biki(t, V)x
i=1

where k;(t, V)x defined inductively by
ki(t, V)x = V(x),
i-1

ki(t, V)x = V(X + tZa,',jkj(t, V)x)7 2<i<s,
j=1

and satisfies
|exp(tV)x — cm(t, V)x| < Cre®IH(1 + |x|mF1)[t|m+!

for some constants ((3i, i j)1<j<i<s). Runge-Kutta formulas of
order less than or equal to 7 are well known.



Proposition

(i) For every p > 1,
”Xi,t(X)_CZerl(Béa Vi)XHLF’ < C(P, m, T)(1+|X’2(m+1))tm+1 (8)
(ii) Let f € C;. Then we have

E[|f(Xi,e(x))~F(c2m1(BE, Vi) < C(m, T)|[F]l cy (L |x[2mD)em et
(9)

Next we show that (M) still holds for the Runge-Kutta schemes.

Proposition (M) holds for c,(BL, Vi)x, i =0,...,d.

Consequently, as in the Taylor scheme, R(m, t™) and (M) hold

for the operators associated with ¢,,(t, Vo)x and cami1(Bi, Vi)x,

1<i<d.



Example: Compound Poisson

Nt
Yt - Z J,'
i=1
where (N;) : Poisson (\) and (J;) are i.i.d. R%-r.v. indep. of (N;)

with J; € ﬂp>1 LP.
In this case Y; is a Lévy process with generator of the form

| () = Feta)

where 7 =0, b =0, ¥(RY) = A < 0o and v(dy) = AP(J; € dy).
Then in this case

X3 (x) = x + /th(Xsd“(x))dYs, te[0,T] (10)
0

which can be solved explicitly.



Indeed, let (G;(x)) be defined by recursively
Gop = x

G = Gj_1+ h(G,',l)J,'.

Then the solution can be written as X7 ™1(x) = Gy, (x). Define
for fixed M € N, the approximation process )_<d+1’t = Gyam(x).
This approximation requires the simulation of at most M jumps. In
fact, the rate of convergence is fast as the following result shows.
Proposition Let M € N. Then the process Gu,am(x) satisfies

(M) and R(M, tY=*) for arbitrary small x > 0. Furthermore

J<m(Qd+1,t — th“) =0.

Remark: Adaptive Weak Approximation of Diffusions with Jumps
E. Mordecki, A. Szepessy, R. Tempone and G. E. Zouraris



Infinite activity approximated by a process with no small
jumps
Define for € > 0 Lévy proc. (Yf) with Lévy triplet (b,0,v°)

v (E) :=v(En{y:ly| >¢}), E € B(RY). (11)

Consider the approximate coordinate SDE
-_ t -_—
Kol = x+ [ MXarra (Vs
0

LyZ1f(x) = VF(x)h(x)b+ / (F(x+h(x)y)=f(x)=VF(x)h(x)7(y))v*(dy)

Now we derive the error estimate for )_<d+17t.

Theorem
Assume that 0?(e) := f|y‘<5 ly|?v(dy) < tM*L for e = £(t) € (0,1]

. Then we have that Q! satisfies (M) and R(M, tM).
Furthermore J<p(Qqg+1,¢ — Qfd“) =0.



Asmussen-Rosinski type approximation
Consider the new approximate SDE
t

t
Xd+1,¢(x) :X+/ h(Xd+1,s(X))Z§/2dWs+/ h(Xg41,s—(x))dYs
0 0

where W; is a new d-dim.BM indep. of B; and Yy, and X, is the
symmetric and semi-positive definite d x d matrix defined as

¥, = /H Yy u(dy). (12)

Since the above SDE is also driven by a jump-diffusion process, we
can also simulate it using the second order discretization schemes.

Theorem
Assume that 0 < e = &(t) < 1 is chosen as to satisfy that

f‘y|<€ ly[3u(dy) < tM+1.Then we have that Q*' satisfies (M)
and R(M, tM). Furthermore J<p(Qas1.c — Q7*") = 0.



Idea of the proof

Quiaf() - QX (x)
_ Z a ( Lav)* = (L554) ) F(x)

AL M+1
_|_/0 (t MLII) (Qd—f—l,u (Ld+1)M+1 _ Xd+1 (Ltlji1> ) f(X)dU

It is enough to prove:
17 M
(L1 — Lg ) F ()] < Clifllcp (1 + [x[PF2)eM
Change of triplets

(bﬂov V)aT = (b€7077/)77—€
(b,0,0°),7 = (be,0,0°), 72

where 7-(y) = y1lf)y<c}- Then



|(Lat1 — Ld+1)f(X)! (13)
< | [ 9r00m ~ ) Aey) v (a)
+ | // 0) o F(x + 0h(x)y)d((cly) — v (dy))|
We first obtain that for ¢ > 0,
[ =m0t~ v (@) =
since the support of the measure (v — v°) is {|y| < e}. Also
[ [ st omenanctan) -] < Clrl i P07
and hence as 0(g) < tM*1, one obtains that

J<m(Qa+1,t — th+1) =0 and that thd“ satisfies (M) and
R(M, tM).



Example: Other decompositions with at most one jump
per interval

7(y) = y1jy|<1, assume that fly|<1 lylv(dy) < .
Then we decompose the operator

Loy1 = L<11+1 + L3+1 + LZ+1

LY 1f(x) == VF(x)h(x) <b - /E

<ly|<1

T(y)V(dy)>
2,1 F(x) = /| (G Ky) = 1) = VAR
13, F(x) = / [ RO = £ ()

The operator L%,H can be exactly generated using

Xc}ﬂ,t =X+ (b - fs<|y\§1 T(Y)V(d)/)) fot h <)_<c}+1,s> ds.
Therefore we only need to approximate L§I+1 and L(31+1.



Approximation for L2 . Define the dist. fct.

Fo(dy) = At yl" Ly <cv(dy) with Ao = [, [y v(dy) < oc.
Let Y. ~ F.. Define X?°(x) = x + h(x)W;v/A-, where W is a
d-dim. BM with cov. matrix given by ¥ = [Y*|™" Y7 Y} which is
indep. of everything else.

Lemma
(*)1.Assume that flylﬁa ly|3v(dy) < Ct and

SUPcg(0,1] f\ylsa |}/|4_r1/(dy) < o0 then

|E[F(X9)] = () = 22 ()] < 1l g (1 + xP*2)e

That is, condition R(2, t?) is satisfied

)(P 2)

2. Assume that SUpse(o,l]f\ v(dy) < oo, then

y|<e ly |
assumption (M) is satisfied with

E[[X3a0[ ] <+ Kol + K'e

for all p > 2.



The approximation for L§I+1 is defined as follows. Let

Ge(dy) = C: My ser(dy), C = fy|>€ v(dy) and let Z¢ ~ G. and
let S¢ be a Bernoulli r.v. indep. 01l Z&. If 55 = 0 define

X2(x) = x, otherwise X>*(x) = x + h(x)Z¢.

Lemma
(**)1. Assume that |C71P[S® = 1] — t| < Ct? then

£ [F(X3)] = £0) = tl3aF ()] < G2 Flgy (L™ [ Iylotay

ly|>e

That is, condition R(2, t?) is satisfied.
2. If C-1P[S® = 1] < Ct then assumption (M) is satisfied with
E ijfl(x)(p} < (14 Ko)[x[P + K't

for all p > 2.



Weighted version | (Importance sampling)
Weight I:RY — R. Let Fl(dy) = Ae/(y)1)<c(dy) with
ML= f|y‘<€ I(y)v(dy). Let Yz ~ F. . Define
XZ°(x) = x 4+ h(x) Wev/Az, where W is a d-dim. BM with cov.
matrix given by ¥; = /(Y)71Y? Y7 which is indep. of everything
else.

Lemma
1. Assume that f‘y|<€ ly]Pv(dy) < Ct and

suPce(0,1] Jiy<e YI*1(y) "t w(dy) < oo then
[E[F(X29)] = F00) = 2 F(3)| < CllFlleg (1 + xP¥2)e

That is, condition R(2, t?) is satisfied.
2

2. Assume that sup.¢(q 1] fly|<€ ly|PI(y)~ %2 v(dy) < oo, then
assumption (M) is satisfied with

E[[X3500|] < 1+ ko)l + Kt



One can also use localization functions for |y| > ¢ as follows. Let
G (dy) = C;,ll(y)1|y|>51/(dy), G = f|}/|>5 I(y)v(dy) and let
75! ~ <1 and let S° be a Bernoulli r.v. indep. of Z%! Then
consider the following two subcases. If S5/ = 0 define

X2¢(x) = x, otherwise X2/ (x) = x + h(x)I(Z5!) 1 Z5/!.

Lemma
1.Assume that
Jiyse YU = 1) + Iy [PF3lI(y) =t = 1P*2u(dy) < Ct and

Clp[se=1] - t’ < Ct? then

|E[FR)] = F0) =t f(x)] < CE2 Il (1 + [xP72).

That is, condition R(2, t?) is satisfied.

2. Assume that .

SUP.¢(0,1] MaXj=1,...p J|y|c I(y)*~ |y v(dy) < oc.then assumption
(M) is satisfied with

E[|X3500|"] < 1+ Ke)ixlP + K2



Example: Tempered stable
Let a Lévy measure v defined on Ry be given by
1 _ _
I/(dy) = W(C+e >\+|}/|1y>0 +c_e )\7|}/|1y<0) dy

» Gamma: Ay,c. >0, c. =0, a=0.

» Variance gamma: Ay, A_,cy,c_ >0, a =0.

» Tempered stable: A, A_,ci,cc >0, 0<a<?2.
Then, we have that for a € [0, 1)

/ yFuldy) ~ 50, k> 1.
ly|<e

Therefore sup.¢ (g 1] ‘f|}’|<5 ly|v(dy) < oo, then the conditions of
the approximation Lemma (*) are satisfied if r > o, r + « < 4 and
1

€ = t3-a. approximation Lemma (**) is satisfied for example in
the following case. Let P[S® = 1] = e~ %(5:t) where

a(e,t) = —e%log (2 +t)e ) ase = t7a then we have that

a(e(t), t) = —t7 log (¢ + 1)t 7+ ) .



Other topics:

» Design other approximation schemes
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Other topics:
» Design other approximation schemes
» At most kn in n intervals

> lrregular coefficients. A CIR type example
Consider the operators

Lf(x) = k(a — x)f'(x) + oxf"(x)

Lf(x) = k(a— x)f'(x) + og(x)f"(x)

where ¢.(x) = x for x > ¢, |¢p<(x)| < e for x € (0,¢) and
¢- € C°(Ry) and 2ka > o2, Then we have that

|LF(x) — LF(x)| < 202 |F"(x)].

Take e = T/n.



Other topics:
» Design other approximation schemes
» At most kn in n intervals

> lrregular coefficients. A CIR type example
Consider the operators

Lf(x) = k(a — x)f'(x) + oxf"(x)

Lf(x) = k(a— x)f'(x) + og(x)f"(x)

where ¢.(x) = x for x > ¢, |¢p<(x)| < e for x € (0,¢) and
¢- € C°(Ry) and 2ka > o2, Then we have that

|LF(x) — LF(x)| < 202 |F"(x)].

Take e = T/n.

> lrregular functions f: Consider the right stochastic
representation and concatenate.But there is a technical
problem with jump type processes !
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