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1 ≤ p ≤ ∞, r ∈ N0 = {0,1,2, . . . },

Q a bounded Lipschitz domain

Sobolev space

W r
p (Q) = {f ∈ Lp(Q) : Dαf ∈ Lp(Q), |α| ≤ r}

α = (α1, . . . , αd) ∈ Nd0, |α| :=
∑d
j=1αj ≤ r,

Dαf generalized partial derivative

norm

‖f‖W s
p(Q) =



∑

|α|≤r

‖Dαf‖
p
Lq(Q)




1/p

if p <∞, and

‖f‖W r
∞(Q) = max

|α|≤r
‖Dαf‖L∞(Q).

Note:

r = 0 W0
p (Q) = Lp(Q)
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Approximation problem

1 ≤ p, q ≤ ∞, r, s ∈ N0,

r − s

d
> max

(
1

p
−

1

q
,0

)

Approximate

J : W r
p (Q) →W s

q (Q)

deterministic algorithms Adet
n

A : W r
p (Q) →W s

q (Q),

A(f) =
n∑

i=1

f(xi)ψi xi ∈ Q, ψi ∈W s
q (Q)
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error:

e(J,A,BW r
p (Q),W

s
q (Q))

= sup
f∈BWr

p (Q)

‖Jf −A(f)‖W s
q (Q)

deterministic n-th minimal error:

(linear sampling numbers)

edet
n (J,BW r

p (Q),W
s
q (Q))

= inf
A∈Adet

n

e(J,A,BW r
p (Q),W

s
q (Q))
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randomized algorithms Aran
n :

(Ω,Σ,P) probability space,

(Aω)ω∈Ω, Aω : W r
p (Q) →W s

q (Q)

Aω(f) =
n∑

i=1

f(xi,ω)ψi,ω

xi,ω ∈ Q, ψi,ω ∈W s
q (Q) (ω ∈ Ω),

error:

e(J, (Aω),BW r
p (Q),W

s
q (Q))

= sup
f∈BWr

p (Q)

E ‖Jf −Aω(f)‖W s
q (Q)

randomized n-th minimal error:

(randomized linear sampling numbers)

erann (J,BW r
p (Q),W

s
q (Q))

= inf
(A)ω∈Aran

n

e(J, (A)ω,BW r
p (Q),W

s
q (Q))

4



erann (J,BW r
p (Q),W

s
q (Q)) ≤ edet

n (J,BW r
p (Q),W

s
q (Q))

edetn : Ω = {ω0}

embedding condition

W r
p (Q) is embedded into C(Q) iff

p = 1 and r/d ≥ 1

or

1 < p ≤ ∞ and r/d > 1/p





(1)
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The case s ≥ 0, embedding condi-

tion

Theorem 1. (many authors)

Let r, s ∈ N0, 1 ≤ p, q ≤ ∞, with

r − s

d
> max

(
1

p
−

1

q
,0

)
,

let Q be a bounded Lipschitz domain, and as-

sume that (1) holds, i.e., W r
p (Q) is embedded

into C(Q). Then in the deterministic setting

edetn (J,BW r
p (Q),W

s
q (Q)) � n

−r−s
d +

(
1
p−

1
q

)
+

and in the randomized setting

erann (J,BW r
p (Q),W

s
q (Q)) � n

−r−s
d +

(
1
p−

1
q

)
+
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The case s ≥ 0, no embedding con-

dition

deterministic setting:

edet
n (J,BW r

p (Q),W
s
q (Q)) does not make sense,

edet
n (J,BW r

p (Q)
⋂
C(Q),W s

q (Q)) � ??

randomized setting:

erann (J,BW r
p (Q),W

s
q (Q)) � ??
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Theorem 2. (H., 2007/08)

Let r, s ∈ N0, 1 ≤ p, q ≤ ∞, with

r − s

d
> max

(
1

p
−

1

q
,0

)
,

let Q be a bounded Lipschitz domain, and as-

sume that (1) does not hold, i.e., W r
p (Q) is not

embedded into C(Q). Then

edetn (J,BW r
p (Q) ∩ C(Q),W s

q (Q)) � 1

erann (J,BW r
p (Q),W

s
q (Q)) � n

−r−s
d +

(
1
p−

1
q

)
+

E.g., 1 < p = q <∞, s = 0, r
d = 1

p

speedup: n−(1−δ) for arbitrary small δ > 0 pos-

sible
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The case s < 0

W−s
q (Q) := W̃ s

q∗(Q)∗
(
1

q
+

1

q∗
= 1

)

Motivation

m ∈ N, bilinear form a on Wm
2 (Q),

a(u, v) =
∑

α|,|β|≤m

∫

Q
aαβ(x)D

αu(x)Dβv(x)dx,

aαβ ∈ C(Q)

assume a is W̃m
2 (Q)-elliptic

|a(u, v)| ≤ c1‖u‖Wm
2 (Q)‖v‖Wm

2 (Q)

a(u, u) ≥ c2‖u‖
2
Wm

2 (Q)

(u, v ∈ W̃m
2 (Q)).

associated differential operator:

L u =
∑

α|,|β|≤m

Dβ(aαβD
αu)
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weak elliptic problem associated with a:

Given f ∈W−m
2 (Q), find u ∈ W̃m

2 (Q) such that

for all v ∈ W̃m
2 (Q)

a(u, v) = f(v).

The problem has a unique solution S0f ∈ W̃m
2 (Q),

S0 : W−m
2 (Q) → W̃m

2 (Q)

is an isomorphism
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r ∈ N0, 1 ≤ p ≤ ∞

r+m

d
>

1

p
−

1

2
,

Solve the weak problem for f ∈W r
p (Q):

solution operator

S = S0J : W r
p (Q)

J
−→W−m

2 (Q)
S0−−→ W̃m

2 (Q)

Corollary 1.

erann (S,BW r
p (Q), W̃

m
2 (Q))

� erann (J,BW r
p (Q),W

−m
2 (Q)),

and analogously for edet
n .
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Deterministic case:

Theorem 3. Let r ∈ N0, s ∈ N, 1 ≤ p, q ≤ ∞,

r+ s

d
>

1

p
−

1

q
.

1. (Novak, Triebel, 2006, Vybiral, 2007) As-

sume that W r
p (Q) is embedded into C(Q). Then

edet
n (J : W r

p (Q) →W−s
q (Q)) � n−γ1

where

γ1 = min


r+ s

d
−

(
1

p
−

1

q

)

+

,
r

d


 .

2. (H., 2008) If W r
p (Q) is not embedded into

C(Q), then

edet
n (J : W r

p (Q) →W−s
q (Q)) � 1.
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Randomized case:

Theorem 4. (H., 2008) Let r ∈ N0, s ∈ N,

1 ≤ p, q ≤ ∞ and

r+ s

d
>

1

p
−

1

q
.

Then

erann (J : W r
p (Q) →W−s

q (Q)) �log n−γ2

where

γ2 = min


r+ s

d
−

(
1

p
−

1

q

)

+

,
r

d
+ 1 −

1

p̄




and p̄ = min(p,2).

solves Problem 25 of Novak, Woźniakowski (Tractability

of Multivariate Problems, Volume 1)
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W r
p (Q) is embedded into C(Q)

J : W r
p (Q) →W−s

q (Q) edet
n erann

1 < q ≤ p ≤ ∞, n− r
d n− r

d
−min(s/d,1−1/p̄)

1 ≤ p < q ≤ ∞, n− r
d n− r

d
−min(s/d−(1/p−1/q),1−1/p̄)

s/d > 1/p− 1/q

1 ≤ p < q ≤ ∞, n−(r+s)/d+(1/p−1/q) n−(r+s)/d+(1/p−1/q)

s/d < 1/p− 1/q

W r
p (Q) is not embedded into C(Q)

J : W r
p (Q) →W−s

q (Q) edet
n erann

r/d < 1/p or

r/d = 1/p and 1 < p ≤ ∞ 1 n
−min

(
r+s
d
−
(

1
p
−1

q

)
+
, r
d
+1−1

p̄

)
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