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1 Inverse problem in applications

Calderon’s inverse problem: Measure electric resistance
between all boundary points of a body. Can the conductivity
be determined in the body?

Inverse problem for the wave equation: Let us send
waves from the boundary of a body and measure the waves
at the boundary. Can the wave speed be determined in the
body?

Question: What happens if boundary is not well known?

Figure: University of Kuopio.

—p. 2/49



2 Inverse conductivity problem

Consider a body 2 ¢ R™. An electric potential u(z) causes
the current
J(x) = o(x)Vu(x).

Here the conductivity o(z) can be an isotropic, that is,
scalar, or an anisotropic, that is, matrix valued function.
If the current has no sources inside the body, we have

V-o(x)Vu(z) = 0.
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Conductivity equation
V-o(z)Vu(zx) =0 1InQ,
ulon = [

Calderon’s inverse problem: Do the measurements made
on the boundary determine the conductivity, that is, does
0€) and the Dirichlet-to-Neumann map A,

Ao (f) =v-oVulsq

determine the conductivity o(z) in 27

— p. 4/49



Some previous results for inverse conductivity problem:

o Calderdn 1980: Solution of the linearized inverse
problem.

o Sylvester-Uhimann 1987: Uniqueness of inverse
problem in R™, n > 3

o Nachman 1996: Calderdén’s problem in R?

# Astala-Paivarinta 2003: Uniqueness of Calderdn’s
problem in R? with L>-conductivity

# Sylvester 1990: Inverse problem for an anisotropic
conductivity near constant in R.

o Siltanen-Mueller-lsaacson 2000: Explicit numerical
solution for the 2D-inverse problem.

# Kenig-Sjostrand-Uhlmann 2006: Reconstructions with
limited data.
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What happens when the following standard assumptions
are not valid?

# The boundary 052 is known.
# Topology of € is known.
o Conductivity satisfies

CO < ”Y(SU) < Cla 00701 > 0.
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3 Electrical Impedance Tomography
with an unknown boundary

Practical task: In medical imaging one often wants to find
an image of the conductivity, when the domain 2 is poorly
Known.

] o I_I-
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Figure: Rensselaer Polytechnic Institute.
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Complete electrode model. Lete; C 052, j=1,...,.J be
disjoint open sets (electrodes) and

0 V-AVuo =0 1In €,
€; ziv-YVU +v|e, = Vj,
V./YV/U’({)Q\UJ'leej = 0.

Here z; are the contact impedance of electrodes and
V; € R. The boundary measurements are the currents

1
I; = ’—’/ v-yVou(z)ds(z), j=1,...,J.
ejl Je,

The matrix E : (V;)7_; — (I;);_, is the electrode
measurement matrix.
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Mathematical formulation of EIT with unknown
boundary:

1. Assume that ~ is an isotropic conductivity in €.

2. Assume that we are given a set (2, that is our best
guess for Q. Let F,,, : Q — Q,,, be a map corresponding
to the modeling error.

3. The given data is the electrode measurement matrix
E e R/*,

Fact: The deformation F,, : Q1 — Q,, can change an
Isotropic conductivity to an anisotropic conductivity.
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4 Anisotropic inverse problems

# Non-uniqueness.

# Invariant formulation. Uniqueness and non-uniqueness
results

o Applications to Euclidean space: non-uniqueness
results.
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Deformat_ion of the domain. Assume that
1(@) = (74 (2)) RV,

V-AVu =0 1In €.
Let F be diffeomorphism
F:Q—Q, Flgg=Id.
Then
V-AVo =0 InQ,

(DF)-y- (DF)*
det(DF)  |,_p-1(y

v(z) = u(F~H(2), A(y) = Fy) =

Then A?Y’ = AW"
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Invariant formulation.
Assume n > 3. Consider 2 as a Riemannian manifold with

g*(z) = (dety(z)) 247 (1),
Then conductivity equation is the Laplace-Beltrami equation

Agu=0 1In§, where

_ 0 0
Agu = Z g 1/28 : 91/29]’“8m u)
7,k=1

and g = det (g;), [gi5] = [¢*]
Inverse problem: Can we determine the Riemannian
manifold (M, g) by knowing 0M and

Apr g ulonr — Ovulonr
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Generally, solutions of anisotropic inverse problems are not
unique. However, if we have enough a priori knowledge of
the form of the conductivity, we can sometimes solve the
iInverse problem uniquely.

Manifold (M, g)

T

Boundary measurements vI¥(z) on Q C R"
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Uniqueness results

Theorem 1 (L.-Taylor-Uhlmann 2003) Assume that (M, g)
Is a complete n-dimensional real-analytic Riemannian
manifold andn > 3. Then oM and

Aprg  ulonr — Ovu|ons

determine (M, g) uniquely.

Theorem 2 (L.-Uhilmann 2001) Assume that (M, g) Is a
compact 2-dimensional Riemannian manifold. Then oM
and

Aprg  ulonr — Ovu|onr

determine conformal class
{(M,ag): aeC™(M), a(z) > 0}
uniquely.
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5 Anisotropic problem in ) C R”.

Isotropic case:

Theorem 3 (Astala-Paivarinta 2003) Let ) c R? be a
simply connected bounded domain and o € L°°(€);R,) an
Isotropic conductivity function. Then the Dirichlet-to-
Neumann map A, for the equation

V-ocVu=90

determines uniquely the conductivity o.

Next we denote o € X(Q) if o(z) € R?*? is symmetric,
measurable, and

ChI<o(x)<Cyl, fora.e.zec
with some Cq,Cy > 0.
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Sylvester 1990, Sun-Uhimann 2003, Astala-L.-Paivarinta
2005

Theorem 4 Let) C R? be a simply connected bounded
domain and o1, 09 € L>(Q2; R?*?) conductivity tensors. If
Ay, = A,, then there is a W'-2-diffeomorphism

F:Q—Q, Flgg=1d
such that
o1 = F.o9.

Recall that if F : Q — Q is a diffeomorphism, it transforms
the conductivity o in Q to & = F,o in €,

5(2) — DF(y)o(y) (DF(y))"
[det DF(y)]| y=F-1(z)
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Proof. Identify R? = C. Let ¢ be an anisotropic conductivity,
o(x)=1forz e C\ Q. Thereis F : C — C such that

v = Fyo
IS isotropic. There are w(x, k) such that

V-AVw =01InC

and
lim w(x, k)e =1, lim —log(w(x, k)e” ") = 0.
r—00 k— 00

Let u(z, k) = w(F~!(z), k). The A, determines u(x, k) for
reC\Qand
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Corollaries:
1. Inverse problem in the half space.
Let 0 € C°(R?) satisfy 0 < C; < ¢ < Cy and

V-oVu=0 in R = {(z!,2%) | 2* < 0}, (1)
ulgrz = f, u€ L®(R?). (2)

Notice that here the radiation condition at infinity (2) is quite
simple. Let

Ay Hcla/%p((’)R%) — HY2(0R?), f— v-oVulgge.
O

o U >
N = 5 0

o~ O
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Corollary 5.1 (Astala-L.-Paivarinta 2005) The map A,
determines the equivalence class

E,={01 € 2(R?) | o1 =F,0, F:R%2 = R2 is Wh2-diffeo,
Florz = 1}.

Moreover, each class L, contains at most one isotropic
conductivity.

Thus, if o is known to be isotropic, it is determined uniquely
by A,.

. in o3
Open problem: Inverse problem in R..
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2. Inverse problem in the exterior domain. Let
S =R?\ D, where D is a bounded Jordan domain. Let

V-oVu = 0 InS,
ulps = f€ HY(dS),
u € L%(S).

We define
A, HY2(8S) — H™Y2(0S), f— v-oVulss.

»
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Let S ¢ R?, R?\ S compact, and denote S = S U {oo}.

Corollary 5.2 (Astala-L.-Paivarinta 2005) Leto € X(5).
Then the map A, determines the equivalence class

E,s=1{01€X(S) | o1=Fo, F:S— SisaWwl?-diffeo,
Flog =1}

Moreover, if o is known to be isotropic, it is determined

uniquely by A, .

The group of diffeomorphisms preserving the data do not

map S — S.

> _

»
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6 Unknown boundary problem in R?.

1. Assume that ~ is an isotropic conductivity in €.

2. Assume that we are given a set (2, that is our best
guess for Q. Let F,,, : Q — Q,,, be a map corresponding
to the modeling error.

3. We are given the electrode measurement matrix
E e R/*Y,
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Complete electrode model Lete; C 092, j =1,...,J be
disjoint open sets (electrodes) and

V-AVo =0 1InQ,
ziv-yVu 4 vle, = Vj,
V'Vvv‘ﬁﬁ\ujzlej =0,

(2

€

where z; are the contact impedances and V; are the
potentials on electrode ¢;. Measure currents

1
I; = E/ v-yVou(z)ds(z), j=1,...,J.
J €

This give us electrode measurements matrix £ : R/ — R’
EOVA,....Vy) = (I,...,1).
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Continuous model. The electrical potential « satisfy

V- -yVu =0, x € (),
(zv-vYVu + u)|gq = h,

where ~ Is an isotropic conductivity and z is the contact
iImpedance on the boundary.

Boundary measurements are modeled by the
Robin-to-Neumann map R = R, ., given by

Ry . h— v-yVulpq
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The power needed to maintain the given voltage (Vi,..., V)
or h at boundary are given by

p(V) — E[V, v]v p(h) — R[hv h]a

where we have quadratic forms

J
= (EV);Vjle;l, R[h,%]—/ (Rh) hds.
o o9

The form E|- -] can be viewed as a discretization of k|-, -].
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Let I, : Q) — Q,, be deformation of the domain and
m = Fmlon. On 09, we define

R= (fm)*R%z-

Then the quadratic form R corresponding to the power
needed to have the given voltage on the boundary satisfies

~

R[h,h) = R[ho fm,ho fm], he H Y300,).

Thus the electrode measurement matrix on 92,
corresponds in the continuous model to the map

R= (fm)*R%z-

Fact: fNi — R%g where
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Thus the boundary map R on 9Q,, is equal to R 5 that
corresponds to boundary measurements made with an
anisotropic conductivity ¥ = (F},,)«yin Q,, and z = z o f1.

Assume we are given ©,, and R. Our aim is to find a
conductivity tensor in €2, that is as close as possible to an
Isotropic conductivity and has the Robin-to-Neumann map

R.

Fm

E—
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Definition 6.1 Let~y = +/*(z) be a matrix valued
conductivity. Let A\i(x) and Xo(x), A\ (x) > Ao(x) be its
eigenvalues. Anisotropy of v at x iIs

A () — AQ(:C)) 1/2
)\1(33) —+ )\2(56) .

K(%ﬂf)z(

The maximal anisotropy of v in ) is

K(vy) = sup K(v, ).
xef)
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The anisotropy function K (7, z) is constant for

- A2 0 _
V() = n(w) Ry(z) ( 0 -1/ ) Re(}c)

where

A> 1
77(33) S R—I—a

R, = CO.S(9 sin 6 |
—sinf cosb

We say that 7 = 7, 4., Is @ uniformly anisotropic conductivity.
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Theorem 6.2 (Kolehmainen-L.-Ola 2005) Let c R? be a
bounded, simply connected C**—domain, v € L*(),R) be
isotropic conductivity, and » ¢ C1(0Q) be the contact
Impedance.

Let Q,, be a model domain and f,,, : 000 — 0%),,, be a
Cl-e—diffeomorphism.

Assume that we know 0%),,, and R = (f)+R... These data

determine z = z o f-1 and an anisotropic conductivity o on
(2, such that

. Ryz=R.
3. If oy satisfies R,, z = R then K(o1) > K(0).

Moreover, the conductivity o Is uniformly anisotropic.
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Algorithm:
In following, we assume that z = 0 and denote R, = R, .

The conductivity o =7, , 9 can obtained by solving the
minimization problem

in A, whereS=1{(\0,n): R _p
(B)es” 1A 0,m) = Bya0m) =

In implementation of the algorithm we approximate this by

min (R = BI” 210 = 1P+ ex(10)” + 1)
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Let f,, : 002 — 0%, be the boundary modeling map and o
be the conductivity with the smallest possible anisotropy

such that R, = R. Then
Corollary 6.3 Then there is a unique map

Fe3Q%Qma Fe‘@Q:fm
depending only on f,,, : 090 — 0%, such that

det (a(x))'/? = v (F ().
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Idea of the proof. If ' : Q) — Q is a diffeomorphism and ~;
IS an isotropic conductivity, then

K(Fiy,x) = |pr(z)]
where

oF 1 |
HF = (‘)—F’ 0= 5(8331 — Zaﬁm)'

To find the minimally anisotropic conductivity we need to
find a quasiconformal map with the smallest possible
dilatation and the given boundary values. This is called the
Teichmuller map.
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7 Unknown boundary problem in R°.

The electrical potential u satisfies

V- -vVu =0, reQcR?
(zv-vYVu + u)|gn = h,

where ~ Is an isotropic conductivity and z is the contact
Impedance on the boundary.

The boundary measurements are modeled by the
Robin-to-Neumann map R = R, - given by

Ry . h— v-yVulpq

Again, let f,, : 092 — 0L, be the modeling of boundary and
R = (fm)«Ry. 2
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Theorem 5 (Kolehmainen-L.-Ola 2006) LeftQ) C R, n >3
be a bounded, strictly convex, C*°—domain. Assume that

v € C*(Q) is an isotropic conductivity, z € C*(09Q), z > 0 is
the contact impedance, and R., , is the Robin-to-Neumann
map.

Let 2, be a model domain and f,, : 92 — 01}, be a
diffeomorphism.

Assume that we are given 0., the values of the contact
impedance z(f,,'(x)), and the map R = (f,)« R

Then we can determine ) upto a rigid motion T" and the
conductivity v o T~ on the reconstructed domain T ().

—p. 37/49



Idea of the proof: Let v be the isotropic conductivity on €,
v = (Fmn)«Y, Fmloa = fm- Let g be the metric in €,
corresponding to the conductivity ~.

® R = R;:determine the contact impedance 7 and the
metric g on boundary 052,,.

o Z(z)and z(f,!(z)) determine 3 = det (Df1).
g and 3 determine v o f.-1 on boundary 05,,.

°

o On 09, we find the metric corresponding to the
Euclidean metric of 02. This determines by the
Cohn-Vossen rigidity theorem the strictly convex set Q
up to a rigid motion 7.

® |n T(Q2) we solve an isotropic inverse problem.
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Consider now the following algorithm:

Data: Assume that we are given dQ,,,, R = (fm)«R-.. and
zo f—1on 0Q,,.

Aim: We look for a metric g corresponding to the
conductivity ¥ and zZ suchthat R = Rz yand Z =z o f;,,".

Idea: We look for a metric g in Q,,, and p € C°°(£,,,) such
that

Gii(2) = @5 (x) s flat.
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Algorithm:

1. Determine the two leading terms in the symbolic
expansion of k. They determine a contact impedance 7 and
a metric g on 9Q,, such that if R = R~ > then Z = 2 and

9loo,, = 9.

2. Compute the ratio of reconstructed i.e. z, and measured
contact impedances
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3. Let dS; be the volume form of g on 012, and dSg the
Euclidean volume on 0¢2,,,. Then

dS; = (det§)'/? dSg.
Define
7 = (detg)"/? .
With this choice 7 will satisfy Y(x) = v(f,,}(x)) for z € 9Q,,.
4. Define the boundary value p for the function p by

1

pw) = =105 (3(), = € .
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5. Solve the minimization problem

min F(z, p,y)

Fr(z,p,7) = ||R — R%Z”%(H—W(@Qm))
z(x)
z(fn?(af))

+71ClIzz(q,,

. 1 1
+ Z 1p.ii — (—RlC@'j + Zgin - §9ij9lmp,lp,k> H%z(am)

A — B(@) | 200 + 1 Ploa, = P 7200,y

where 7 > 0, g Is the metric corresponding to v, Ric and R
are the Ricci curvature and scalar curvature of g, and

Cij = g"¢'9V 1 (Ric;; — TR gi;)epq; is Cotton-York tensor.
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6. Find the flat metric
gii(z) = €2p(x)9ij(x) = (Fin)«(0ij)

on (2, and determine the geodesics with respect to the
metric g.

These give us the the embedding £ : Q,,, — Q. This gives
us 2 upto a rigid motion and the conductivity v on it.
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Theorem 6 (Kolehmainen-L.-Ola 2006) Let) c R3 be a

bounded, strictly convex, C>*°—domain. Let~ € C*° () Is an
Isotropic conductivity, = € C*°(052), z > 0 be a contact
Impedance.

Let ), be a model domain and f,, : 92 — 01}, be a
C'°°—smooth diffeomorphism.

Assume that we are given 051, the values of the contact
impedance z(f,,}(x)), x € 0Q,,, and the map R = (f,)«R-..-

A~ AN A~

LetT > 0. Then the minimizers z, p and~ of F.(Z, p,7)
determine (), z, and v up to a rigid motion.
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Inverse problems for conformally Euclidean metric.
We say that metric ¢ is conformally flat if

9ij(x) = ax)gy; (), where metric g;;(z) is flat.

Open problem: Can we determine a conformally flat metric
in €2, from its Robin-to-Neumann map?

If this is true, then one can solve the inverse problem with
an unknown boundary also for non-convex domains.
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8 Maxwell’'s equations.

In Q C R? Maxwell’s equations are

VXxE=—-B;y VxXxH=Dy,
D=¢x)FE, B=u(x)H InQxR.

Let M be a 3-dimensional manifold and ¢(z) and u(z) metric
tensors that are conformal to each other. Maxwell
equations in time-domain are

dE =By, dH=D;, D=xE, B=x,H inMxR,
Elt<o =0, Hli<o=0,

E, H are 1-forms, D, B are 2-forms, ., *, are
Hodge-operators.
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Boundary measurements:
Assume we are given 01 and

/Z n X E’@QXRJF — N X H‘an]Rq,

Invariant formulation: Assume we are given oM and

/ i*E|aM><R+ — i*H’aMXR_H

where 7 is the imbedding i : OM — M.
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Theorem 8.1 [Kurylev-L.-Somersalo 2005] Let M be a
compact connected 3-manifold and ¢ and 1« be metric
tensors conformal to each others. Assume that we are
givenT’ C OM and restriction of

.3k -k
Zr i Elopxr, — @ H|rxr,

fori*Elopmxr, € C5°(I' x Ry). Then we can find M and e, 1
on M.

Corollary 8.2 Assume that M c R? and ¢ and ;. are scalar
functions. Then T and Zr determine uniquely (M, e, ).

\_
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Proof. We can focus the B-field to a single point:

Lemma 8.3 LetT > 0 be a sufficiently large time. Then by
using oM and map Zy,; we can find all sequences of
boundary values i* Ei|onmxr, , k = 1,2... such that for some

yeMand AeT;M

lim Bg(x,T)=d(Ad,) inD'(M). (3)

k— 00

The set of focusing sequences
{(i*E;), : the limit (3) exists} C (L?(OM))%+
can be identified with the tangent bundle T'M of M,

T™M ={(y,A): ye M, Alis atangent vector of M at y}.
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