LOCAL HOLDER CONTINUITY FOR DOUBLY
NONLINEAR PARABOLIC EQUATIONS

TUOMO KUUSI, JUHANA SILJANDER AND JOSE MIGUEL URBANO

ABSTRACT. We give a proof of the Holder continuity of weak solutions
of certain degenerate doubly nonlinear parabolic equations in measure
spaces. We only assume the measure to be a doubling non-trivial Borel
measure which supports a Poincaré inequality. The proof discriminates
between large scales, for which a Harnack inequality is used, and small
scales, that require intrinsic scaling methods.

1. INTRODUCTION

We consider the regularity issue for nonnegative weak solutions of the
doubly nonlinear parabolic equation
O(uP~1)
ot
This equation is a prototype of a parabolic equation of p-Laplacian type.
The solutions of this equation can be scaled by nonnegative factors, but in
general we cannot add a constant to a solution so that the resulting function
would be a solution to the same equation.

The purpose of this paper is to obtain a clear and transparent proof for
the local Holder continuity of nonnegative weak solutions of (1.1). Our work
is a continuation to [17], where Harnack’s inequality for the same equation
is proved. See also [21], [11], [10] and [24]. However, since we cannot add
constants to solutions, the Harnack estimates do not directly imply the local
Holder continuity. To show that our proof is based on a general principle, we
consider the case where the Lebesgue measure is replaced by a more general
Borel measure which is merely assumed to be doubling and to support a
Poincaré inequality. In the weighted case, parabolic equations have earlier
been studied in [1], [2] and [20]. See also [8].

This kind of doubly nonlinear equations have been considered by Vespri
[23], Porzio and Vespri [19], and Ivanov [14], [15]. The known regularity
proofs are based on the method of intrinsic scaling, originally introduced
by DiBenedetto, and they seem to depend highly on the particular form
of the equation. However, the passage from one equation to another is
not completely clear. For other parabolic equations, the problem has been
studied at length, see [4], [3], [7] and [22], and the references therein.

The difficulty with equation (1.1) is that there is a certain kind of di-
chotomy in its behavior. Correspondingly, the proof has been divided in

— V- (|[VuP™2Vu) =0, 2<p< . (1.1)
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two complementary cases:
Casel: 0 <essinfu << essoscu

and
Case IT: P 2wy ~ Cuy.

In large scales, i.e., in Case I, the scaling property of the equation domi-
nates and, consequently, the reduction of the oscillation follows immediately
from Harnack’s inequality. In small scales, on the other hand, the oscillation
is already very small and, thus, the solution itself is between two constants,
the infimum and the supremum, whose difference is negligible. Correspond-
ingly, the nonlinear time derivative term, which formally looks like uP~2uy,
behaves like u; and we end up with a p-parabolic type behavior. However,
also in this case, we still need to modify the known arguments. In particular,
the energy estimates are not available in the usual form and we need to use
modified versions as in [5], [15] and [25].

Our argument also applies to doubly nonlinear equations of p-Laplacian
type that are of the form

O(uP™1)
ot

For expository purposes, we only consider (1.1).

Very recently, a direct geometric method to obtain local Holder continuity
for parabolic equations has been developed in [6] and [9]. Despite the effort,
the general picture remains unclear.

- V- Az, t,u,Vu) = 0.

2. PRELIMINARIES

Let u be a Borel measure and € be an open set in R?. The Sobolev space
HYP(Q; ) is defined to be the completion of C°°(2) with respect to the

Sobolev norm
1/p
g = ( [+ 9up) dﬂ) .

A function u belongs to the local Sobolev space Hllo’f (Q; ) if it belongs
to H'P(QY; ) for every € € Q. Moreover, the Sobolev space with zero
boundary values Hé’p (Q; ) is defined as the completion of C§°(£2) with
respect to the Sobolev norm. For more properties of Sobolev spaces, see e.g.
[13].

Let t; < t3. The parabolic Sobolev space LP(ty,to; H'P(Q;u)) is the
space of functions u(x,t) such that, for almost every ¢, with t; < ¢t < to, the
function u(-,t) belongs to HYP(Q; 1) and

to
/ /(|u]p + |Vul?P) dv < oo,
t1 Q

where we denote dv = du dt.
The definition of the space LY (t1,ts; Hllo’f(Q; 1)) is analogous.

loc
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Definition 2.1. A function u € L? (t,t2; HP (€% 1)) is a weak solution of

loc loc

equation (1.1) in © X (#1,t2) if it satisfies the integral equality

/t2 / <Vu|p_2Vu -V — up_la(b> dv =0 (2.2)
t1 Q 875

for every ¢ € C§°(Q x (t1,t2)).

Next, we recall a few definitions and results from analysis on metric mea-
sure spaces. The measure p is doubling if there is a universal constant
Dy > 1 such that

M(B(xa 27’)) < DOM(B(J}7 T))v
for every B(z,2r) C Q. Here
B(z,r)={yeR%: |y —z| <r}

denotes the standard open ball in R4 Let 0 < r < R < oco. A simple
iteration of the doubling condition implies that

u(B(,R) _ . <R>dﬂ
p(B(x,r) —  \r)
where d,, = logy Dg. A doubling measure in ) also satisfies the following
annular decay property. For every 0 < a < 1, there exists a constant ¢ > 1
such that
u(B(z,r) \ B(x, (1= 6)r)) < cd*u(B(z,r)), (2.3)

for all B(z,r) C Qand 0 < ¢ < 1.

The measure is said to support a weak (1, p)-Poincaré inequality if there
exist constants Py > 0 and 7 > 1 such that

1/p
][ |U - uB(I,’I‘)‘ dp < Por <][ |Vu|p d#) )
B(z,r) B(z,rT)

for every u € Hllo’p(Q; w) and B(z,7r) C Q. Here, we denote

C

UB(z,r) —][ wdp = 1/ u ds.
B(Q?,?") /,L(B(x, T)) B(Z‘,"’)

The word weak refers to the constant 7, that may be strictly greater than
one. In R? with a doubling measure, the weak (1, p)-Poincaré inequality with
some 7 > 1 implies the (1, p)-Poincaré inequality with 7 = 1, see Theorem
3.4 in [12]. Hence, we may assume that 7 = 1.

On the other hand, the weak (1, p)-Poincaré inequality and the doubling
condition imply a weak (k,p)-Sobolev-Poincaré inequality with

dup
, 1<p<d,,
k=< dy,—p P= (2.4)
2p, p=> d,ua

where d,, is as above. In other words, Poincaré and doubling imply the
Sobolev inequalities. More precisely, there are constants C > 0 and 7/ > 1
such that

1n 1/p
(][ = upe | dn) < Cr (][ IVUI”dM> . (25)
B(z,r) B(z,7'r)
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for every B(x,7'r) € Q. The constant C' depends only on p, Dy and Pj.
For the proof, we refer to [12]. Again, by Theorem 3.4 in [12] we may take
7 =11n (2.5).

For Sobolev functions with the zero boundary values, we have the fol-
lowing version of Sobolev’s inequality. Suppose that u € Hé’p (B(x,r); p).

Then
1/k 1/p
<][ |u|™ d,u) <Cr <][ |VulP d,u) . (2.6)
B(z,r) B(z,r)

For the proof we refer, for example, to [18].

Moreover, by a recent result in [16], the weak (1, p)-Poincaré inequality
and the doubling condition also imply the (1, ¢)-Poincaré inequality for some
q < p, that is

1/q
]l |u — up(z ) dp < Cr <][ |Vu|? d,u) . (2.7)
B(z,r) B(z,r)

Consequently, also (2.5) holds with p replaced by ¢q. We also obtain the
(¢, q¢)-Poincaré inequality for some g < p.

In the sequel, we shall refer to data as the set of a priori constants p, d,
Do, and Po.

Our main result is the following theorem.

Theorem 2.8. Let 2 < p < oo and assume that the measure is doubling,
supports a weak (1, p)-Poincaré inequality and is non-trivial in the sense that
the measure of every non-empty open set is strictly positive and the measure
of every bounded set is finite. Moreover, let u > 0 be a weak solution of
equation (1.1) in R, Then u is locally Hélder continuous.

We will use the following notation for balls and cylinders, respectively:
B(r) = B(0,r)
and
Qt(S,T) = B(T) x (t - Svt)'
For simplicity, we will also denote
Q(s,r) = Qo(s,r) = B(r) x (—s,0).

Recall Harnack’s inequality from [17].
Theorem 2.9. Let 1 < p < oo and suppose that the measure p is dou-
bling and supports a weak (1,p)-Poincaré inequality. Moreover, let u > 0

be a weak solution to (1.1) in R?. Then there exists a constant Hy =
Hy(p,d, Dy, Py, (t — (s — rP))/rP) > 2 such that

esssupu < Hy essinf u
Q(rP,r) Qs(rP,r)

where s >t + rP.
Proof. See [17]. O

In addition, in [17] it is also proved that all solutions of equation (1.1)
are locally bounded. In the sequel, we will assume this knowledge without
further comments.
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3. CONSTRUCTING THE SETTING

Our proof is based on the known classical argument of reducing the os-
cillation, see [4], [7] and [22]. However, the equation under study has some
intrinsic properties which are not present, for instance, in the case of the
p-parabolic equation. In large scales, the scaling property dominates and
the oscillation reduction follows easily from Harnack’s inequality. In this
case, the equation resembles the usual heat equation.

In small scales, in turn, the equation changes its behavior to look more
like the evolution p-Laplace equation. Indeed, when we zoom in by reducing
the oscillation, the infimum and the supremum get closer and closer to each
other. Consequently, the weight «”~2 in the time derivative term starts to
behave like a constant coefficient and we end up with a p-parabolic type
behavior. Resembling this divide between large and small scales, the proof
has to be divided in two cases.

We study the (local) Hélder continuity in a compact set K and we choose
the following numbers accordingly. Let

fy < essKinf u and ,ug > esssup u,
K

and define
wo = g — g -

Furthermore, choose j, small enough so that

(2Ho + Vg < wo (3.1)
holds. We will construct an increasing sequence {y; } and a decreasing
sequence {7} such that

pi =y =wi=0o'w

for some 0 < o < 1. Moreover, these sequences can be chosen so that

esssupu < ,u;r
Qi

and

essinfu > p,",
for some suitable sequence {Q'} of cubes. Consequently,
essoscu < wj.
The cubes here can, and will be, chosen so that the size of the cubes decreases

in a controllable way so that we can deduce the Hélder continuity. Observe
also that if

(2Ho + 1)p, < wj

fails for some jy, the above sequences have been chosen so that

ut
L < 2Hy+2 (3.2)
Hj

for all § > jp.
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We are studying the local Holder continuity in a compact set K. Our aim
is to show that the oscillation around any point in K reduces whenever we
suitably decrease the size of the set where the oscillation is studied.

The next step is to iterate this reduction process. We end up with a
sequence of cylinders Q°. For all purposes, in the sequel, it is enough to
study the cylinder Q° := Q(nrP,r) instead of the set K. Indeed, for any
point in K we can build the sequence of suitable cylinders, but since we can
always translate the equation, we can, without loss of generality, restrict the
study to the origin.

The equation (1.1) has its own time geometry too, that we need to respect
in the arguments. This is important, especially in small scales, when the
equation resembles the evolution p-Laplace equation. We will use a scaling
factor n = 22®=2+1 jn the time direction, where A; > 1 is an a priori
constant to be determined later.

4. FUNDAMENTAL ESTIMATES

We start the proof of Theorem 2.8 by proving the usual energy estimate
in a slightly modified setting, which overcomes the problem that we cannot
add constants to solutions, see [5], [15] and [25]. We introduce the auxiliary
function

uP~!

T(uh)z) =+ [

kp—1

1/(p—=1) _
(60—k) e
—xp=1) [ (R

(u—k)+
—(p— 1) /0 (k= &P 2¢ de.

Hence, we have
O(uP~1)
ot

In the sequel, we will also need the following estimates. Clearly,

gtj((u—k)i) —+ (u—k)s. (4.1)
(u—k)+
T((u-k)4) = (p— 1) /0 (k+ &P 2 de

< P b (k) )P 2 (k)2 (4.2)

and

(u—k)+
T((u—k)1) > (p— 1)k~ /0 € de

(4.3)
(b}

> (p— kP2

Observe, that the assumption p > 2 is used here.
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On the other hand,

(u—k)—
T((u—k)-) = (p— 1) /0 (k- €2¢ de

(4.4)
(p—1) ,-
> 5 U 2(u—k)?.
Moreover,
(u—k)—
T((u-k)) = (p—1) /0 (k- €2 de
< (p— kP2 / " e (4.5)
0

_ (p- 2R

Now we are ready for the fundamental energy estimate.

Lemma 4.6. Let u > 0 be a weak solution of (1.1) and let k > 0. Then
there exists a constant C = C(p) > 0 such that

to
ess sup /Q T((uk)2)e? du + / /Q IV (k) ol dv
t1

t1<t<ts
to to 5)(,0
<c [* [wwgwerasro [7 [ gu-noe () d,
t1 Q t1 Q ot +
for every nonnegative p € C3°(S2 x (t1,12)).

Proof. Let t1 < 71 < 179 < t3. We formally substitute the test function
¢ = £(u—k)+ P in the equation and obtain

- T2 72 a(up—l)
O—/T1 /Q<\Vu]p Vu-Vo+ 5 ¢> dv

:/TQ/QIV(u—k‘)|P—2(iV(u—k:)i).V(j:(u—k;)ispp)d,/ (47)

T2 a(upfl)
+ — P dy.
/n /Q 5 (u—k)1L? dv

Now the first term on the right-hand side can be estimated pointwise from
below as

IV (u—k) P72 (£V (u—k)2) - V(E(u—k)£0")
> |V(u—k)£Pe? = plV (u—k) 2P~ P (u—k)£]| Dol

and the last term is estimated further by Young’s inequality as
= p|V(u—=k)£ P~ P (u—k) £ Dl

1
> =5 [V(u=k)+ PP — Clu=k)L[Del’.



8 KUUSI, SILJANDER AND URBANO

Thus we have

1 T2 T2 p—1
/ /|V(u—k)ig0|pdyj:/ /8u
2 71 JQ 71 JQ
T2
< C/ /(u—k)ngo[pdy.
1 Q

Using (4.1) and integrating by parts,

P iy — vz
// 5 uk‘i@du //875 ((u—Fk)1)? dv

[/J (2, t)—k)L) P (xt)du}

—p/ /juk 15122 4,
ot
So we obtain

/Q T (e, m2) k) £)P (2, 72) dp + / /Q 1V (k)P dv

)(u—k‘)igop dv

(4.8)

=T1

< [ (e )R @ du+C [ [ wbkVepds (wo)

+C/T;2/Qj((u—/€)i)‘70p_l (aaf>+ dv.

Now we can drop the second term from the left hand side, let 7y — t1, choose
T9 such that

| Tt m) @ mydn = Gesssup [ T(wb))edn @10
Q

t1 <t<t2

and estimate the limits of integration on the right hand side of (4.9). On
the other hand, we can also drop the first term on the left hand side of (4.9)
and let 77 — t1 and 79 — t3. Summing the estimates for both terms gives
the claim. U

Let us denote

V() = U(H,, (u—Fk)s,¢) = <ln <c+ H,ffi]fi(u—k)j:))Jr'

The following logarithmic lemma is used in forwarding information in time.

Lemma 4.11. Let u > 0 be a weak solution of equation (1.1). Then there
exists a constant C = C(p) > 0 such that

esssup | w202 (u)g? dp < / 202 (u) (2, 1) (@) dp
Q

11 <t<ta

/ b () PPV P du
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and

ess sup /Q B 22 (u) dp < /Q P22 () (z, 1) () dp

t1<t<ta
to 5
112—
[ vl oIV av
1 Q
Above, ¢ € C§°(2) is any nonnegative time-independent test function.

Proof. Choose
0
Gu(u) = - (U3 (w)g?

in the definition of weak solution and observe that

WD) = (1 +vx)(w))*. (4.12)

The parabolic term will take the form

/: P Yo (u dy—/tg/ 875/p 1 (s'/®P=DYy ds dv
[/ /kp pu(sM0 1))dsd4
:[ - 1) // G4 (r)rP™ 2d7’d,u]

Now an integration by parts gives
| ostorm2ar = [CwR )y ang
k k
o [0 = =) [ Ry

—g2 (w2 — (p—2) /k U2 ()3 dr .

In the plus case, we have

/ugb+(r)rp_2 dr
k

> 3 (uuP 2P — 7 (u) (uP ™2 — kP 2) P
= (p— 1)¢3 (u)kP~ %P
and trivially
| o ar < vtz

since p > 2. Similar estimates are true also for the minus case.
On the other hand, by using (4.12) together with Young’s inequality, we
obtain

Vul? 2V - Vo = [Vul’ 2Vu - V(42 (u))'e")
> [Vl (14 ) ()27 — 20| VulP~ a0 |V

> VU (1 + ) ()6 — O (02 PVl
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almost everywhere, from which the claim follows. O

We will need the following notations in the next lemma, which is the most
crucial part of the argument. Let
r r

Tn:§+ﬁa Qv:zt:BnXTth:B(rn> X (t*_Vir$L7t*)
and
Af = {(a:,t) € fo s du(x, t) > :l:k:,jf},
forn=0,1,2,....
Recall the definitions uj —H; = wp = olwg, where ,u;r > esssupgi u

and p; < essinfy: u for 7 > 1. Observe, however, that we have to choose
/’1/3_ < esssupg v and i, > essinfx u where the infimum and the supremum
are taken over K instead of Q°. This is because we need the argument to
be independent of the initial cylinder Q°. Now we are ready to prove the
fundamental lemma everything lies on.

Lemma 4.13. Let 0 < e+ <1, (k}}'),, be an increasing sequence and (k;, ),
a decreasing sequence, both of nonnegative real numbers. Suppose u > 0 is
a weak solution of equation (1.1),

(u— k‘f)i < eqw; and |l<:ff+1 — k,jﬂ > Z:f;
In addition, assume further
w> Clbk:; (4.14)
and
pf <2kt n=1,2,... (4.15)

for the minus and plus cases, respectively. Then there exist constants
C_ = C(Dy, Py,Co,p) >0 and Cy = C(Dgy.Py,p) > 0 such that

AT At 2—p/K
V( 1—&-1) §C$+1F;t (V( 1)) (416)
V( n+1) V(Qn)
for everyn =0,1,2,.... Here k is the Sobolev exponent as in (2.4) and

2—p/k

1 k= \P? erw; \P 2
Iy =— ( . ) * ( Z) +1
vE \ exwi 7 ki
Proof. Choose the cutoff functions ¢ € Cgo(fo) so that 0 < ¢F < 1,
¢f=1in Qfﬂ and

Contl 3<pi Cop(n+1)
+ n
V| < and ‘ = ~E (4.17)
Denote in short
Up = (U_kn):l:; kn = k7j7,:7 €=¢&4

and

Qn:BnXT :Q;‘; An:Afy:‘; ’}/ZVia gonzgof
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By Holder’s inequality, together with the Sobolev inequality (2.6), we
obtain

][ W2-P/R) D gy,
Qn+1

S’/(Qn)][ W20/ 4P p(=p/R) 4 g,
v(Q@n+1)Jg

1-p/k p/K
s ([, ) ™" ( nra)
n mn Bn

1-p/k
<CrP <ess sup][ ngon du) ][ |V (vnn) P du.
n Qn

Tn

(4.18)

Here, we applied the doubling property of the measure v giving

v(Qn)
V(Qn-‘rl)

We continue by studying the term involving the essential supremum. By
the assumption

<C.

1
> —k=—
u > ool
and (4.4), we obtain

2
(U—kﬁ)%ép_ wTPT ((u—kyy)-) < Clky )P 7PT ((u— k) -).
On the other hand, the lower bound (4.3) gives immediately
(= k)3 < Clk)* PT ((u— k).

Using these estimates together with the energy estimate, Lemma 4.6, yields

ess sup][ V2P dpu < C(kn)*™ pesssup][ J(vn)b d
Tn By,

<Okt f QﬂV%P+J@wﬁ*<%?>)du
Qn +

Furthermore, the estimates (4.2) and (4.5) imply
T (u—kn)+) < Ok P2 (u—ka)is T ((u—kn)-) < Ol )P~ (u—kn)2.

For the plus case, we used (4.15). Next, using (4.17), we arrive at

nf G%Vw?+J@wﬁ”(&%>>dv
Qn ot ),
p—2
< 02"17][ (vﬁ + (k”i vi) dv (4.19)

<oy (143(3) )

where the last inequality follows from the fact that (u—k,)+ < etw;. Thus,
we conclude

ess sup][ V2P dp < C2™P(cw;)? | <5wz‘)p_2 +1 Z/(An). (4.20)
Th " - kn V(Qn)
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Furthermore, since
][ |V (vpon)|P dv < C][ |Vup [Pl dv + C][ VP |V |P dv,
Qn Qn Qn

applying again the energy estimate and (4.19) leads to

" P 1 (w777 v(4n)
][ |V (vnn) P dv <C2"P (ew;) (1 + 5 < . > ) Q) (4.21)

n

To finish the proof, note first that

+ +
(W = B )X (i) >0p 20— B )X (it )20}
>|kiyyy — ki
22_(”+2)5iw¢.

It then follows that

][ W22/ gy, > (2—<n+2>5wi)2(1*p/ W v(Angr) (4.22)

Qnt1 V(Qn+1)

Inserting estimates (4.20), (4.21), and (4.22) into (4.18) concludes the proof.
(]

Remark 4.23. If we have the extra knowledge that (u — k,;)— = 0 almost
everywhere in B(r) at a given time level, we can choose the test functions
independent of time and the cylinder @, so that the length in the time
direction stays constant and the bottom of the cylinder stays at the given
time level. In this case, by choosing a time independent test function, the
right hand side of the energy estimate simplifies so that we can get rid of
the term +1 in the formulation and

erw; \P 2 el
'y = (’Yi< ;ﬁ) )

in (4.16). This will get us the required extra room in the end of the first
alternative of Case II.
Furthermore, in the previous lemma, we chose the radii of the cylinder as
r r

rn:i—'—ﬁ'

However, the factor 2 in the denominator can naturally be replaced by any
greater number.

We start the proof by considering Case I. There, we use the previous
lemma only in the plus case. Consequently, the first case does not depend
on the constant Cj.

We recall a lemma of “fast geometric convergence” from [4].

Lemma 4.24. Let (Y,), be a sequence of positive numbers, satisfying
Y1 < Ob"Y, e (4.25)
where C;b > 1 and a > 0. Then (Y,), converges to zero as n — oo provided

Yy < ¢ Vept=o®, (4.26)
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On several occasions in the sequel, we use this lemma, together with the
fundamental estimate Lemma 4.13, to conclude that a ratio of the form

v(A;)

v(Qn)

converges to zero and consequently that v(AF) — 0 as n — oo. This will
ultimately lead to a reduction of the oscillation which is our final goal.

Once a recursive inequality of type (4.16) has been established, the con-
vergence to zero of v(A}) follows from the condition

Y, =

+
S <o
V(Qo )
with
2
ot = TV A=P/0 o1/ (/R 1= (p/)” (4.27)

where the constants C and '+ are the constants from the previous lemma.
Note that an explicit value of a(jf only follows after fixing Cy and I'y.

5. THE CASE 1

Now we assume that (3.1) holds. Our aim is to show that the measures
of certain distribution sets tend to zero and that the local Holder continuity
follows from this.

We start by studying the subcylinder Q(rP,r) C Q(nrP,r). Let 4 = 1,
ey =271 and

= Yo o

n = Ho 4 on+2°

Observe that after fixing these quantities, the constant aar can be fixed, as
well.

We will study two different alternatives which are considered in the fol-
lowing two lemmata, respectively.

Lemma 5.1. Let Ao > 1 be sufficiently large and let u > 0 be a weak solution
of equation (1.1). Furthermore, assume

v ({(a:,t) € B(r) x (=P, —:Z) su(m,t) > pg + a;}) =0. (5.2)
Then there exists a constant o € (0,1) such that
essosc U < owyp.
Q((3)"3)
Proof. By the choices preceding the statement of this lemma, we have
(u— ki) < epwo.
The assumption (3.1) implies
ny = pg + wo < 2wy.
Thus
kt

1< —L— <4
E4Wo
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Plug these in Lemma 4.13 to deduce

V(A;r+1) ni1 [(V(AY) 2opln
Q) = © (wcg:)) |

On the other hand, by (5.2) we have the trivial estimate

+
v(Qp) ~ A2
choosing Ay > 1 sufficiently large. By Lemma 4.24 we conclude that
Jr
V(A:L_ ) 0
v(Qn)
as n — oo. This implies
esssup u < /’LS_ — %.
Q((5)"3)
So, if this alternative occurs, we choose
wo
w= g =
and
By = o
These choices yield
1
essosc u < (1 — ) wo
Q((5)"3) 4
as required, with
3
o=-.
4

For the second possibility, we have the following lemma.
Lemma 5.3. Let u > 0 be a weak solution of equation (1.1) and suppose

/r-p

v ({(l’,t) € B(’f’) X (—'rp’_)\i2

) tu(e,t) > pg + “;0}> >0, (5.4)

Then there exists a constant o = o(Hy) € (0,1) such that

€SS 0SC u < owp.
T P T
Q 225 ) 2xg

Proof. By assumption (5.4), we have

- Wwo
€ess sup U 2> [ —i-?.

B(r)x(~r7,~12)
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Now we can use Harnack’s inequality (Theorem 2.9), together with the Case
I assumption (3.1), to deduce
i 1
ess 1£1f u>—  esssup U
o(()"a5) O BOXCrm-g)
_ o
>~ 4, =Y
~ Hjp + 2H,
— ., My wo wo
> 70 _
_M0+H0 2H0—|—1+2H0
S I
=Ho T 9 Hy(2Hy + 1)

Observe that the constant Hy depends on Ao, but this does not matter since
Ao depends only on the data.
Now, if we end up in this alternative, we choose
_ _ wo
M= Ho o o+ 1)

and
w=ng
We also obtain
< il
essosc U < wy — ——————— = oWy,
r \P _r 2Hy(2Hy + 1
()" 253) o2Ho +1)
with
1 1
c=1—-———
2H0(2H0 + 1)’
as required. O

6. THE cASE 11

In Case II the equation looks like the evolution p-Laplace equation. In
this case, we need to use the scaling factor n in the time geometry of our
cylinders. The difficulty is now that we cannot use the Harnack principle
anymore, as the lower bound it gives might be trivial. Indeed, the infimum
can be bigger than the lower bound Harnack’s inequality gives. On the other
hand, we have the following kind of elliptic Harnack’s inequality.

Suppose that jg is the first index for which assumption (3.1) does not
hold. Then we have

wjo < iy, < (2Ho + 2) 415, (6.1)
Clearly, this Harnack’s inequality is valid also for every subset of the initial
cylinder Qj, = Q(nrP,r) and, consequently, for every j > jo.
Recall, that wj, = owj,—1 and

Wio — —
@H, 1 2) < gy < gy + (1= 0)wjp1

2—0

< (2-0)wjp1 < Wio -
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Thus, we obtain

o o My
< — <1
(2Ho+2)2—-0) ~ 2—0owj, —

and, consequently,

_\ p—2

C H;

Q <W12)H77Tp77“> cQQ|C (f) nrfr | < Qnr?,r),
jo

where C; = 0P72/(2 — 0)P~2. We will consider the cylinder
_\ pP—2
Fjo
Q=0Q|C|— 777“p7 r
Wio

By the above calculation, we have shrunk the cylinder by a factor which is
controllable by the data.
In the sequel, we will denote

o\
jo
Recall the definitions

QE = Qe (v rE, ) = By x Ty, = B(ry) x (t* —yErE t%)

and
AE ={(x,1) € QF : +u > +EF}.

Now the proof will follow the classical argument of DiBenedetto, see [4]
and [22], and is divided in two alternatives. In the first one, we assume that
there is a suitable cylinder for which the set where w is close to its infimum
is very small. In the second alternative we assume that this is not true.

6.1. The First Alternative. We first suppose that there exists a constant
ap € (0,1) (to be determined in the course of the next lemma) such that

_ _ Wy _
v ({(et) € Qg 1w < iy, +“3}) < aov(Qp)
for a cylinder
Qy = Qu(0r7.r) C QNI HorP 1),

Our aim is to use Lemma 4.13 to conclude for the reduction of the oscil-
lation.

Lemma 6.4. For every s > 3

({0200 3) e <15+ )
oy S —2 r\P T
s (e(e(3)" 7))

where 6 is as in (6.3).
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Proof. We start by using Lemma 4.13, with the choices

_r " — _ = o Yo Yo
m=gtomn k=t s
e_ =1/2 and 7y~ = 6. We also need the assumption (6.1) to deduce that
1, _ _ 1, _ 1. _
U g, + 22H 4 D) 2 o, + ) = ok (69)

with Cy = 3(2Hp+2). This knowledge is needed in Lemma 4.13. Now, after
fixing e_, v7, k;; and Cp we can fix o, see (4.27).
We also obtain, using (6.1) and (6.3), the bounds
w2 1 [k >p2 202
< — | < 2Hy + 2)P
Ch v <€—Wj0 Gy (2Ho )
and thus we can conclude
— _ 2—p/Kk
V(A1) < ot (V(An)> v .
v(Qni1) — v(Qn)
By the assumption of this alternative, together with the lemma of fast

geometric convergence (Lemma 4.24), we have u > k almost everywhere in
Qe (0(r/2)P,r/2). Thus

(u—k)- =0

and consequently

Y(u) = <ln <c+ Hk_fic(u—k)_)>+ =0

almost everywhere in Qu(0(r/2)P,r/2). Let
r\P
< _p(_
to<—0(%) (6.6)

be a time level such that this is true for almost every x € B(r/2).
Now our goal is to apply Lemma 4.11 with

— Wio Wio
k - ,U/JO + VEE] - Ae 28
and

H, = esstup (u—Fk)-

where Q = Q(ndrP,r). Choose ¢ € C§°(B(r/2)) independent of time such
that 0 < ¢ <1, ¢ =1 in B(r/4) and

V| < —.
.

In the set {u < u; + 20} we have

$? > (s —3)°In*2,
and, on the other hand,

-\ p—2
Y <(s—2)In2 and [¢/|PP < (%)p .
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The use of these estimates in Lemma 4.11 gives

(Nj_o)p_g(s — 3)2 n292. p({x € B(r/4) : u(x,t) < “j_o + “jo

28

)

<esssup [ w PR ), ) (@) du
to<t<0 JB(r/2)

< / kP22 () (x, o) o () ds
B(r/2)

0
ve [ [ wlw PV duds
to JB(r/2)

_\ p—2
< C(s—2)In2 (;JO) u(B(r/4)),

for almost every t € (tp,0). Observe that, in the third inequality, we plugged
in n = 222+ The claim follows by integrating this estimate over

(=0(r/4)?,0).
O

We conclude this alternative with the following two lemmata.

Lemma 6.7. Let u > 0 be a weak solution of equation (1.1) and as-
sume (6.1) holds. Then

_ wj . rNP T
uz,ujo—i—zsiol a.e. in Q<9<7> 7>,

8/ '8
where s depends only upon the data, and 0 is as in (6.3).
Proof. Let
T r
=35t gt

Q,, = B, x T = B(ry) x (to,0),
where tg is, as in the previous lemma, such that
(uk)-(z,t0) =0, to<-0(7)",
for a.e. x € B(r/2). Moreover, define
Wio + Wio

k; = 'uj_o + 2s5+1 92s+n+1 :

In this case, we obtain

1
(u—k,)- <e_wj,, where e_= 5"
Observe also that vy~ = —tg /1P < nf = 22 (P=2)+1g,
We will substitute these in Lemma 4.13 and, taking into account Re-
mark 4.23 and estimate (6.5), we conclude as before that

m P 9 1(p—2) 1-p/k <V(An)>2p/ﬁ‘
V(Q;H_l) - 2s(p—2) V(Q;L)
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Now choose s > A;. Then, by Lemma 4.24, we have v(A4,)/v(Q,) — 0 as
n — oo, provided v(A4;)/v(Qqy) is small enough. On the other hand, by
choosing s large enough, Lemma 6.4 guarantees that v(A;)/v(Q ) can be
chosen to be as small as we please.

This gives

- “jo . r
u > i+ 5o+ a.e. in  Q (\tol, §>
and hence the lemma is proved.
O

Lemma 6.8. There exists 0 < o < 1, depending only upon the data, such
that
essosc U < oWy, -
Q(6(5)":5)
Proof. By the previous lemma,
Wio
9s+17

essinf w > pu, +
by
for some s > 1, which depends only upon the data and A;. Observe that
here we used the knowledge
r\P
to < —6 (7) .

8
If this alternative occurs, we again choose
- Wio
Hjo+1 = Hjq + 9s+1

and
+ o+
Fjo+1 = Hio-
Finally, we get

1
essosc u < (1—>w-
T T - +1 Jo
Q(0(5)"%) 2¢

as required, with

O

Remark 6.9. Here the choice of s is possible only after A1 has been deter-
mined in the second alternative. Nevertheless, both of them are a priori
constants which can be assigned explicit values depending only upon the
data.

6.2. The Second Alternative. In the second alternative, the assump-
tion of the first alternative is not true. In this case, for every cylinder
Qe+ (0rP 1) C Q(nbrP,r), we have
v ({(m,t) € Qe (0r7,7) s ula, t) > i + %})
V(Qt* (97‘17,7“))

where ag := «a is the same constant as in the first alternative. This implies
that, for every t* € (—(n — 1)6rP,0), there exists a time level ¢y with

< (1-ap), (6.10)

0
PP <ty <t — 220
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for which

1 ({z € B(r) : u(z,to) > kg }) < 11 ao p(B(r)). (6.11)

Indeed, otherwise we would have

14 ({(.%‘,t) € Qt* (Qrp,r) : u(x7t) > kO_})

> p({z e B(r)u(z,t) >ky}) dt

-~ Jr—orp
> (1= ao)v(Q (07", 7)),
which contradicts (6.10).

This alternative is also based on Lemma 4.13. We choose Ay in the defi-
nition of k7 large enough so that we can force v(AJ) to be small compared

to (@),

We start with forwarding the information of (6.11) in time.

Lemma 6.12. There exists s* > 0, depending only upon the data, such that

3a
Y
p({w e BOYuwt) >, - 2 }) < ——dnlBO))
2
for almost all t € (t0,0).
Proof. Let
_ Yo _ 4+ Yo
0_23+n’ k_'u’jo_§
and

H = essgup (u—k)4,

where s and n will be chosen later and @ := Q(nrP,r). Our aim is again
to use Lemma 4.11 to forward the information in time. We will need some
estimates for doing this.

Recall the definition

+
Vi (u) = U(H,, (u=k)4, ) = In" <c+ szik(u—k)+> .

Yio
Py (u) < ln( 3;0 > =nln2

Trivially, we have

o5tn
and, on the other hand, in the set
+ Wio
{u>'ujo_2s+n )

we get,
wjo

2s+n + 28+7L

The last estimate we need is

1 2=p Wi\ P—2
12— —2 Jo
o< () =)
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Let now ¢ € C§°(B(r)) be a cutoff function which is independent of time
and has the properties 0 < ¢ <1, p =1 in B((1 — J)r) and
1
V| < —
Vel = <

where 0 < § < 1 is to be determined later.
Apply Lemma 4.11 with these choices to conclude

(n—1)%In%2 - u({z € B((1 - 6)r) : u(x,t) > 1})
ess su 2 (u)(z, t)pP (z
< esssup /B @0 @) d

< [ G e

t*
rew [ [ Pl PRIl dpa
to r

p—2

1 1—ap

< n2In%(2) Jo__ ag H(B(r) x {to})
+ _ Mg 1——
Fjo 2s 2

p—2 )
nln?2 [ w; 1 \?
ro (M;O) (5=)  outse)
Jo

for almost every t € (tp,t*). Observe, that in the third inequality we
used (6.11).

Now, by the annular decay property (2.3), we have
p({z €B(r) : u(z,t) > 1})
< u(B(r)\ B((1 = 0)r)) + p({x € B((1 = 0)r) : u(x,t) > 1})
< OO u(B(r)) + p({x € B((1 = 0)r) : u(x,t) > 1}).
For the first term, we choose § small enough so that

o

a0
16(1-5)
0 2

and for the second term we use the previous estimate. Indeed, by choosing
s and n large enough so that

-2
1—agp n? 1 ? <1 3ag
e N T ()

CH* <

and

Cn 1 p=2 < a
(In2)ér(n —1)2 \ 25 — 1 ~ 16 (1 _ @) ’
2
we get the claim for almost every ¢ € (to,t*) with s* = s + n. Recall that

fao

tr— 0P <ty <t¥— rP.
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Finally, since the above holds for every cylinder Q¢ (7P, 1) C Q(nbrP,r), we
can conclude that for almost every

OagrP Qg
> _ D D _ — (_ _ Y D
t > —nOr? + or 5 (n—l—l 2>9r,
we have
| 3o
pl{z € B su@t) > 1) < —ag e p(B(r)).
)

O

Remark 6.13. Now we can choose 7 so large that the previous lemma holds

for almost every t € ( - %erp, O), ie.
a
-Gy

[\

and hence
n= M=)+ > 9 _ .

But this is always guaranteed for A\; > 1 and p > 2.
We are ready to prove the final estimate, which, together with Lemma 4.24,

gives the reduction of the oscillation. Let

.
By = (o € B) ulayt) > i, — 22

and 0
n Wi
E,={(z,t) e Q <2rp,r> cu(x,t) —u% > % .
Then we have the following lemma.
Lemma 6.14. For every oy € (0, 1), there exists Ay > 0 such that

V(E)q)

Q)
Proof. Denote w
h = “;B stl
and
B a1
Jo 925’
where s > 0 will be chosen large. Let also
h—k, u > h,
v=1qu-—k, k<u<h,
0, u < k.

By the previous lemma, we can choose s large enough, namely s > s* where
s* is from the previous lemma, so that, for almost every t € ( - %erp, 0), we
have

p(x € B(r) :v(z,t) =0}) = p({x € B(r) : u(z,t) < k})
S n(B(r) x {1})

>
4 —2aq9
% (B(r)).

o)

Y
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Thus, for almost every t € ( — ’7—297“1” , O), we obtain
Qo

vp( (1) Zé(r)x{t}vdu < (1 -3 ) (h—Fk)

and, consequently,
o%)
h—k— t) > —(h—k).

Using the (g, ¢)-Poincaré inequality for some ¢ < p (see (2.7) and the

remark after that), yields
4 q
(=B < (o0) [ o= s
B(r)x{t}

@

< C’rq/ |Vol?du = er/ |Vu|?du,
B(r)x{t} Es(O)\Esy1(t)

for almost every t € (— 772—97"7’ ,0). The constant (4/cg)? above was absorbed
into the constant C'. Now we integrate the above inequality over time to get

(h—k)w(Est1) < er/ |Vu|?dv.
Es\Eerl
Next, we introduce a cutoff function ¢ € C§°(Q(n6r?,2r)) such that 0 <

p<1l,p=1 inQ(%erp,r) and

c dp|  C
< — — 1 < .
V| < . and ‘&f S

Now Holder’s inequality gives

q/p
(h— k) (Esy1) < Crl (/ |VulP du) v(Es \ ES+1)1_‘1/7’
E

S\ES+1
q/p
< Crt (/Q( . |V (u—k) PP du) V(Es \ Egy1) ™77,
nore,ar

By choosing Ay > s > s* in the definition of 7 large enough, the first
factor on the right hand side can be estimated by Lemma 4.6 and (4.2) as

[ b

Q(nbrp 2r)

< C/ (u—k)E IVl dv
Q(nbrp,2r)

dp
a0 | ¥ (6.15)

C [ jwjg\r-2  (u)P? / 2
= ()T 4 el k)2 d
rp (( 25 ) 779 Q(nore 2r) (U )+ v

£+ (o(8)

wC [ (ke
Q(nbrr 2r)

IN

IN
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In the last inequality we used the doubling property of the measure v.
We obtain

A ) q/p
) e =0 () (@ Frmr)) wen By

Finally, summing s over s*,..., A\; — 1 gives

/(p—q)
(= s (B, Y/ < C <Q <”29rp,r>)q T (Q (?r’%r))

and hence
C no
< —rP .
I/(EAl)— (Al_s*)(pq)/pV<Q<2r 7T)>
Choosing A; large enough finishes the proof. (]

Lemma 6.16. Suppose that (6.10) holds. Then there exists 0 < o < 1,
depending only upon the data, such that

€ss0sC U < oWy,

QUErr.r)
Proof. Let

Qn = B(rm) x (=713, 0),
o r
=5t gt
and A} as before. Substituting 4= = 2M®P=2)§ ¢, = 1/2M and
Wio Wio

+ _ ,,+ _ _
k” = Hjq 2A1+1 2A1+n+1

in Lemma 4.13, and using (6.1) to bound

1 [ kb \P?
1s+< 5 > < (2Ho +2)P 72,
v E+Wio

yields

2—
V(A:_H) ! (y(Aj{)) p//ﬁ‘
v(@nyr) ~ V(@)
By the previous Lemma, we can choose \; large enough so that
V(A7)
v(Qy)

is as small as we please. Consequently, by Lemma 4.24, we obtain

Wio
2/\1+1 )

esssup u < u;; —
Q% (3)"3)
for some A; > 1, which depends only upon the data. So if this alternative
occurs, we choose
+_ 4+ Wio
Hi = Hjo — 2A1+1

and
By = Mg
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We also obtain

as required, with

O

Now the Holder continuity follows by standard iterative real analysis
methods, see chapter III of [4], or [22].
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