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1<p<oo, reNg={0,1,2,...},
() a bounded Lipschitz domain

Sobolev space

Wi(Q) = {f € Lp(Q) : D*f € Lp(Q), la| <}

a=(a1,...,ay) € N¢, |of —Z] 1o <
D“f generalized partial derivative

norm
1/p
I lwso) = \a|2<7~ ID°FIIT, )
if p < oo, and )
1w (@) = |max 1D fll Lo (0)-
Note:

r=0 WH(Q)=LpQ)



Approximation problem
1<p,qg< oo, rseNp,

r— S (1 1 >
> max|———,0
d P q

Approximate

J 1 Wp(Q) — W, (Q)

deterministic algorithms .A4d¢t

A Wy(Q) — W (Q),

A(f) =) fle)ds ;€ Q, ¥ € Wi(Q)
i=1



error:
e(J; A, Byyr(): Wq (Q))
= sup [[Jf = A(N)lws
FeBuws o) We(Q)

deterministic n-th minimal error:
(linear sampling numbers)

en® (J, Byyr (), Wg (@)

—_ H S
— Aelr.,llfqbet G(J, A7 BW}%"(Q)? Wq (Q))



randomized algorithms A!2":
(2,5, P) probability space,

(Av)wen,  Aw: Wi(Q) — Wi(Q)

Au(f) = Z f(xi,w)wi,w
1=1
Tiw € Q, Vi w € Wi(Q) (w € 2),

error:
— sup E||Jf—Aw(f)||W;(Q)

FeBwr @

randomized n-th minimal error:
(randomized linear sampling numbers)

en (J, Bwr @) Wq(Q))

B (A)Lr&gan e(/, (Do, By () Wq (@)
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e’ (J, By (@) W (@) < ent(J, Bwr@): Wq(Q))

entt s Q= {wo}
embedding condition

W7 (Q) is embedded into C(Q) iff

p=1 and r/d>1 \
or > (1)
l1<p<oo and r/d>1/p




The case s > 0, embedding condi-
tion

Theorem 1. (many authors)
Let r,s € Ng, 1 <p,q<oo, With

r— 8 (1 1 )
>max|———,0],
d P q

let (Q be a bounded Lipschitz domain, and as-
sume that (1) holds, i.e., W;;(Q) is embedded
into C(Q). Then in the deterministic setting

det s - Tgs_l_(%_%)
n (JaBW;;(Q))Wq(Q)) ~ n T

and in the randomized setting

ran S _T%-ls_l_(%_%)
€n (JaBW]g(Q)an(Q)) = n T



The case s > 0, no embedding con-
dition
deterministic setting:

edet( g, By (q), Wi (Q)) does not make sense,

et (J, Byyr () N C(Q), Wi (Q)) < 77

randomized setting:

en' (J, Br(g) Wg(Q)) <77



Theorem 2. (H., 2007/08)
Let r,s € Ng, 1 <p,q < oo, wWith

r— S (1 1 )
>max|———,0],
d P q

let () be a bounded Lipschitz domain, and as-
sume that (1) does not hold, i.e., W (Q) is not
embedded into C(Q). Then

en" (4, Bz ) N C(Q), W3 (@)

)
[ —

T,

ﬁ
Qll
V)

)

en (J, Bwrq) Wq(Q))

E.g., 1<p=q<oo,s=0,§:%

speedup: n—(1=9) for arbitrary small 6 > 0 pos-
Sible



The case s <0

W@ = Wa@' (L4 =1)

Motivation

m € N, bilinear form a on W3 (Q),

a(u,v) = Y aaﬁ(:v)Do‘u(:c)Dﬁv(:U)da:,
al,Bl<m /Q

aqg € C(Q)

assume a is W5 (Q)-elliptic
la(u,v)| < eallullwp@)llvllwgy @)
a(u,u) > 02||u||%/§n(Q)

(u,v € WIHQ)).

associated differential operator:

Lu= > Dﬁ(aaﬁ D%u)
al,[B|l<m



weak elliptic problem associated with a:

Given f € W5 ™(Q), find u € W5(Q) such that
for all v € W?(Q)

a(u,v) = f(v).

The problem has a unique solution Sof € W5*(Q),

So : W5 ™(Q) — WE(Q)

IS an isomorphism

10



reNpg, 1 <p<oo
r+m 1 1

> — =
d p 2
Solve the weak problem for f € WJ(Q):
solution operator

S = SoJ : Wi(Q) L Wy™Q) 20, Wi (Q)

Corollary 1.
e (S, By (), W3'(Q))
= e;Lan(‘]a BWZ;(Q)a WQ_m(Q))a

and analogously for edet,
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Deterministic case;:

Theorem 3. LetreNg, se N, 1 <p,q < oo,
r—+ s 1 1

d P q
1. (Novak, Triebel, 2006, Vybiral, 2007) As-
sume that W7 (Q) is embedded into C(Q). Then

eI (J 1 WH(Q) — W 5(Q)) x n M

where

fyl:min T_I_S_(l_l) i
d P q _|_7d

2. (H., 2008) If W](Q) is not embedded into
C(Q), then

eI (J 1 WI(Q) — W 5(Q)) < 1.
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Randomized case:

Theorem 4. (H., 2008) Let r € Np, s € N,
1 <p,qg< o0 and

T hen

en (J 1 Wp(Q) — Wi ¥(Q)) X5y n™ 72

where

1 1 1
72=min T+S—<———> ,i—l—l—:
d p q/4 d p

and p = min(p, 2).

solves Problem 25 of Novak, Wozniakowski (Tractability

of Multivariate Problems, Volume 1)
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W7 (Q) is embedded into C(Q)

T W(Q) = WH(Q) | edet eran

1 < q S P S oo, n_g n_g_min(s/d’l_l/ﬁ)
1<p<qg<oo, na n—i—min(s/d—(1/p~1/q),1~1/p)
s/d>1/p—1/

1 <p<qg<oo, n—(r+s)/d+1/p=1/q) | ,—(r+s)/d+(1/p—1/q)
s/d<1/p—1/

W7 (Q) is not embedded into C(Q)

J- W;;(Q) _ Wq_S(Q) edet efran

r/d<1/p or

—min | ==— %—l >£+1_l—>
r/d=1/p and 1l<p<oo| 1 n ( ( q)+d p
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