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Abstract

We study the existence of a set with minimal perimeter that separates
two disjoint sets in a metric measure space equipped with a doubling
measure and supporting a Poincaré inequality. A measure construc-
ted by De Giorgi is used to state a relaxed problem, whose solution
coincides with the solution to the original problem for measure the-
oretically thick sets. Moreover, we study properties of the De Giorgi
measure on metric measure spaces and show that it is comparable to
the Hausdorff measure of codimension one. We also explore the rela-
tionship between the De Giorgi measure and the variational capacity
of order one. The theory of functions of bounded variation on metric
spaces is used extensively in the arguments.

Résumé

Nous étudions I'existence d'un ensemble avec périmetre minimal séparant
deux ensembles disjoints dans un espace métrique avec mesure doub-
lante ou une inéquation de Poincaré est satisfaite. Une mesure con-
struite par De Giorgi est utilisée pour formuler ce probleme avec des
conditions moins exigeantes, dont les solutions coincident avec les solu-
tions du probléme original posé pour des ensembles épais dans le sens
de la mesure. Les propriétés de la mesure de De Giorgi dans un es-
pace métrique sont aussi étudiées. Il est demontré que cette mesure
est comparable a la mesure de Hausdorff avec codimension un. Nous
explorons aussi la relation entre la mesure de De Giorgi et la capacité
de variation d’ordre un. La théorie des fonctions avec variation bornée
est largement exploitée au cours des arguments presentés.
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1. INTRODUCTION

We study minimal surfaces in a metric measure space X that is equip-
ped with a doubling measure and supports a Poincaré inequality. More
precisely, we extend the results of De Giorgi, Colombini, and Piccinini
in [11] (see also [10] and [21]) from the Euclidean setting to the metric
setting. In this context, the minimization problem reads as follows.
Let E and F' be disjoint Borel sets in X. Find a Borel set Gy such that
ECGQ, GoﬂF:@and

P(Gy) = inf P(G),

where the infimum is taken over all Borel sets G C X with the prop-
erties that £ C G and G N F = (. In other words, find a set with a
minimal perimeter that separates the sets F/ and F'. This is an obstacle
problem in geometric measure theory. In order to be able to talk about
the perimeter measure, we need the theory of functions of bounded vari-
ation on metric spaces developed by Miranda [19], Ambrosio [1], [2] and
Ambrosio, Miranda and Pallara [3].

A rather standard argument based on compactness and lower semicon-
tinuity properties of the perimeter measure shows that the minimizer
exists. However, since the perimeter measure does not see sets of meas-
ure zero, the minimization problem is relevant only for the obstacles
that are thick enough. The main reason is that there are too many
admissible sets in the minimization problem. It is possible to restrict
the class of admissible sets, for example, by considering those sets that
are thick and whose complements are thick as well. Unfortunately,
in general the minimization problem does not have a solution in this
class. On the other hand, we can study a relaxed problem that takes
the thin parts of the obstacles into account by introducing a penalty
factor. The Hausdorff measure of codimension one would be a natural
choice, but it turns out that a geometric measure constructed by De
Giorgi is easier to deal with in questions related to lower semicontinu-
ity. The relaxed obstacle problem stated in terms of the De Giorgi
measure has a solution and for thick obstacles the solution coincides
with the solution of the original problem.

We show that the results of De Giorgi, Colombini and Piccinini hold
true in metric measure spaces and that they are independent of the
Euclidean structure and the Lebesgue measure. In particular, we do
not have integration by parts, divergence formula or tangents of sets
available in a general metric measure space. We also study properties
of the De Giorgi measure on metric measure spaces and show that it is
comparable to the Hausdorff measure of codimension one. Moreover,
we explore the relationship between the De Giorgi measure and the
variational capacity of order one. Our arguments are based on the so-

called boxing inequality, which has been studied in the metric context
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in [15] and [20]. We also apply Ambrosio’s result in [2] (see also [1]
and [3]), which states that the perimeter measure is concentrated on
the measure theoretic boundary. We present robust arguments that
are based on general principles.

Acknowledgements. Part of this research was done during the third
author’s visit to Helsinki University of Technology; she wishes to thank
the institution for its kind hospitality.

2. PRELIMINARIES

In this paper, (X, d, 1) is a complete metric measure space with pu(X) =
00. The measure is assumed to be doubling. This means that there
exists a constant ¢p > 1 such that for all x € X and r > 0,

p(B(x,2r)) < cpp(B(,r)).

A complete metric space endowed with a doubling measure is proper,
that is, closed and bounded sets are compact.

We define Sobolev spaces on X using upper gradients, see Shanmuga-
lingam [22].

Definition 2.1. A nonnegative Borel function g on () is an upper
gradient of an extended real valued function u on € if for all z,y € Q)
and for all paths 7 joining = and y in €2,

IM@—uwﬂé/g%

v

whenever both u(x) and u(y) are finite, and fygds = oo otherwise.

Let 1 < p < oco. If u is a function that is integrable to power p in X,

let
. 1/p
fullwro = ([ fupdu-s it [ gdu)”
X 9 Jx

where the infimum is taken over all upper gradients of u. The Newto-
nian space on X is the quotient space

NPP(X) = {u s [Jullvrex) < 00}/~,
where u ~ v if and only if ||u — v|[y1rx) = 0.

Throughout this paper, we assume that X supports a weak (1,1)-
Poincaré inequality, i.e. there exist constants cp > 0 and 7 > 1 such
that for all balls B(x,r) of X, all locally integrable functions u on X
and for all upper gradients g of u, we have

][ |U - uB(:v,r)| d,u < CPT][ g d:uv
B(z,r) X B(z,rr)



where

1
UB(z,r :][ ud,uzi/ wdp.
(e.r) B(z,r) M(B(SL’,T’)) B(z,r)

Let Q C X be an open set. For u € Li_(Q), we define the total
variation of u in {2 as

[Dul[(£2)

= inf { lim inf/ Gu; At = u; € Lip (), u; — w in L%OC(Q)},
Q

11— 00

where g,, is an upper gradient of u; in 2. As usual, we say that a
property holds locally if it holds in every compact set. We say that a
function u € L*(2) is of bounded variation, u € BV (Q), if || Du||(Q) <
00. Moreover, a measurable set £ C X is said to have finite perimeter
in Q if || Dxg||(2) < co. The theory of functions of bounded variation
on metric measure spaces has been developed in [19]. See also [1], [2]

and [3].

It is essential for us that the total variation is the restriction of a Borel
measure to open sets. For the following result we refer to Theorem 3.4
in [19].

Theorem 2.2. Let u € BVjo(X). For every set A C X, we define
| Dul[(A) = inf{|| Dul[(Q) : @ D A, Q@ C X is open}.
Then || Dul|(+) is a locally finite Borel outer measure. If uw € BV (X)),
then || Dul|(X) < oo.
Let E be a set of finite perimeter in X. For every set A C X, we denote
P(E, A) = [ Dxel/(A).
For short, we also write P(E) = P(E, X).

Remark 2.3. Since X is proper, the above result implies by measure
theory that if F is a set with finite perimeter in X, A C X is a Borel
set and € > 0, then there is a compact set K C A such that P(E, A) <
P(E,K)+e¢. See [18].

For sets E, F' C X, we denote

EAF =(E\F)U(F\E).
IftE, C X,9=1,2,..., are u-measurable, then we say that F; — E in
LY(Q), if u((E;AE)NQ) — 0, or equivalently

/ IxE, — x| du — 0,
Q

as i — o0o. Analogously, E; — E in Li (), if E; — E in L'(K) for
every compact subset K of (2 as ¢ — oo.
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Basic properties of the perimeter measure are collected in the following
lemma. The properties (i)-(vi) below follow easily from the definitions.
The property (vii) follows from the lower semicontinuity, Lemma 2.7.
For the proofs, we refer to [19)].

Lemma 2.4. (i) If u(EAF)NQ) =0, then P(E,Q) = P(F,Q).
(ii) PIEUF, Q)+ P(ENF,Q) < P(E,Q)+ P(F,Q).
(i) P(E,0) = P(X\ E,9).
(iv) (E\F Q) <P(E, Q)+ P(F.Q).
(v) If Q4,9 C X are open with Q3 NQy = 0 and E is a Borel set
such that P(E,Qy USy) is finite, then

P(E,Q UQy) = P(B,Q,) + P(E, Q).

Moreover, P(E,Q UQs) is finite if and only if P(E, ;) and
P(E,Qs) are both finite.

(vi) If Q1, Q9 C X are open, 0 C Qs and dist(E, Q2 \ Q) > 0, then
P(E, Ql) == P(E, QQ)

(vii) For Borel sets E;, i =1,2,...,

P(DEQ) < iP(Ei,Q). (2.5)

For the following compactness and lower semicontinuity properties of
the perimeter measure in the metric setting, see Theorem 3.7 and Pro-
position 3.6 in [19]. The assumption that the space supports a weak
(1,1)-Poincaré inequality is used in the proof of the following lemma.
We recall that if Q and ' are open sets, then ' € € denotes that
is a compact subset of €.

Lemma 2.6. Let () C X be open. Let E;, i =1,2,... be a sequence of
Borel sets such that for any ) € Q there exists a constant M(Q') < oo
for which P(E;, Q) < M(§Y) for everyi=1,2,.... Then there exist a
subsequence E;., j =1,2,... and a Borel set E such that F;; — E in
Lioe(€).

Lemma 2.7. Letu;, i = 1,2, ..., be a sequence of functions in BVi,.(£2)
converging to u in LlOC(Q). Then

[ Dul[(§2) < Tim inf [| Dug |(€2).
1—00

If E;, i =1,2,..., is a sequence of Borel sets converging to a Borel set

E in LL (), then

loc

P(E,Q) < liminf P(E;, Q).

1—00

The following coarea formula will be useful for us. For the proof, we

refer to Proposition 4.2 in [19].
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Theorem 2.8. Ifu € BV(X) and A C X is a Borel set, then

| Dul||(A) = /_00 P{z e X :u(x) >t}, A)dt.

We shall also need the following version of the Leibniz rule for functions
of bounded variation.

Lemma 2.9. Let Q C X be an open set, E C X be a Borel set with
finite perimeter and u : Q — [0, 1] be a function in NV1(Q). Then

1
/ P{z € E:u(x) >t},Q)dt§/ gudp+ P(E,Q).
0 ENQ
Proof. For 0 <t < 1 denote E; = {x € E : u(x) > t}. The coarea
formula implies that

/0 P(E,. ©) dt = | D(uX) | ().

Hence it is enough to show that

ID@XE)II(Q) < /E oudu+PE.Q)

Let v;, 1 = 1,2,..., be locally Lipschitz functions such that v; - Xg
in L (Q) and that

P(E,Q) = lim [ g, du.
11— 00 [¢)
Since truncations do not increase the BV energy and 0 < yg < 1, we
can assume that 0 < wv; < 1.

Let ¥ € Q). Then
/ luv; — uXg|dp < / lv; — Xgldp — 0
! Q/

as i — 0o, and hence uv; — uXg in L'(Q). Since ug,, + v;g, is an
upper gradient of uv;, by Lemma 2.7 and the dominated convergence
theorem,

D)) < limsup [ (ug, + i) di

1—00

< P(E,Q) +limsup/ Vi Gy At

1—>00
<PED+ [ gudn
EngY
The claim follows by exhausting {2 with an increasing sequence of rel-
atively compact sets ' € (). O

Now we apply the theory of functions of bounded variation to show

that the obstacle problem described in the introduction has a solution.
6



Theorem 2.10. Let €2 C X be open, and let E and F be disjoint
Borel sets in X. Then there exists a set Gy with QNN E C Gy and
GoNFNQ =0 such that

P(Go,Q) < P(G,Q)
for every set G with QN E C G and GNFNQ = 0.

Proof. Denote
A =inf{P(G,Q): G Borel set, QNE CG, GNFNQ=0}.

If A = oo, then we may choose Gy = E. Hence we may assume that
A < oo. First we observe that there exists a minimizing sequence of
Borel sets G, with QNE C G; and G;NFNQ = (@ foreveryi =1,2,. ..,
such that

lim P(G;, Q) = A.

1—00
In particular, this implies that there exists a constant M < oo such
that P(G;, Q) < M for every ¢ = 1,2,.... By Lemma 2.6, we obtain a
subsequence Gy, j = 1,2,..., and a Borel set G such that
XGi, = XGo 1 Lig(2)

as j — oo. By passing to a subsequence, if necessary, we can also
assume that

Xai;, = Xc, almost everywhere in Q

as j — oo. By changing G on a set of measure zero, we may assume
that QN E C Gy and Go N F N Q = (). Hence A < P(Gy, Q). On the

other hand, from Lemma 2.7 we conclude that
P(Goy, Q) < h}iiﬁlf P(Gi;, Q) = A
This shows that A = P(Go,?) and hence Gy is a minimizing set. [
We recall the following two-dimensional Euclidean example with the
Lebesgue measure from [10].
Example 2.11. Let Q = R2,
E={x=(x1,m3) €R?: |21| < 1, 2 = 0}
and F' = {z € R?: |z| > 4}. Then
inf P(G,Q2) =0,

where the infimum is taken over all Borel sets G with Q N E C G and
GNFNQ=0. In particular, E itself will do as a minimizing set and

P(FE,Q) = 0 since the Lebesgue measure of E is zero.
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The answer that the infimum is zero in the previous example is unsat-
isfactory in the sense of geometric measure theory, since F has positive
1-capacity. The main reason is the fact that there are too many ad-
missible test sets. In the next section we introduce a smaller class that
will serve our needs better.

3. THE DE GIORGI MEASURE

In this section, we define De Giorgi measure as in [11] and study its
basic properties in metric spaces.

Let £ C X be a Borel set. The upper density of E at a point z € X

is defined by
D(E,z) = limsu
o) = st = B, )

and the lower density by

B E
D(E,x) = liminf p(B(z,r) N )
T a (B, )
If D(E,x) = D(E, z) then the limit exists and we denote it by D(FE, z).
By the differentiation theory for doubling measures, we have

D(E,z) =1 for p-almost every x € F
and
D(E,x) =0 for p-almost every x € X \ F,
see for example the discussion in Section 2.7 o or .
fi le the di ion in Section 2.7 of [12 18

We denote by G the collection of all E C X such that E is y-measurable,

D(E,z) >0 forevery x € E,
and B
DX\ E,z) >0 foreveryze X \E,
(that is, D(E,z) < 1). In other words, F € G if both F and X \ F

are thick in the sense that the upper density of the set is positive at all
points belonging to the set. Clearly F € G if and only if X \ F € G.

It is possible to associate to every Borel set E C X several sets G € G
so that u(GAFE) = 0. Therefore, it makes sense to try to find a set in
this class that differs from the original set as little as possible. To this
end, we define

E={zcE:D(E,z)>0yU{ze X :D(E,z)=1}. (3.1)

Observe that E is a Borel set, E€g and, by the differentiation theory
of measures, we have M(EAE) = 0. It is clear that F € G if and only
if E = E. Moreover, for every G € G with u(GAE) = 0 we have
E\ECG\Eand E\ E C E\G. We also record that if E is open,

then £ C E.
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The proof of the following lemma follows directly from the definitions.

Lemma 3.2. With the notation as in (3.1),

(i) If Q is open and Ey, Ey are Borel sets with Ey NQ = EyNQ,
then E1 N Q= EyNQQ.
(i) IfE; €G,i=1,2,..., then

G E; C G E;.
i=1 i=1

Let € be an open set, and let E and F' be disjoint Borel sets in X. We
would like to reformulate the obstacle problem in the following way.
Find a set Gy € G with QN E C Gy and GoN FNQ = () such that

P(Gy, Q) < P(G,Q)

for every set G € G with QNE C G and GNFNQ = (). The example at
the end of the previous section shows that there may be no minimizing
set in this class.

In order to be able to obtain the existence of such a minimizing set
Gy € G, we need to relax the conditions ENQ C G and FNOQNG = 0.
Example 2.14 tells us that in order to obtain meaningful answers, we
should not relax the condition to the point of allowing measure zero
subsets of E' to leak outside of G nor measure zero subsets of F' to leak
into G. A finer notion than measure zero is needed here. We apply the
following geometric measure proposed by De Giorgi.

Definition 3.3. Let {2 C X be an open set and € > 0. For an arbitrary
E C X, we define

APLCIRLY)

0.(E,Q) = inf {P(G, Q) L GEGENQC G}.

The De Giorgi measure of E with respect to (2 is
o(E,Q) =sup o.(FE,Q) = lin% o.(F,Q).
e—

e>0

If Q = X, we denote 0(F) = o(E, X).

Theorem 3.4. Let 2 C X be an open set. Then the set functions
o-(+, Q) with e > 0 and o(-,2) are outer measures.

Proof. 1t is enough to show that o.(,2) is countably subadditive for
every € > 0. Let E;, 1 =1,2,..., be subsets of X. For every n > 0 and
for every 1 = 1,2, ..., there exists GG; € G such that F; N2 C G; and

G;NQ
L 1G9

P(G;, ) .

S Us(Eiu Q) + 2_Z7I
9



Denote - -
E:UEZ- and G:UGz-
i=1 i=1

As G; € G, by Lemma 3.2 (ii) we have G C G. Since p(GAG) = 0,
Lemma 2.4 (i) implies that P(G, Q) = P(G,). By (2.5)

Z (G:, Q).

SinceEﬂQCGCéandGEQwehave
u(GNQ) (G NQ)
€

0.(E,Q) < P(G,Q) + ;

gZP(Gi,QHZ@
<Za€ E;, Q) +n22 ’:iae (E;, Q) +
=1

The claim follows by lettlng n — 0. U
Lemma 3.5. If Q;,Qy C X are open and Q3 N Qy = 0, then
0 (E, Q)+ 0. (E, Q) =0 (E, 0 U,)
for every € > 0 and consequently
o(E, ) +0(E, Q) =0(E,Q UQ,)
for every E C X.

= P(G,9Q) +

Proof. 1t is enough to prove the claim for o.. Let n > 0 and let G € G
be such that £ N (2, UQs) C G and

(G N (2 UD))

5
Since ENQy, ENQy C G and G € G, we have by Lemma 2.4 (v) that

OE(Ea Ql) + OE(Ea QZ)
M(G? ) n

P(G, 0 UQ) +

S O'E(E, Ql U QQ) + n.

1(G N Q)

< P(G,)) + . 36)

P(G,Q) +
w(GN (L UQ))

= P(G, Q2 UQ) +
< o (E, Q1 UQ) + 1.
By letting n — 0 we arrive at
0 (E, Q1) + 0.(E, Q) <o (E, Q1 UQy).
Next, for = 1,2, let G; € G be sets for which £ N €); C G; and
(G N §)
€

€

P(G;, ) + <o.(E, ) +n

10



Define
G'=((GiNQ)U(G,NQ) and G=G"
Then EN (2 U) C G and G € G. With Lemma 2.4 (v), we have

QLU
Ue(E,Ql U Qg) < P(G’ Ql U Qg) + ,U(G N (81 U 2))

n w(GNEYy) N w(GNQy)
€ €
Since p(GAG') =0, from Lemma 2.4 (i), (ii) we conclude that
P(G, ) = P(G", Q) < P(G1 N0y, Q) + P(Ga N D, )
P(G; N Q;, 8)

= P(G,) + P(G, )

for i = 1,2. In the same way we see that u(G N ;) = pu(G; NQ;) for
1 =1,2. Thus

Ua(E,Ql U Qg) S P(Gl,Ql) + P(GQ,QQ)
<o (E, )+ 0.(E, Q) + 2n.

GiNnQN Gon
Jr/~L( 1E 1)+/~L( 26 2)

Finally, by letting  — 0 we arrive at
O'€<E7 Ql U Qg) S O'€<E, Ql) + O'€<E, QQ)
This completes the proof. O

Lemma 3.7. Let Q1,0 C X be open sets such that €y C €y and
let ¢ > 0. Then 0.(E,Q) < 0.(E,Qy) and consequently o(E, Q) <
O'(E, Qz)

Proof. By monotonicity of the measures P(G, ) and p(-),
P(G, ) < P(G,€) and  p(GND) < p(GNAQ,)

for all test sets G in the definition of o.(E, 22). The claim follows from
this. O

Lemma 3.8. If Qy,Qy C X are open, Q0 C Qs and dist(E, Qp \ Q1) >
0 >0, then
2¢e

0.(B, Q) < (1 + F)O—E(E, )

for every e > 0. Consequently o(E,Q) = o(E,Qs).

Proof. We may assume that o.(F, Q) < co. Let n >0 and let G € G
be such that £ Ny C G and

GNAQ
P(Gan) + % S 05<E791)+77-
11



We construct a test set for o.(E, §22) using the level sets of the Lipschitz
function

1, if dist(z, E) < d/4,
2
u(z) = g — Sdist(e, B), it 6/4 < dist(, F) < 33/4,
0, if dist(x, E) > 30/4.

Define G; = {x € G : u(x) > t}. Since u is 2/0-Lipschitz and 0 < u <
1, Lemma 2.9 implies that

1
/ P(G ) dt < / gudpi + P(G, )
0 GNy
2
S SM(G N Ql) + P(G, Ql),
and hence, for some 0 < tg < 1,

P(Gy, ) < (G N Q) + P(G, ). (3.9)

S| N

By the definition of u, we see that

GN(EsjuN&) =Gy N (Esya N ),
where Fj/y = {x € X : dist(z, E) < §/4}.
Since Es;4 Ny is open and

MW NECEs;;;NQy CGy,
it follows that E Ny C é’to. Since
dist(F,Q\ Q1) > 6 >0

and € C )y, we have ENQ; = EN €y Hence ENQy C éto.
Since
dist(Gyy, 0\ Q1) > 6/4,  p(GyAGy) =0 and Gy C Q1 U(X\ ),
we have

P(Giy, ) = PGy, Qs) = P(Gyy, Qa)
and

1(Gry N ) = (G N ).
12



Here we also applied Lemma 2.4 (vi) and (i). These facts, together
with (3.9), imply that

G, NQ
_'_M( to 2)

7.(B, ) < P(Gr, ) + 2

Gy N9
+,u( 1506 1)

+ P(Ga Ql)

IN

AN
TN S9N

M(G N Ql) + P(G, Ql)

2e ,u(G N Ql)
) + 1) €

2e

< (Z+1)(:(B, ) + ).

Letting  — 0 gives the first claim and then ¢ — 0 implies that
o(E,Q) < o(E,$y). The reverse inequality follows from Lemma 3.7.
This proves the second claim. O

Now we are ready to show that the De Giorgi measure is a Borel regular
outer measure.

Theorem 3.10. Let Q C X be open. Then o(+,Q)) is a Borel measure
and

o(E,Q) =inf{o(B,Q): B is a Borel set, E C B} (3.11)
for every E C X.

Remark 3.12. Since X is proper, the previous result implies that if
) C X is open and F C X satisfies 0(F,€)) < 0o, then for every € > 0
there is a compact set K C E such that o(E,Q) < o(K,Q) +¢. See
[18].

Proof of Theorem 3.10. We begin by showing that o is a Borel measure.
By the Carathéodory criterion, it is enough to show that
o(Ey U Ey, Q) = 0(Ey,Q) + o(E, Q)
whenever d = dist(E7, E2) > 0, see for example Theorem 1.1.11 in [4].
Let E4, E5 be such sets. Since o is an outer measure, the inequality
o(Ey U Ey, Q) < o(Ey,Q) + o(Fs, Q)

follows from subadditivity. Since d > 0, there are disjoint open sets U,
and U, such that £y, C Uy, E5 C Us, and

diSt(El,X \ Ul) > d/4 >0 and dlSt(EQ,X \ UQ) > d/4 > 0.
By Lemma 3.8 and monotonicity of o,
O'(El, Q) + O'(EQ,Q) = O'(El, U1 N Q) + O'(EQ, U2 N Q)

SO'(E1UE2,U1QQ)+O’<E1UEQ,UQQQ).
13



Since U; and U, are open and disjoint, Lemmas 3.5 and 3.7 imply that

o(EyUE,UiNQ)+o(EyUEy,,UyNQ)=o(EUE,, (U UUy) NQ)
< o(FEy U Ey, Q).

Hence o is a Borel measure.

For (3.11),let E C X, e >0 and let G; € G, i = 1,2,... be such that
ENQ C G, and that

0.(G ) < P 2) + MO < 0y 4 ]
1
Define
G(e) =[G

i=1
Then F N C G(e) and since each G is a Borel set, G(¢) is a Borel
set as well. Thus

0.(E,Q) <0.(G(e),Q) < iI}fJe(Gi, Q) =0.(E,Q). (3.13)

Now, for each k = 1,2,..., let G(1/k) be as above (for e = 1/k), and
define

G = ﬁ G(1/k).

Then E N C G and by (3.13),
o1/k(G,Q) < 01x(G(1/k), Q) < o1(E,Q).
Letting £ — oo and observing that G is a Borel set we arrive at
o(E,Q) > 0(G,Q) > inf{o(B,Q) : B Borel, E C B}.

The opposite inequality follows because ¢ is an outer measure. O

The following observation will be useful for us later.
Lemma 3.14. Let Q C X be open and E C Q. Then o(E,Q)) = o(E).
Consequently, for every F C X, we have o(F,§) = o(F N Q).
Proof. The inequality o(E,Q2) < o(F) follows from Lemma 3.7. We
define Borel sets 2; and I';, 2 = 1,2, ..., by setting

O, ={ze X :dist(x, X \ Q) > 1/i},
Fl :Ql, and Fz :Qi\Qi_l,’iZQ,g,....

Since the sets I'; are disjoint,

0= Fi)

~IC#



and since Borel sets are o-measurable by Theorem 3.10, we have

o(E) :o<Eﬂ (Gr)) :ia(EﬂPi). (3.15)

= i=1
Moreover, as F C ) and

zn:cr(E NL) =c(ENQ,)

i=1
for allm =1,2,..., (3.15) implies that
o(E)= lim oc(ENQ,).
n—oo

Since dist(E N Q,, X \ 2) > 1/n > 0, we may apply Lemma 3.8 to
E N, and we obtain
c(ENQ,) =c(ENQ,,Q) <o(E, Q).

The claim follows by letting n — oo. The second part of the theorem
follows from the first one, since

o(F,Q) =c(FNQ,Q) =a(FNQ). 0

4. THE DE GIORGI MEASURE AND THE HAUSDORFF MEASURE

In this section, we show that the Hausdorff measure of codimension
one and the De Giorgi measure are equivalent.

Let £ C X and R > 0. We define

Ha() —int {3 2PC) e Blaur)
i=1 v i=1
and

H(E) = lim Ha(E).

The number H(E), which is possibly infinite, is called the Hausdorff
measure of codimension one of E.

Let £ C X. We say that x € X belongs to the measure theoretic
boundary of F, and denote x € 0*FE, if

D(E,x) >0 and DX\ E,z)>0.

According to the next result, the total variation measure is concen-
trated on the measure theoretic boundary. For the proof, we refer to
Theorem 5.3 in [2]. See also [3].

Theorem 4.1. Let E be a set of finite perimeter in X and denote

Y, ={r € X :min{D(E,z),D(X\ E,z)} >~} C 0*E.
15



Then there is v > 0, depending only on the doubling constant and
the constants in the weak (1,1)—Poincaré inequality, such that P(F) =
P(E,X,). Moreover,

HO"E\XS,) =0 and H(O'E) < 0.

We also need the following version of the so-called boxing inequality.
For the proof in the metric setting, see [15] and [20].

Theorem 4.2. Let E C X be a set of finite perimeter with u(E) <
00, T the dilation constant in the weak (1,1)—Poincaré inequality and
E,={x € X : D(E,z) > ~}. Then there exists a collection of disjoint
balls B(x;, 7r;), i = 1,2, ..., such that

Efy - UB(.TZ‘,5TTZ‘),
i1
v p(E N B(x,7;))
2cp (B (i, 75))
fori=1,2,..., and

<

7
2

Z“ (2:,5773)) _ ¢ P(E).

5Tr; -

The constant ¢ depends only on the doubling constant cp, the constants
in the weak (1,1)-Poincaré inequality and vy > 0.

A combination of Theorems 4.1 and 4.2 above gives us the following
result.

Corollary 4.3. Let K be a compact set containing E € G. Then for
every R > 0 there exists 0 > 0, depending on R and K, such that if
u(E) < 0g then

H(E) < cP(E).

Proof. Fix R > 0. We may assume that P(E) < co. By Theorem 4.1,
there exists 7 > 0 such that
Hr(O'E\ E,) < H(O'E\ E,) =0, (4.4)
where E, is as in Theorem 4.2. Note that X, C E,. Let
= — inf .
Or 4CD inf p(B(z, R/57))

Since pu is doubling, dg > 0. By Theorem 4.2, there exists a covering
B(z;,57r;), 1 =1,2,..., of E,, such that

Z,u B(z;,5113)) < cP(E)

oTT;
16



and

W(B(zi 1)) < 207%(@

for every i = 1,2,.... Hence, if u(E) < dg, we obtain
u(B(z;, R/57))

for every i = 1,2,.... Thus 57r; < R for all « = 1,2,... and con-
sequently

DO | —

u(B(r., 1) < 5 inf p(B(r, Bf57)) <

Z,u (x;,577;)) < cP(E).

oTT;

This with (4.4) completes the proof, since F € G implies that E C
0*FE U E,, and consequently

HR<E) < HR(ﬁ*E \ EA/) —+ ,HR<E7) < CP(E) O

Now we are ready to prove the main result in this section.

Theorem 4.5. There exist positive constants ¢y and co such that for
any set B2 C X, we have

aH(E) <o(E) < cH(E).

Proof. We begin with the second inequality. We may assume that
H(F) < co. For every 0 < e <1 and n > 0, there exist balls B(z;,7;),
1=1,2,..., such that

E C GB(ZL‘Z‘,T‘Z'),
=1

r; <eforeveryi=1,2,... and
'Z‘Z7TZ
ZM < H(E) +1.

By the coarea formula, we have

/, " P(Blas 1)) dt < u(B(xi, 21)).

Hence for every i = 1,2,... there exists r; with r; < r; < 2r; and

p(B(xi,7i)) .

i

Let

B = JB(x:,7).
=1
17



Since u(BAB) = 0, Lemma 2.4 (i) implies that P(B) = P(B). Here
B is defined in (3.1). This together with Lemma 2.4 (vii) gives

P( i B(x;, 1))
< CZ wBo ) _ aymy 4 ).
In addition, since r; < €, we have
w(B) = n(B) < 3" n(Blan 7)) < CZM (w0 1)
i=1
< ij < c=(H(E) + ).

Since B is open, £ C B C B. In addition, B € G. Hence we may use
B as a test set in the definition of o.(-, X') and we have

o.(E) < P(B) + “(f )

1
< c(H(E) +n) + Ze(H(E) +n) < c(H(E) +n).
Letting € — 0 and then n — 0, we obtain
o(E) < cH(E).

Since ‘H and o are Borel regular measures, it is enough to prove the first
inequality for bounded sets F. We may also assume that o(E) < oo.
By the definition of o(F), for every € > 0 and 1 > 0 there exists a set
G € G such that £ C G and

<o(E)+n. (4.6)
Let us fix n > 0 and R > 0 and set € = dg(c(E) +n)"!, where 0 is as
in Corollary 4.3. Thus by (4.6) and by the choice of €, we have
n(G) < e(o(E) +n) = 0g.
Consequently, we can apply Corollary 4.3 and (4.6) to conclude
Hr(E) < Hr(G) < cP(G) < c(o(E) +1n).
Since R and 7 are arbitrary, it follows that

H(E) < co(E). O
18



5. EXISTENCE OF SOLUTION FOR A RELAXED PROBLEM

Let £, F C X be disjoint Borel sets. We are interested in finding a
set with minimal perimeter separating F and F'. As the main result in
this section, we show that there exists a set GGy € G such that

1(Go, . B, F) = inf I(G.Q, B, F),

where
I(G,QEF)=PGQ+c(E\NG)NQY +o(FNG)NQ).
Example 5.1. Let 2, E and F' be as in Example 2.11. Then the
minimizing set Gy = () and
inf I(G,Q, E, F) = 4.
Geg

The proof of the existence result is based on Proposition 5.9, which is
a lower semicontinuity result. First we give two preliminary results.

Lemma 5.2. Let Q C X be open and E C X be a Borel set. Suppose
that G € G satisfies

D(G,z) =0 foreveryx € E\ G.
IfG; € G,i=1,2,..., are such that G; — G in L _(Q) as i — oo,
then

o((B\G)NQ) < liminf (P(G;, Q) +o((B\ G)NQ)) + PG, Q).

Remark 5.3. In the collection of sets G’ € G with u(G'AG) = 0 the set
G satisfying D(G,z) = 0 for every z € E'\ G has the largest possible
intersection with E. Indeed, let G’ be such a set and let x € G' N E.
As G’ € G and p(G'AG) = 0, we have D(G,z) = D(G',x) > 0. Since
G has no density points in F'\ G and x € F, we have that z € G N E.
Hence G'NE C GNE.

Proof. Let ' € Q2 and € > 0. By Theorem 3.4, 0. is an outer measure
and therefore
o (E\G, Q) <o (E\G;,Y)+0.(G;\ G)NE, ). (5.4)

We estimate the second term on the right-hand side.

First we claim that (G; \ G) N E C @ Let xy € (G;\G)NE.
Then zy € E'\ G and by assumption D(G,z9) = 0. As G; € G and
19 € G; we have D(G;,79) > 0. A combination of these facts implies

that D(G; \ G,x0) > 0, and hence 7y € G; \ G. This proves the first
claim.

Since

u(@ﬁml(gai \G)) =0,



Lemma 2.4 (i) and (iv) imply that
P(G:\ G, ) = P(G,\ G, Q) < P(G,, ) + P(G,Y).  (5.5)

Moreover, we have

p((Gi\ G)NQ) = p((Gi\ G) NGY).
Since (G; \ G) N E C G/Z\\/G and G/Z\\/G € G, it follows from the
definition of 0. and (5.5) that

o (G5 \ Q)N EY) < P(G;\ G, ) + p((Gi\ G) N )

(5.6)

By (5.4), (5.6) and Lemma 3.7, we conclude that

0. (E\G.) < 0(E\ Gi, Q) + P(Gi, ) + P(G. ) + & \€G> ne)

Since G; — G in Li (Q), we have u((G; \ G)N Q') — 0 as i — oo.

loc

Letting first ¢ — oo and then ¢ — 0, we obtain by Lemma 3.14 that
c(E\G)NQ)=0c(E\G,Q)
<liminf(o((E\ G;) N Q)+ P(G;,Q)) + P(G,Q).
11— 00

The claim follows by exhausting {2 with an increasing sequence of open
sets ' € Q. O

The proof of the following result is similar to the proof of the previous
lemma and we leave it for the interested reader.

Lemma 5.7. Let Q C X be open and F C X be a Borel set. Suppose
that G € G satisfies

D(X\G,x)=0 foreveryx e FNG.

IfG, €G,i=1,2,..., are such that G; — G in Ll _(Q) as i — oo,
then
o(FNG)NQ) <liminf(P(G;,Q) + o((FNG;) NQ)) + P(G, Q).
11— 00

Remark 5.8. In the collection of sets G’ € G with u(G'AG) = 0 the
set G satisfying D(X \ G,z) = 0 for every x € F'N G has the smallest
possible intersection with F. Indeed, let G’ be such a set and let
x € F\G'" Since G' € G and u(G'AG) =0, we obtain D(X \ G,x) =
D(X\G',x) >0. Asz € F, wehave z € F\G and hence F\G' C F\G.

Now we are ready to prove the lower semicontinuity of I(-,Q, E, F).
The next result is a metric space version of Theorem 3.2 on page 144
of [11].
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Proposition 5.9. Let 2 C X be an open set and assume that E and
F are Borel sets for which ENF = (). Suppose that G € G satisfies
D(G,z) =0 for everyx € E\G
and
D(X\G,z)=0 foreveryx e GNF.
IfG, €G,i=1,2,..., are such that G; — G in Ll _(Q) as i — oo,
then

[(G,Q, B, F) < liminf I(G;,Q, E, F). (5.10)

1—00
Proof. We may assume that the right—hand side of (5.10) is finite. Thus
liminf(P(G;, Q)+ o((E\G;) NQ) +o((FNG;) NQ)) < oo.
1—00

By Lemma 2.7, we have
P(G, ) <liminf P(G;,Q) < 0.

11— 00

By Theorem 4.1, the measure P(G,-) is concentrated on 0*G. Fix
g > 0. There exists a compact set K; C 0*G N2 such that
P(G,Q) < P(G,K;) +e. (5.11)
By Borel regularity of o, see Theorem 3.10 and Remark 3.12, there
exist compact sets Ko C (E'\ G)NQ and K3 C (FNG)NQsuch that
c((E\G)NQ) <o(Ky)+e (5.12)
and
c(FNG)NQ) <o(K3)+e. (5.13)
By the assumptions the sets 0*G, E'\ G and F'N G are disjoint. Thus
there exist disjoint open sets €2; C Q such that K; C §;, 1 = 1,2,3.
Inequality (5.11) implies that
P(G,Q) <e and P(G,Q3) <e.
We use estimates (5.11), (5.12), (5.13) and Lemma 3.14 and apply
Lemmas 2.7, 5.2 and 5.7in €2y, €25 and €3, respectively, and obtain
PG +o(E\NG)NQ)+o((FNG)NQ)
SP(G,Ql) +O‘((E\G) ﬂQg) +U((FﬂG) ng) +3€

1—00

1—+00

1— 00
+o((E\NG)NQY) +o((FNG)NNQ))+ P(G,QUQ3) + 3¢
<liminf I(G;,Q), E, F') + 5e.
1— 00
Since € > 0 was arbitrary, this completes the proof. O
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As a corollary of the above result, we obtain the existence of a minim-
izing set.

Theorem 5.14. Let 2 C X be open. Let E and F' be Borel sets in X
such that ENEF = (. Then there exists Gy € G such that

[(Go, Q, E, F) = inf{I(G,Q, E,F) : G € G}.

Proof. Let G € G be such that I(G,Q, E, F) < co. We define
G'={re X :D(G,zx) =1},
G"={r e X:D(G,x) >0},
and
G'=(GUENG)\(F\G).
Then G* € G and G* satisfies the assumptions of Proposition 5.9.
Since u(G*AG) = 0, by Theorem 2.4 (i) we have P(G*, Q) = P(G, ).
Moreover, £\ G* C E\ G and F N G* C F'NG. Therefore it follows
that
(G Q,E, F)<I(G,QEF).
Now by Lemma 2.6, we can find G; € G, 1 =1,2,..., such that G; —
Gy in L .(Q) for some Gy € G and

lim I(G;,Q, E, F) =inf{I(G,Q0, E,F): G € G}.

i—00
By the reasoning above, we can replace the set Gy by G{ without
increasing the limit, and the result follows by Proposition 5.9. 0

Remark 5.15. If G is a minimizing set and 1(Gy, 2, E, F') < oo, then
c((E\Gy)NQ)<oo and o((GoNF)NQ) < oo.

It follows easily from the definition of ¢ that sets with finite o-measure
are of py-measure zero and, in particular, that

p((E\NGo)NQ)=0 and u((GoNF)NQ)=0.

It is natural to ask whether the minimizing set G of the above theorem
is also minimal with respect to itself; that is, whether the minimizing
process is a stable process. The next lemma gives an affirmative answer.

Lemma 5.16. Let Q) C X be open. Let E and F' be Borel sets in X
such that ENF = 0 and let Gy € G be a minimizing set given by
Theorem 5.14. Then

I(Gy,Q, Gy, F) =inf{I(G,Q,Gy, F): GG}
and
(G, Q,GoUE F)=inf{I(G,Q,GoUE,F): Geg}.
Moreover, the infimums are same, that is

[(GmQ,GQUE,F):[<G0,Q,E,F).
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Proof. First note that for every G € G, E; C F5 and F', we have
I(G,Q, B, F) <I(G,Q, Es, F).
By this observation and the definition of I, we have for every G € G
I(G,Q,Gy, F) >I1(G,Q,GoNE,F)
>1(G,QE F)—o((E\ Gy NQ)
>1(Go, 2 E F)—o((E\ Go) NQ) = 1(Go, 2, Go, F).

This proves the first claim. Since F \ Gy = (E'U Gy) \ Gy, we also see
that

I(G,Q,GyUE F)>I1(G,Q,E, F)
>1(Go,Q E F)=1(Go,Q,GoUE, F).

Here we also used the last assertion, which holds since
I(Go,Q,GoUE,F) = P(Go, Q) + o(E\ Go) + o(FNGy)
=1(Gy,Q, E, F).

This completes the proof. O

The following result gives relations between three different obstacle
problems. The first and third problems involve only the familiar peri-
meter measure of the competing sets G, whereas the second problem is
the one studied above and it involves the De Giorgi measure in addition
to the perimeter measure.

Proposition 5.17. Let (2 C X be open, and let E and F' be disjoint
Borel sets in X and denote

A =min{P(G,Q) : G Borel set, QNE C G, GNFNQ =0},
vy=min{/(G,Q,E,F): Ge G} and
v=if{P(G,Q): GEG, ENQCGGNFNQ =0}

Then N < v < wv. If, in addition,

D(ENQ,z) >0 for everyx € ENS)

and

D(FNQz) >0 for every x € FFNE,
then A\ =~y =v.
Proof. First we show that A < . Without loss of generality we may
assume that v < co. By Theorem 5.14 there is Gy € G such that
P(Go, Q) +0(E\ Gy, Q) +0(GoNF,Q) = 1.
It follows from Remark 5.15 that
p((E\Go)NQ)=0 and u((GoNF)NN)=0.

The set

G1=(GoU (E'\ Gp)) \ (GoN F)
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is a Borel set with £ C Gy and Gy N F = (). Since u(GoAG1) =0, by
Lemma 2.4 (i) we have
Let us then show that v < v. For every G € G with ENQ C G and
GN(FNQ) =0, we have

I(G,Q,E F)=P(G,Q)
since o((E\ G)NQ) =c((FNG)NQ) =0. The claim follows.

Finally, assume that

D(ENQ,z) >0 forevery x € ENS)

and

D(FNQz) >0 forevery z € FNQ.

By Theorem 2.10, there is a Borel set Gy such that £ N Q C Gy,
FNQNGy=0and P(Ggy,Q) = A. Then

ENQCENQC G

Similarly, we have
FAQCFAQCX\Go=X\Go
Thus Go N FNQ =0 and it follows that
v < P(Go, Q) = P(Gy, Q) = \. O

6. COMPARISON OF OBSTACLE PROBLEMS AND CAPACITIES

In this section, we explore the relationship between relaxed obstacle
problems, the variational capacity of order one and the BV -capacity.
Recall that the Hausdorff measure of codimension one and the De
Giorgi measure are equivalent. In [15] it was shown that if E is a
compact subset of X, then the variational capacity of E is a geometric
object in the following sense:

cap,(E) = inf{P(U,X) : E C U open, u(U) < 0o} ~ Hoo(F).

Here, the variational 1-capacity is defined as
cap, (E) = inf/ gdp,
X

where the infimum is taken over all functions v € N (X) such that
u = 1 on E, and all upper gradients g of u. While this result does
indicate that the variational 1-capacity is a geometric measure theoretic
concept, it has two drawbacks; in general, the infimum above is not a
minimum (see Example 2.11), and if the metric measure space X is 1-

parabolic (see [15] for this concept) the quantity cap,(E) = 0 for all E
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and so does not impart useful geometric information. Here we consider
a relative capacity that addresses the two concerns mentioned above.

Let B be a ball in X. For E C B, we define the BV capacity as
cappy (B, B) = inf | Du||(X),

where the infimum is taken over all w € BV (X) such that v = 1 in
a neighbourhood of E and v = 0 in X \ B. We set the 1-capacity
cap;(E, B) in an analogous manner by taking the infimum over all
u € NV (X) such that w = 1 in F and w = 0 in X \ B. It turns
out that the BV-capacity capg, (F, B) is the same as the infimum in
three modifications of the obstacle problem studied in the previous
section. The three obstacle problems, studied in Proposition 6.3, give
rise to three apparently different quantities \g, v, and 7o, but the main
theorem of this section, Theorem 6.1, relates all these quantities. To
obtain this relationship we need to modify the relaxed obstacle problem
developed in the previous section, as follows.

Let B C X beaball, andlet E C Band F = X\ B with dist(E, F) > 0
and denote
X =inf{P(G):Ged ECintG, GNF =},
v =inf{I(G,X,E,F): GegG, ECintG} and
vo=1nf{P(G): GeG, ECintG,GNF =0}.
In Proposition 6.3 more general sets E, F' will be considered.
Theorem 6.1. Let B = B(z,r) be a ballin X, E C B, F = X\ B

and Q = X. Then capgy (F, B) = 1y = A\g = 70, where the quantities
Ao, Vo, and 7y are as above.

In general capgy (E, B) and the variational 1-capacity cap,(E, B) need
not be equivalent. However, if in addition E is compact, then by the
results in [15], cap, (£, B) =~ vy.

Example 6.2. Let X = R? be equipped with the Euclidean metric but
the measure p given by du(z) = (2 — xg(z)) dz, where @ is the closed
unit square centered at the origin and dx is the Lebesgue measure on
R?. Then with F = @Q and B = B(0,2), we see that

capgy (E, B) = 19 = 8,

whereas, we can find a sequence of G; € G with £ C intG; and G; C B
such that xg, — xg in L'(X),

[<G17X7E7X\§) — o,
and F € G, but
I(E,X,B,X\B) = P(E) = 4.

Thus in general we cannot expect the limiting set G obtained from a
minimizing sequence for vy to satisfy I(Go, X, E, X \ B) = 1.
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The class G’ denotes the collection of all Borel sets E that satisfy

D(E,z) >0 forevery x € E.

Note that if F' is an open set, then F' € G'. In application to The-
orem 6.1, we will take F' to be a subset of a ball B and F' to be the
open set X \ B.

Proposition 6.3. Let ) C X be open, and let E and F be Borel sets
in X with dist(E, F') > 0 and denote
X =inf{P(G,Q):Ged QNECintG,GNFNQ =0},
Yo =inf{I(G,Q E,F): GG, QNE CintG} and
v =mf{P(G,N): GeG, ENQCintG,GNFNQ =10}
Then Ao < v < vy. 1If, in addition F' € G', then \g = v = 1.
Proof. First we show that \g < 7. If 79 = o0, the claim is obvious.

Hence we may assume that vy < co. Let € > 0 and let G; € G be a set
with QN E C int G; and

I(G1,Q,E,F) <7y +e.
This implies that o(FNG;NQ) < oo and consequently u(FNG;NQ) =
0. Therefore,
D(FNGiNQx)=0 forevery z € (.

Let
Gy =G1\ (FNQ).

Since G; € G C G, by the comment above we see that G, € G'.
Moreover, QN E C int Gy and F NGy N Q= 0. Thus

)\OSP(GQaQ):P(GlaQ)SI(GlaQaE’F)S/YO+E

Here we also used the fact that u(G;AGs) = 0 and Lemma 2.4 (i).
Letting ¢ — 0, we obtain Ay < 7.

Next we claim that v < vy. If G € G is a set for which ENQ C int G
and FNGNQ =0, then

I(G,Q,E,F)=P(G,Q).
The claim follows.

Finally, we show that if F' € G’ then vy < A\g. Let ¢ > 0 and G € G’ be
a set for which

ENQcCcintG, FNGNQ=0 and P(G,Q) <X +e.

We denote
G ={reQ:DG,x) =1}
By the differentiation theory for measures we have p(G"\ G) = 0. Let

Gy =GUG".
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As u(G'AGy) = 0, by Lemma 2.4 (i) we have P(G,§) = P(G4, Q).
Moreover, since G C G; and G € G, we have EN§ C int G;. Observe
that FNGNQ =0. As

D(F,z) >0 forevery x € FNQ,

we see that FNG' = 0. Thus G, € G, FNG1NQ = 0 and ENQ C int G;.
Consequently

Vo S P(Gl,Q) = P(G,Q) S )\0+€.
Letting ¢ — 0 we see that vy < Ag. O
Proof of Theorem 6.1. First we show that vy < capgy(E,B). Let

e > 0. Take u € BV(X) such that 0 < v < 1in X, u > 1 in a
neighbourhood of E, u = 0 in F' and

[Dul|(2B) < cappy (E, B) +¢.

By the coarea formula
1
/ P({z € X :u(zx) > t},2B)dt = | Du||(2B).
0

Hence there exists ¢t with 0 < ¢ < 1 such that
P{z e X :u(z) > t},2B) < ||Du||(2B).

Let A= {z € X : u(z) > t}, and let A be the corresponding set given
by equation (3.1). Then A C B and hence AN F = () and

EcCint{r € X :u(z) =1} C A.
Since D(A,z) = 0 for every z € F, we have AN F N 2B = (). Thus
E=FNQCintA, AeG and ANFN2B=1
with P(A,2B) = P(A,2B). This implies that
v < P(A,2B) < ||Dul|(2B) < capgy (E, B) +&.
Letting € — 0 we arrive at vy < capgy (£, B).

In order to see the other inequality, let G € G such that ENQ) C int G,
GNFNQ=(and

P(G, QB) S IZ0) + €.
If vy = oo, there is nothing to prove, so we suppose that 1 is finite.

Then we have that y¢ € BV(X) with G C B. Since yg = 1 in a
neighbourhood of F, it follows immediately that

cappy (B, B) < [[Dxell(X) = P(G,2B) < v + €.

Letting € — 0 yields cappgy (E, B) < 1. O
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As stated above, if E is a compact set, then cap, (£, B) ~ 1. We also
obtain a better comparison result as follows. Observe that since F is
compact and is contained in the interior of the test set G € G used in
the computation of vy, there exists 6 > 0 such that the 36-neighborhood
of E, denoted FEjss, is contained in G.

Let v;, © = 1,2,..., be a sequence in NY1(X) such that 0 < v; < 1,
v; = X¢ in L'(X) and
lim [ ¢, du= P(G,2B) = P(G,X).

X

1—00

Since v; — x¢ only in L'(X), we do not know that v; = 1 on E.
Therefore we need to modify v; to obtain a function in N%(X) that
takes on the value 1 on E. To this end, let  be a Lipschitz function
such that 0 <7 <1, n =1 on the set Es, and n = 0 on X \ Eys, and
set

w; =n+ (1 —=n),.

Then u; = 1 on Es and w; = (1 —v;)n +v; on X \ Es, and it follows
that the minimal upper gradient g,, = g; satisfies

gi < (1 =w;i)gy + (1 +1)g,

on Fos\ Es, g; =0 on Ej, and g; = g, on X \ Eys. Furthermore, it can
be seen that u; — xg in L'(X). Since 0G C X \ F3s, by Remark 3.2
in [19],

P(G, X\ Ey) = P(G,X).

It follows from the lower semicontinuity, Lemma 2.7, that

P(G. X\ Bay) < limint [ g d < im [ g, dn = PG.X),
X\ Eas i—oo Jy

71— 00
and therefore

1—00

lim inf/ Gv; dpe = 0.
Ess
By passing to a subsequence of (v;)$°, if necessary, we may assume that

lim Gy, dpt = 0.

1—00 Eas

A similar truncation allows us to assume also that for a fixed £ > 0,
v; =0on X\ (1+¢)B. Observe that

(1-v)g, =0 in LX),
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and so

cap, (E,(1+¢)B) < liminf/ gidp
X

1—00

1—00 1—00

< lim sup/ gi dp + lim sup/ G, dpL
FEos X\E26

< PG X) +limsup [ (20,4 (1= ) do
Eas\Es

1—00
= P(G, X),
where we used the fact that g, is bounded. From this it follows that
cap;(E, (1 +¢)B) < cappy(F,B) = vy < cap,(E, B).

As an easy corollary to Theorem 6.1 we obtain the following result
connecting BV-capacity to Hausdorff measure.

Corollary 6.4. Let E C B with capgy (E, B) > 0. Then there ezists
G € G such that E C int G and

H(0*G) ~ capgy, (E, B).

Proof. By Theorem 6.1, since capg, (F, B) > 0, there exists G € G such
that £ C intG, G C B, and P(G) < 2capgy(E, B). Furthermore,

with u = x¢ we have u = 1 on a neighborhood of F and v = 0 on
X \ B. Hence

capgy (£, B) < [[Dxc|l(X) = P(G),
and therefore
C&va(E, B) S P(G) S 2 CapB\/(Ev B)

The claim now follows from Theorem 4.1. O
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