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Weighted Norm Inequalities

J.M. Martell (CSIC) Weights and Rubio de Francia extrapolation Helsinki, June 2008 5 / 91



References: Weighted norm inequalities

o J. Duoandikoetexea, Fourier analysis, Graduate Studies in
Mathematics 29, American Mathematical Society, Providence, RI,
2001.

o J. Garcia-Cuerva & J.L. Rubio de Francia, Weighted norm
inequalities and related topics, North-Holland Mathematics Studies
116, North-Holland Publishing Co., Amsterdam, 1985.

o L. Grafakos, Classical and Modern Fourier Analysis, Pearson
Education, Inc., Upper Saddle River, 2004.



Introduction

J.M. Martell (CSIC) Weights and Rubio de Francia extrapolation Helsinki, June 2008 7 / 91



Weights and Extrapolation

How much information is contained in the following inequalities?

0 | ITi@)Pw()ds < / F@)Pw(x)dz, Ywe A,
R’I’L

o |Tf(x)|p0w(az)da:§/ F(@)P° w(z)de, Ywe A,
R’I’L

n

(1 < pg < 0 is fixed)

Q T ()| w(x) dx §/ ISf(x)|?w(z)dr, YwéE Ay
Rn Rn

o |Tf(x)|p0w(x)da:,§/ F(2)P w(z) de, Yw e Ao,
RTL

n

(0 < pg < 0 is fixed)
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Muckenhoupt Weights

Section 1

Muckenhoupt Weights

J.M. Martell (CSIC) Weights and Rubio de Francia extrapolation Helsinki, June 2008 9 / 91




Muckenhoupt Weights
([

Muckenhoupt weights

o Weights w > 0 a.e., w € L{ .(R")
o D(w) = D(w(a)do) ~ |fllisn = ([ 15(@)P w()do)

1
o L7 (w) | floe(u) = sup Awlz € R" 1 |f(2)] > A}
>

Sl

Muckenhoupt’s problem

@ Characterize weights w so that M : LP(w) — LP(w)

M f(2)P w(z) de < / f @) w() dr

Rn

@ Characterize weights w so that M : LP(w) — LP°°(w)

w{r € R" : M f(x) > \} < % /Rn |f(z)|P w(x)dx
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Muckenhoupt Weights
[ JeJeJe)

Muckenhoupt’s problem: Weak-type

Let1 <p<oo. M:LP(w)— LP(w) if and only if

(A,) <7£2 wda:) <]£2 wt d:c)p_l <C, p>1

(A1) 7[ wdr < Cw(y), aey€qQ, p=1
@

Scheme of the proof
(o p>1~ f=w'"xq, )‘:7[ f:7[ Wi de

| Pp=1 T =Xs, wxsmimlw, 7[f—

@ <= Holder, Vitali.
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Muckenhoupt Weights
(o] JeJe)

Muckenhoupt weights: Properties

Definition

p—1
o we A, <]Z wdw) (7[ wi=? dw) <C
Q Q

° we A fwdazﬁCw(y), a.e.y € Q
@

o A =] 4,

p=>1

e AiCA, CA;, 1<p<gq
oweAd, +— w'PeAy

1— L.
o wi,wy €A = wiw, @ €A, Reverse Factorization
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Muckenhoupt Weights
00eo

Muckenhoupt weights: Examples

(Ap) (é wdx) <]£2 w! P dx)p_l <C

o w(x)=1€ A;

(A1) éwdaz < Cuw(y), ae.y e Q@ = Mw(x) < Cw(x) a.e.x € R"

—n<a<( =1
o w(z)=|zx["€ A4, <= B P
—n<a<n(p-—1) p>1

o w(z)=Mf(z)’ € A, forall0<d <1, fe Ll (R"), Mf < o0

Coifman: w € 4; = w(z) ~ M f(z)°
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Muckenhoupt Weights
oooe

Aq weights: The Rubio de Francia Algorithm

Constructing A; weights

Let 0 <wuwe LP(R"), 1 < p < oo. Find U > 0 such that
Q@ 0<u(x) <U(x) a.e. z €R"
@ U], < lul,
@ Uec Ay, that is, MU (x) SU(z) a.e. x € R"”

The Rubio de Francia Algorithm

o U=Mu WRONGI Mxg,(z)~=(1+|z|)™" ¢ A
o U=Mu)r,1<r<p

) (0 0 <u(xr) <Ru(x)
>0 MPu
o U=Ru=>)»_ T ¢ 0 ||Rullp < 2ullp
=0 U M(Ru)(2) < 2| M|, Ru(x)
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Muckenhoupt Weights
[ JoJe

Muckenhoupt’s problem: Strong-type and Reverse Holder

M : L (w) — L™ (w)
Can we move (a little) to the left?  YES

o we A, =M: LY (w) — LT (w) } oy ML (w) — L' (w)

Theorem (Reverse Holder Inequality)

Given w € A, there exists € > 0 such that

(RH1i41e) (]{2 w(z)tte dm) T < C’]é2 w(x) dx

Consequently,
°w1+5€Apf07“some5>O o we A, for somel <qg<p

Theorem (Muckenhoupt’s Theorem)

Let 1 < p < o0. M:IP(w) — LP(w) <= weAi,
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Muckenhoupt Weights
oceo

Muckenhoupt Weights: Properties

@ P. Jones’ Factorization

wEAp, l<p<oo <— w:wlw%_pwithwl,wgeAl

o Ay = U A, can characterized by
p=>1

°© we RH{.. for some € > 0

S
030<oz,ﬁ<lsuchthatSCQ,| |<a — — <[

Q| w(Q)

- (]ZQ wdr) exp (]ZQ logw™ " dr) < C
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Muckenhoupt Weights
ocoe

Extrapolation at first glance

Theorem (Rubio de Francia; Garcia-Cuerva)

Let 0 < pg < 00. Assume that T satisfies

n

/ Tf(x)P°w(x)de < C, / | f(2)|?° w(x)dx, Yw e Aj.
R’)’L

Then T is bounded on LP(R™) for all p > po.

Proof. Let r = p/pg > 1. By duality, 3h > 0, ||h||,» = 1 such that

(1l = |rsp), = [ rfrhds < [ 1R

n

< [ 117 Rhda < |1 1Rl S 171

<. Mkhn
Rh =
,; 2k || M|~
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Muckenhoupt Weights
@000

Other Maximal operators

Mof(x) = sup ][ |f(y)| dy, Q = {cubes in R"}
QREQ,Q>3x

Mpf(z) = sup ][ |f(y)| dy, D = {dyadic cubes in R"}
QED,Q>x

Mg f(x) = sup ][ |f(y)| dy R = {Rectangles in R"}
RER,R>x

Mz f(x) = sup 7[ | f(y Z = {Rectangles (s,t,st) in R}
ReZ R>x
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Muckenhoupt Weights
0000

Muckenhoupt Bases

e Basis: B collection of open sets B C R"

e Maximal operator: Mgf(x) = Sup ][ f(y)|dy, «x¢€ UB

o Weight: 0 < w(B) < oo for every B € B
e Muckenhoupt weights: Ay g = UAI%B

p>1

p—1
© weE AR (7[ wda:) (7[ w P dx) <C
B B

o weAp Mpw(x) < Cw(x), ae.xeR"

e Muckenhoupt Basis: Mp : LP(w) — LP(w), Vw € Ap5,1 <p < o0
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Muckenhoupt Weights
o0eo

Muckenhoupt Bases

® B Muckenhoupt basis ~» Mg : LP(R") — LP(R"), 1 < p < o©
o Mp may fail to be of weak-type (1,1)

o Ay C A, C Ay, 1<p<yq
o w E Ap,B <~ wl_p/ c Ap/,lg

1— ..
o wi,wy € Aypg = wiw, © € A, Reverse Factorization

The converse is true [Jawerth]

Properties that may fail: [Gurka, et al.] [Soria]

@ Reverse Holder inequality

oweAp = w0 e A, or we A, (p
o (Mpf)° € A1, 0<d<1
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Muckenhoupt Weights
oooe

Extrapolation at first glance: Muckenhoupt Bases

Theorem (Jawerth)

Let 0 < pg < 00. Assume that T satisfies

/ Tf(x)P°w(x)de < C, / |f(x)[P°w(x)dz, Ywe A;gs.
R’I’L

n

Then T is bounded on LP(R™) for all p > po.

Proof. Let r = p/pg > 1. By duality, 3h > 0, ||h||,» = 1 such that

(ol = |rsp), = [ rfrnds < [ rrpeRhds

n

< [ 117 Rhda < |1 1Rl S 171
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Weighted norm inequalities

Section 2

Weighted norm inequalities
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Weighted norm inequalities

®O0000

Calderéon-Zygmund operators

L —Y

Calderon-Zygmund operators

o T:L*(R") — L*(R")

o Tf(x) = : K(z,y) fly)dy, € R"\suppf, fe€LX
e K is smooth: for |z —y| > 2|z — 2|,
/ / |ZE_~77/|(S
K (z,y) — K(z,y)| + [K(y,z) — K(y,2") S Oyt
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Weighted norm inequalities
(o] JeleJe)

Calderéon-Zygmund Theory

o T bounded on LP(R"), 1 < p < oo (weak p=1)

o T bounded on LP(w), 1 < p < oo, w € Ay, (weak p=1)

© L? boundedness \/

Q Calderén-Zygmund decomposition ~> 1 <p <2
@ Duality ~~ 2<p<

@ Different approaches ~> LP(w)
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Weighted norm inequalities
(o]e] leJe)

Weighted norm inequalities for CZO: Approach I

Theorem (Hunt, Muckenhoupt, Wheeden; Coifman, Fefferman)
o T: [P(w) — LP(w), 1 <p< oo, we A,
o T: L' w) — LY®(w), w € A4

Proof I: Coitman, Fefferman

o ITS|STof + |fl with Tof(e) =swp| [ K(w.y) fw)dy
e>0 ' J]z—y|>e

@ Good-A: For every w € Aso, A > 0and 0 < v < 7

w{|Tof] >3\ Mf <yA} S w{|Tuf| > X}
o | Tiflerw) S IM fllorw), 0 <p < oo, w € A
— ||T*f||L1>OO(w) 5 HMfHLl’OO(w)a w € Aoo
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Weighted norm inequalities
(o]eJel Je)

Weighted norm inequalities for CZO: Approach II

Theoren

o T: [P(w) — LP(w), 1 <p< oo, we A,
o T: L'w) — LY®(w), w € A4

Proof II: Journé

o M7 f(x) —Sup][ f(y) — fol dy
QR>x

o M*(Tf)(x) S Msf(w) = M(|f|*)(z), 1 < s < o0
o Fefferman-Stein: || M f|| rp(w) S ||M#fHLp(w), 0<p<oowée Ay
o T fllLrew) S IMsfllrrw), 0 <p <00, w € Ax

o Calderén-Zygmund decomposition for p =1 and w € A;
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Weighted norm inequalities
(o]leJele] )

Weighted norm inequalities for CZO: Approach III

o T: [P(w) — LP(w), 1<p< oo, we A,
o T: L' (w) — LY (w), w e Ay

Proof I1I: Alvarez, Pérez

o MF f(x) = M*(|f|%)(x)5
o MF(Tf)(z) < Mf(zx),0<d<1

o Fefferman-Stein: || M f||rp(w) S ||M#fHLp(w), 0<p<oowée Ay
o [|[Tflrwy SIIMfllew), 0 <p < oo, w € A

o Fefferman-Stein: |[M f||11,00(y) S HM#fHLl,oo(w), w € Axo

o [[Tfllrrooqw) S IMfllprooqw), w € Aco
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Weighted norm inequalities
[ _]e)

Coifman’s Inequality

o If T is a CZO then || T flrrw) S |M fll1r(w), 0 <p < 00, w € A
Proof without good-A for 0 < p < 1, w € A; [Cruz-Uribe, Martell, Pérez]

Other Examples
o Mf and M7 f [Fefferman, Stein]

o T'f with kernel L"-smooth and M, f (1 < r < o0)
[Rubio de Francia, Ruiz, Torrea; Watson; Martell, Pérez, Trujillo]
o Cf and M, (100 1) (logloglog 1) f |GTafakos, Martell, Soria]

o Fractional integrals: I, f and M, f [Muckenhoupt, Wheeden]
Proof without good-A for p =1 and w € A, |[CMP]

o f and S;f [Chang, Wilson, Wolff]
Proof without good-A for p =2 and w € A,, |[CMP]
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Weighted norm inequalities
oe

Other examples

o [If an operator I’ satisfies

/ T f(z)|Pw(x)de < Mf(x)Pw(x)de, 0<p<oo, weE Ax
R™ R™
Then 7' : LP(w) — LP(w), w € Ap, 1 <p < 0

What else can we say about 7' Does T' behave like M7

@ Given two operators 1', S and 0 < pg < oo assume that

/ |Tf(x)|p0w(a:)da:,§/ SF@)P w(z)ds, Yw e Au
R™ R™

What can we say about 1'7 Does T' behave like S7
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Part 11

Extrapolation I: A, weights
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Extrapolation on Lebesgue spaces

Section 3

Extrapolation on Lebesgue spaces
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Extrapolation on Lebesgue spaces
@0O00O0

Extrapolation at first glance

Theorem (Rubio de Francia; Garcia-Cuerva)

Let 0 < pg < 00. Assume that T satisfies

n

/ Tf(x)P°w(x)de < C, / | f(2)|?° w(x)dx, Yw e Aj.
R’)’L

Then T is bounded on LP(R™) for all p > po.

Proof. Let r = p/pg > 1. By duality, 3h > 0, ||h||,» = 1 such that

(1l = |rsp), = [ rfrhds < [ 1R

n

< [ 117 Rhda < |1 1Rl S 171

<. Mkhn
Rh =
,; 2k || M|~
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Extrapolation on Lebesgue spaces
o] JeJele)

The Rubio de Francia Extrapolation Theorem

Theorem (Rubio de Francia; Garcia-Cuerva)

Let 1 < pg < oco. Assume that T satisfies

(%) /R T (2) P w(z) de < / F@)w(z)de, Ywe Ay,

Then T : LP(w) — LP(w), w € Ap, 1 <p < o0

Remark: p = 1 not true in general (even weak-type)

Example: M, M?, ...
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Extrapolation on Lebesgue spaces
lo]e) Jele)

New simple proof: The Rubio de Francia algorithms

° Fix 1 <p<ooand we A,
o M : LP(w) — LP(w)

o i O 0<|hf<Rh
Rh(z) =) _ e @ | Rhl|zogw) < 2I1Al| o)
k=0 LP(w) © Rhc A
h e LP(w) M(Rh) < 2||M||Rh
M / / /
o M f(z):= (,;]; 8(@«) L7 (w) — IP (w)  w'P €A,
o < |h| < R'h
, (M)t on=m=F
R h(:l?) - Z ok HM/Hk / o HR h“Lp’(w) <2 Hh“Lp’(w)
=0 =) O R'h-we A
h e LP (w) M’(R/h) <2 HM/H R'h
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Extrapolation on Lebesgue spaces
O00eo

New simple proof

7 £l oy = (30 < h € L (w) with A,y = 1)

_ 1 1
:/ \Tf]hwda:g/ ITfIRf o Rf*o R'hwdx

1 1
< (/ T f[Po R fL=Po R’hwdaz) o ( RfR’hwda;) z
n Rn

Reverse Factorization + @ + @ ~> RfIP (R'hw) € Ay,

(*) 1 1
< (/ \f]pORfl_pOR’hwdx)pO ( i RfR’hwdx)pO

o
< . RfR'hwdx < ||Rf||Lp(w) ||R/h||Lp’(w)
Q+0

< 1 o) 1Bl gy = 1l 2o
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Extrapolation on Lebesgue spaces
Oo000e

New simple proof

o Ingredients
o LP (w) is the dual of LP(w); Hélder’s inequality

LP (w) and LP(w) are associate spaces

o M sublinear, positive, bounded on LP(w) if w € A,
o M’ sublinear, positive, bounded on L” (w) if w e A,

w € A, if and only if w' P € Ay

. . 1—
o Reverse Factorization: wy, wo € Ay = wjw, @ € A,

@ We have NOT used any property of T’
We can replace T'f by F' and the proof goes through

Rescaling: For all w € A4
HTfHL2(w) SJ HfHL2(w) = H‘Tf‘z‘llll(w) 5 H‘f‘z”Ll(w)
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Extrapolation on Lebesgue spaces
®@O00000

Muckenhoupt Bases

e Basis: B collection of open sets B C R"

e Maximal operator: Mgf(x) = Sup ][ f(y)|dy, «x¢€ UB

o Weight: 0 < w(B) < oo for every B € B
e Muckenhoupt weights: Ay g = UAI%B

p>1

p—1
© weE AR (7[ wda:) (7[ w P dx) <C
B B

o weAp Mpw(x) < Cw(x), ae.xeR"

e Muckenhoupt Basis: Mp : LP(w) — LP(w), Vw € Ap5,1 <p < o0
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Extrapolation on Lebesgue spaces
o] JeleJele

Extensions of the Extrapolation: Muckenhoupt Bases

@ 3 Muckenhoupt basis

o w EAoo,B

MB(fw)(x)’ T UB

w(x)

° Mpf(x) =

BeB

If B is a Muckenhoupt basis and 1 < p < o0,

o Mp is sublinear, positive and bounded on LP(w) for w € A, 3
o My is sublinear, positive and bounded on LY (w) for w € A,

o If wy, wa € Ay g then wy w%_p € A, Reverse Factorization
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Extrapolation on Lebesgue spaces
(o]o) leJele;

Extensions of the Extrapolation: Elimination of the operator

o F C {(f, g): f,g>0 measurable}
Example: F = {(|Tf],|f]): f € L} or C§° or L7, ...

® Notation: Given 0 < p < co and w € A, g:

(%) fpwdxsf Puwds,  (fg)eF.
Rn n

holds for all (f,g) € F with left-hand side finite
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Extrapolation on Lebesgue spaces
(o]o)ol Jele

Extension of the Rubio de Francia Extrapolation

Let B be a Muckenhoupt basis and 1 < pg < oo. Assume that for
every w € Ap, B

() F()P w(z) de < / g@Pw@) ds,  (f,g) €F
R’)’L

n

Then, for all 1 < p < oo, and for all w € Ay, 3

&P w(e) de < / g@Pwz)ds, (f,g) € F
.

mn
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Extrapolation on Lebesgue spaces
(o]oJole] lo

Proof: The Rubio de Francia algorithms

o Fixl<p<oocandwe A,z
(* MBLp(w)—>Lp(w)

. . Q@ 0<h<Rh
Rh(z) =Y ———5 Q [IRAlLr(w) < 21IAll Lo(w)
Q@ Rh e Al,B
0<heLP(w) Mp(Rh) < 2||Mg|| Rh
M(fw)lx / /
o Mpf(x) = (zi(xi( ) : LP (w) — LP (w)
o Q@ 0<h<Rh
(ML)*h o
R =3 g, | @ IRAls <2
k=0 LP" (w) (6] R/h W E Al
0<helLl(w) Mp(R'R) < 2||Mg|| Rk
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Extrapolation on Lebesgue spaces
ooo000e

Proof

£ lzry = (30 < h € I (w) with [[1]] r(,,) = 1)

_1 1
= fhwdx? fRg "o Rg*o R'hwdzx
R™ R™
1

1 1
< (/ fPo R glPo R’hwda:) = ( RgR’hwdw) ?o
n Rn

Reverse Factorization + @ + @ ~~ Rgl_p 0 (R’h w) S Apo,B

(%) 1 S
< (/ gPo R gl Po R’hwd:c) "o ( RgR’hwdw) ?0
mn Rn

Y

o
< o RgR'hwds < ||R9||Lp(w) ||R/h||Lp’(w)
Q+0

< l9lloou Il ) = 191l moe
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Extrapolation on Lebesgue spaces
@O0O0000000O

Consequences: Vector-valued Inequalities

Let B be a Muckenhoupt basis and 1 < pg < oo. Assume that for
every w € Ap, B

() F()P w(z) de < / g@Pw) ds,  (f,g) €F
R’I’L

n

Then, for all1 <p < oo, and for all w € Ay

[ fllew) S gl 2o ) (fi9) €F

Furthermore, for all 1 < p,q < oo, and for all w € A,z

[ 5) "oy = [ (X80)°

{(fj,gj)}j S

LP(w)’
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Extrapolation on Lebesgue spaces
o] JeoleJeJelelele;

Vector-valued Inequalities: Proof

o Fix1 <g< oo

o F= {0 = (X8 (X)) (e F)

o Forall we A, and (F,G) € F,

() Py =3 [ Fwde S < > [ gtwds =[Gl

J

o Apply Extrapolation to F, from (xx) (po = q): for all w € A,

H (Z ffﬁ Lo(w) IF| o) S NGllpew) = || ( Zg?)%
: J

LPr(w)
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Consequences: Weak-type extrapolation

Corollary

Let B be a Muckenhoupt basis and 1 < pg < oo. Assume that for
every w € Ap, B

(x) N fllzroco@w) S llgllzro@wy, — (f,9) € F

Then, for all1 < p < oo, and for all w € Ay

[ f Il eoo () S 191l 2 (w)s (f,9) € F
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Extrapolation on Lebesgue spaces
lo]oJe] JeoJelelele;

Weak-type extrapolation: Proof. |Grafakos, Martell]

o Fweak:{(f)\ag):()‘ X{f>)\}7g) : (fag)Efa )‘>0}
o For all w € A,, g and (fx, 9) € Fweak
1 *
() NIfallzro @) = Awlf > Atro < || fllzrorco(w)y S 1191l Lro (w)

o Apply Extrapolation to Fyeax from (xx): for all w € A, 5, A >0

1
Aw{f > A = || iallrw) S 19l oew)
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Consequences: Rescaling

Let B be a Muckenhoupt basis and 0 < r < py < o0o. Assume that for
every w € Ay /8

%) N fllzrow) S 119l zro (w)s (f,9) € F

Then, for all T < p < oo, and for allw € Ay 5

HfHLP(w) 5 HgHLP(w)v <f7 g) cF

Proof. F, = {(fr,gr) . (f,9) € .7:}
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Extrapolation on Lebesgue spaces
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Extrapolation for one-sided weights

@ One-sided Hardy-Littlewood maximal functions in R

x+h €T
M) =sup W) dy, M) = sup - [ sy

h>0 0N Je_h

@ One-sided weights
1

1 [* 1 [rth , b—
(E /x_hwdx> <E/;,; wi™P dm) <C, p>1
(A7) M~ w(z) < Cw(x), aexzecR"
o MT:[P(w) — LP(w) <= we A (weak-type for p=1)
o Analogously M—, A
oweEA = w'PeA

o Reverse Factorization: wy € A7, we € A7 = wy w%_p c Af
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Extrapolation on Lebesgue spaces
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Extrapolation for one-sided weights

Let 1 < pg < 00 and assume that for every w € A;;O

) N fllzeo) S llgllzrowy  (f,9) € F

Then, for all 1 < p < 00, and for all w € A;

|l zr(w) S 9]l Lew)s (f,9) € F

Remark: M ~~ M*T and M’ ~~ M~
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Extrapolation on Lebesgue spaces
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Proof: The Rubio de Francia algorithms

° Fix1<p<ooandw€A;
o M* : LP(w) — LP(w)

RYh(@) =) g e @ |R*h|zo(w) S Ihlzeqw
k=0 LPw) 1@ R*h e A7
p
U= 8 ) M+ (RTH) < R+R
_ M_(ff(U)(ZU> / / . I —f .
o (M) f(x):= e . LP (w) — LP (w) since w7 € A,
i 0<h<TRh
Rohe) = 35 g <
= 2PN MY £ () =~ NG o)

QO R h-we Af
(M™)(R'h) S RN
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Extrapolation on Lebesgue spaces
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Proof

£l = (30 < € 17/ () with [0l = 1)

_ 1 1
:/fhwd:cg/fRJ“g o R g R™hwdzx
R R
1

< (/pro R+ gl—Po R‘hwdaz)% (/ngn—hwdx)%

Reverse Factorization + @ + @ ~> RTgl o (R-hw) € A;?_o

*) 1
< (/ Po R+ gl—Po R hwda; /72+g7z hwda:)pO
R

Y

(1} 3 _
< /R+g73 hwdr < [[RTgll o) IR Lo ()

2 9
HQHLP (w) HhHLp (w) = HgHLP(w
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Section 4

Extrapolation on Function Spaces
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Extrapolation on Function Spaces
o

Introduction

Fix 1 <pg < oo. If

[l zro () S 1191 £r0 ()5 (f,9) € F, YweA,.
Then, for all 1 < p < o0,

1 ey S 19l 2e w) (f,g9) € F, Ywe A,.

@ Can we prove estimates in other “Banach function spaces”?

o || fllzreew) S Ngllroew), Vw € Ap? @ LP (log L)%(w); X(w)?
@ Can we prove estimates in “modular spaces”?
° O(f)wdr < P(g)wdzr, Vwe A7
R R™

° ¢(t) =t ~~LP;  ¢(t) =tP (logt)?; o(t) = max{tr, t?}
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Extrapolation on Function Spaces
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Extrapolation on Banach Function Spaces

@ M measurable functions

e Banach function norm: p: M — [0, o]
°o p(f) =0 <= f=0p-ae
o p(f+g)<p(f)+plg), plaf)=lalp(f)
0o 0<f<g = p(f)<p(g)
0o 0<fu /" f = plfa) /7 p(f).

o Bl<o0 = plXe) <o [ Iflde < Cplf)
@ Banach Functions Space:

X=X(p) = {f € M: | fllx = p(f) < o0}
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Extrapolation on Function Spaces
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Associate Spaces

o X =X(p) a Banach Function Space

o Associate space: X' = X(,O/)a

p’(f)=sup{/n|fg|dfﬂ: geM, p(g) < 1}-

@ Generalized Holder’s inequality

[ 15glde < Wflxlgle,  feX, gex

@ “Duality”

| £l = sup |

@ Rescaling: 0 <7r < o0

XT={feM: |fI"exX}, |fllx =[]IFI"
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Extrapolation on Function Spaces
O00@000000

Rearrangement Invariant Banach Function Spaces

o Distribution function: pr(A) = |{z € R": |f(z)| > A}
® Decreasing rearrangement: f*(¢) =inf {A > 0: pus(A) <t}
o X rearrangement invariant: pur =p, = | fllx = llgllx

@ Luxemburg’s representation theorem
| fllx = 11f" s X r.i. BFS over (R, dt)

o Weighted spaces: X(w) ~ || fllxw) = Ifollx
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Extrapolation on Function Spaces
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Boyd Indices

@ Boyd indices: 1 < px < ¢gx < o©

Dilation operator, scale of interpolation, X

° px = (¢x), ax = (px)’s  pxr=7T-px, Qxr =7 ¢x
@ Lorentz-Shimogaki: M : X — X <«— px>1
@ Boyd: H: X — X <<— 1<px<gx<

@ I<px<gx<x <<= M:X—X, M: X —X
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Extrapolation on Function Spaces
O000@0000

Examples

@ Lebesgue spaces: X =L ~~» px=g¢gx =0p, (LP)" = LP"
o Lorentz spaces: X =LP?% ~» px=qx=p, (LP9)" =LP"9"
[ llpa = / PO e = sup (o) sh
0<s<oo

o Orlicz spaces: X = LY, 4 is a Young function
increasing, continuous, convex, ¥ (0) = 0

Ifle =int {r>0: [ w (L) do <1},

Boyd indices can be calculated from v (Dilation indices)
o (t) = tP(1 +logt t)* ~ LY = LP (log L)“
px=gx=p, X =L (logL)".
o X=IPNLl%or X=LP4+ L9 ~~ px=min{p,q}, gx = max{p, q}
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Extrapolation on Function Spaces

O00000eO000

Extrapolation on r.i. Banach function spaces

Let 1 < pg < co. Assume that for every w € Ay,

() F(@)P w(z) de < / g@Pw) ds,  (f,g) €F
R’)’L

n

Then, if X 4s an r.1. BFS with 1 < px < gx < oo, Vw € Ay,

I lx@w) S ll9llx@), — (fr9) €F

Furthermore, for every 1 < g < oo

() | ()

_ 1(f5,9)}; €F
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Extrapolation on Lebesgue spaces Extrapolation on Function Spaces

0000000000 OOOO0OOO00 0000000000000

Let X be a r.i. BFS with 1 < px < gx <00, and w € A,,. Then,

o M : X(w) — X(w) o M": X'(w) — X'(w)

Proof (Boyd Interpolation Theorem)
Take 1 <p <px <gx < q < oo with w e A4, (and w € A,)

M : LP(w) — LP(w) M :Y(w) — Y(w)
M:Lq(w)—>Lq(w)} :>{ p<py <qy <(q

Q
@ Applyitto Y =X asp <px < gx < ¢

M': LP (w) — LP (w) M :Y(w) — Y(w)
M : LY (w) — LY (w) } :>{ ¢ <py <qy<p

o Applyitto Y=X"as ¢ <px <qgx <P = p<px <qx <g
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Proof: The Rubio de Francia algorithms

Q 0<h<RhAh
Q [[RA|lxw) < 2h|lxw)
Q@ Rhe Ay

M(Rh) < 2||M| R~

oo M/ k
Rih(a) = =Sk
im0 2 1M 150w

0<heX (w)

@ 0<h<Rh

Q [[R'Allxr(w) < 2Allx(w)

@ R'h-we A
M'(R'h) < 2||M'|| R'h
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I £l = (30 < h e X' (w) with [|hl|x/(w) = 1)

Q .
= fhwdzr < fRg » Rgr R hwdzx
R’)’L Rn
1

1
< ( fPRGTPR hw d:z:) ! ( RgR hw dm) g
R™ R"

Reverse Factorization + @ + @ ~~ Rg'™P(R'hw) € A,

* 1

a1 1
< (/ nggl_pR’hwd:c)po ( RgR’hwdaj)pO
mn Rn

/N
N—

NG

i RgR'hwdr < ||Rgllxw) IR Plxs (w)

®

S lgllx) 1Rllxrw) = l9llxw)
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Extrapolation on Modular Spaces

® Young functions: ¢ : [0,00) — [0, 00), increasing, convex

lim ¢(t)/t = 0 lim ¢(t)/t = o

t—0t t—00

° Az ¢(2t) S ¢(t), 120

o Complementary function: ¢(s) = sup{st —¢(t)}, s >0
t>0

SIS () ~t,  t>0.

® Young’s inequality: st < ¢(s) + ¢(t), s,t >0
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Dilation Indices

o Dilation indices: 1 <145 < Iy < 00

® iy = min{rg,re} and Iy = max{ro, T« } provided there exist
ro = lim 1 ¢/(£)/6(1) roc = lim 1/(1)/6(1)

° iz=(Iy), Iz=(iy)

o pc Ay <= Iy<o0

@ Kerman-Torchinski:

/n¢(Mf($))d$§C/ qb(C’|f(x)|)d:B = iy >1

0 1<iy<Iy<oo = ¢ PEN,

601 f)dr S [ o(lf])dr G f)dr 5 [ 317 da

R”™ R™
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Extrapolation on Function Spaces
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Examples

o ¢(t)=tP/p ~~ @) =1tF/p, ig =1p =70 =Too =D

o H(t) ~tP(1+1logt t)® ~~ G(t) ~ ¥ (1 +1logT )@@ b
Z¢:I¢:Tozroozp

o ¢(t) ~max{t’,1%} ~> G(t) ~ min{t*, 17},

ro = min{p7 Q}a Too = maX{pa Q}
ip = min{p, ¢}, I, = max{p,q}

o<1 - ' t<1
°¢(t)”{et t>1 ¢<t)~{t(1+logt) t>1
ro =D, T'oo = OQ, qu:pa I¢:OO (¢¢A2756A2)
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Extrapolation on modular spaces

Let 1 < pg < 0o. Assume that for every w € Ay,

*) N fllerow) S9llzrowy  (f9) € F

Then, if ¢ is a Young functions with 1 <iy < Iy <00, Vw € A,

n

| otr@) e < [ 6lge) wiz)do

Furthermore, sup ¢(A) w{f > A} Ssupo(A) w{g > A}
A>0 A>0

Remark: ||¢(f)|z1.00() = sup ¢(A) wif > A}
A>0

Remark: Vector-valued inequalities
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Extrapolation 1I: A, weights
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Extrapolation for A, weights
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Extrapolation for Ao, weights
([

Other examples

o [If an operator 1’ satisfies

/ T f(z)|Pw(x)de < Mf(x)Pw(x)de, 0<p<oo, weE Ax
R™ R™
Then 7' : LP(w) — LP(w), w € Ap, 1 <p < 0

What else can we say about 7' Does T' behave like M7

@ Given two operators 1T', S and 0 < pg < oo assume that

/ |Tf(x)|p0w(a:)da:,§/ SF@)P w(z)ds, Yw e A
R™ R™

What can we say about 1'7 Does T' behave like S7
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Extrapolation for A, weights
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Extrapolation for A,, weights

Let 0 < pg < oco. Assume that for every w € A

) N fllzroe) S Nlgllzrowy  (f,9) € F

Then, for all 0 < p < oo, and for all w € A

Ifllry S N9lley — (fr9) € F

Furthermore, for all 0 < p,q < co and for all w € A

|2 5) "y [ (X80)°

{(fjvgj)}j SN

LP(w)’
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oe

Proof

o (%) implies that for any 1 <r < oo and w € A,

Lr(w) 5 ngTO Lr(w)7 (f?g) S f

PQ P

° (ijgT) e Fpo/r

o Apply extrapolation to F, /. from (xx): for all 1 < g < oo, w € A,

() |IFF

La(w) S HQPTO La(w)’ (f,9) € F

o FixO0<p<ooand we Axs ~> dg>max{l,p/po}, we 4,

o Pick r =pop/q > 1 and use (% * )
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Extrapolation for A, weights on Banach function spaces

Let 0 < pg < o0. Assume that for every w € A

%) N fllerow) Sgllzrowy  (f9) € F

Then, for all X r.i. BFS with gx < 00, 0 < p <00, and w € A

[fllxeew) S N9llxewy  (frg9) €F

Furthermore, for all 0 < p,q < oo and for all w € A
1 1
q\4 q\ 4

H(Ejjfj) () H(;%)

O || fllzroow) S Iglleeewy, 0 < p < 00, w € Ao

{(f5,9)}; €F

XP(w)

° HfHLp,q(w) 5 HgHLP’q(w)a 0<p,qg<oo,we Ao
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Proof

o (%) implies that for any 1 <r < oo and w € A,

o For all Y with 1 < py < gy < oo, w € Ay,

(% * %) prTO

Y (w) S ngTO Y(w)? (fi9) €F

o Fix X 0<p<oo,we Ay ~ E|q>max{px,@}, w € A,
Po

o Pick Y = Xq/px, r.i. BFS with py = ¢ > 1, gy = ¢x q¢/px < 00

o Pick r =pgq/(ppx) > 1 and use (* * %)
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Extrapolation for A, weights
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Extrapolation for A,, weights on modular spaces

Let 0 < pg < o0. Assume that for every w € A

(x)  lfllzro) S lgllrow) — (fr9) €F

If ¢ is a Young function with Iy < 0o, for all 0 < p,q < oo, w € A

o(fNwdr S | ¢(g)wdz  (f,9) €F
R” R”

Furthermore, for all X r.i. BFS with gx < 00, 0 < p,q < 00, w € Ay

lo(f D) llxr(w) S 1@ Ixrwy — (f,9) €F

sup pOAP wif > A} SsupdAVPwif > A} (fog) € F
A>0 A>0
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Applications
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Applications
(_JeJe)

Coifman’s Inequality: Extensions of Boyd and Lorentz-Shimogaki

e Coifman’s inequality: T is a CZO
ITf o) S IMflle@w)y,  0<p<oo, we€ A
o Extrapolation: X r.i. BFS, gx < oo, for all w € A, 0 < g < o0

1T f lxwy S 1M Fllx ()

(s, = [[(oum)

J

Q|

X(w)’

Theorem (Lorentz-Shimogaki; Boyd)

Let X be a r.1. BFS.
o M: X—X << px>1

o H: X —X — I<px<gx<x
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Applications
o] Je)

Coifman’s Inequality: Extensions of Boyd and Lorentz-Shimogaki

Let X be a r.i. BFS and T be a CZO.
o If1 <px < oo, M:X(w) — X(w), Vw € A,

o Ifl<px <gx <oo, T:X(w)— X(w), Vw € Ay,
o If1<px <gx <00, forall1l < q < oo and all w € Ay,

1 1

(), = [ (2w

H(zw) o = |(Ss)

Remark: It suffices to assume that 1" satisfies

X(w

X(w

1T fllrow) S 1M fllrow), — Vw € A, some 0 < py < o0
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Applications
ooe

Q If 1 <px <oo, M:X(w) — X(w), Vw € Ay,
Q Ifl <px <gx <o0, T:X(w) — X(w), Vw € Ap,
1T flxw) S M fllxw) Coifman: gx < oo, w € A
S 1 Ik w) Q: px > 1,we Ay

© Vector-valued for 7" and M: let 1 < g < o0
KT fitleal gy S NIH{M fiHlea|l gy Colfman: gx < co,w € As

S |IM ({5 }Hlea) HX(w) Coifman: gx < 0o, w € Ay

Y

S H{fj}HEqu(w) Q:px>1LweA,

Auxiliary result:

A3 e oy S I AHE ) | oy 0 <P < 00, w € Asg
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Applications
[ JeoJe

Commutators with CZO

° b€ BMO: sup][ b(z) — bg|dr < o0
Q JQ

@ First order commutator:

b, T]f(x) = b(z) Tf(x) =T(b f)(z) =/ (b(z) = 0(y)) K(z,y) f(y) dy

n

o Pérez: ||[0,T1f| oy S IM*fllioqw),  Yw€ A, 0<p<c0

@ Find end-point estimates for an operator S verifying

HSfHLpo(w) 5 ||M2f||LpO(’w)7 Vw € A007 some 0 < Po < OO
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Applications
o] Jo

Commutators with CZO: End-point estimates

° M?f(z) ~ Mpigrf(z) = Sup IfIIz (og 2),0
ST

o Vitali: for all w € A,

wi{x : Mpiogrf(x) > )\}5/ ’ <|f(;)‘>w(w)dx, p(t) =t(1 +log™ t)

n

Assume that S satisfies

HSfHLPO(w) 5 ||M2f||Lp0(w)a Vw € Aoo» some 0 < pg < o0

Then, for all w € Ay

wi{x : |Sf(x)] > A} S /ngp ('f(;M) w(x)dr, () =1t(1+log"t)
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Applications
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42
o t) = is a Young function: ¢, = I, = 2
40 1+ log™t 1/¢2 = L

o Extrapolation: for all w € A, 0 < p,q < o0,

sup (AP w{|Sf| > A} S supyp(AN)P w{M>f > A}

A>0 A>0
o Pi — — . _ 1/2y _ t
Pick p=1, g=1/2: ¢(t) = ¥{t*") = 1 gt 1/t
w{[Sf] > 1} = (1) wi{|Sf] > 1} < sup @A) w{|Sf| > A}

A>0

Ssup o) w2 > 2} Sswpoy) [ ¢ () @

A>0 A>0 A

SsupoN) ¢(U/A) [ elfhde = [ el ds

A>0
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Further results
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Further results
[ Jolele)e)

Further results: Variable L” spaces

o p:R" — (1,00)

o p_ =infp(x) > 1 p4+ =supp(x) < 0o

p(x)
o 100 ey = inf {A > 0: [ (’f(f)') <1)

o p(-) € B(R™): M bounded on LPL)(R™)

o Diening: p(-) € B(R") <+ p'(-) € B(R")

J.M. Martell (CSIC) Weights and Rubio de Francia extrapolation Helsinki, June 2008 85 / 91



Further results
(o] Jele)e)

Further results: Variable L” spaces

Theorem (Cruz-Uribe, Fiorenza, Martell, Pérez)

Let 1 < pg < co. Assume that for every w € Ay,
(x)  Nfllzro) Sllgllzrow) — (fr9) €F
If p(-) € B(R"™) then

HfHLP(-)(Rn) N HgHLP(')(Rn) (f,9) e F

Furthermore, for every 1 < q < oo

() L <N (S0)

{(fjvgj)}j cF

Lp() (Rn)’
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Further results: Variable L” spaces

Corollary (Cruz-Uribe, Fiorenza, Martell, Pérez)
Let p(-) € B(R") and T be a CZO. Then for every 1 < q < o0

1T f oo mry S Il ee) (me)

H(;M‘f;})q Lp() (R7) > H(zj:‘fj‘q)q
(] IS5

Lp(-)(]Rn)

Q|

Lp(-)(]Rn)

Remark: Rough SIO, smooth maximal operators, commutators,
multipliers, square functions, fractional integrals, etc.
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The Calderéon-Zygmund inequality and Poisson’s equation

o QCR" ' n>3; p:Q— (1,00) with 1 <p_ <ps <n/2,

—1
(—log(lz—y))  Jz—vy|<1/2, =z,yeQ
—1
(log(e + |z|)) y| > |z], z,y€Q

p(x) — p(y)| < {

1 1 1

p(z) r(z) n

Au(x) = f(x), a.e. x € ),

HUHLCI(-)(Q) + HDluHLT(-)(Q) + HDQUHLM)(Q) S Hf”LP(')(Q)'

If & is bounded, ||ully2o0) () S Il p0) @)
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Wavelet characterization of LP) spaces

o 1) orthonormal wavelet: {t; : I € D} orthonormal basis of L*(R)

1

o Wl = (X 1hen P x, )

I1eD

o |Garcia-Cuerva, Martell]: If ¢ is regular, for every 1 < p < o0

|fHLp(w) 5 HWTPfHLP(w) 5 Hf”Lp(w)a Vw € Apa f S Lp(w)

If p(-) € B and Y is a regular orthonormal wavelet then

1l ey S IWef ey S 111l Loy )

for all f € LPV)(R)
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Sawyer’s conjecture

o [Sawyer 1985]
uv{x cR:

>)\}§€/|f|uvdaz, Vu,v e Ay
A JR

SENAYS O l[ceniigsIl [/ satisfies the same inequality

o [Cruz-Uribe, Martell, Pérez, Int. Math. Res. Not. 05]

The inequality holds for:
o The Hilbert transform H
o M, M¥*and T € CZO in R*, n > 1
o u,veEA & ue A, ve A(u)
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Sawyer’s conjecture: Scheme of the proof

° Step I: HMd(fU) ' U_1HL1a°°(uv) 5 C HfHLl’OO(uv)’ u,v € Ay

o Step 2: Extrapolation

Let 0 < pg < o0. Assume that for every w € A

(x)  Wfllzeo) S llgllzrow) — (f,9) €F
Then for every u € A1, v € A

Hf . U_1HL17°°(uv) <C Hg . v_luLl’oo(uv) (f’ g) cF

® Step 3: F ~> (M(ffu),Md(fv)), (T(fv), M(fv))

@ (Corollary: Vector-valued inequalities
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